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PREFACE. 
Aving for 4 long time obſerv'd, that * 
moſt of thoſe, that take in hand the 
\ Elements of Euclid, are apt 70 
diſlike them, becauſe they cannot preſently 
diſcern, to what end thoſe ſeerningly inconſi 
derable, and yet difficuls Propoſitions, can 
condnuce : I thought I ſhould do an accepta- 
ble piece. of ſervice, in not only renaring 
them as eaſie as poſſible, but alſo adding to 
each Propoſition a brief account of ſome Uſe, 
that is made of them in the other parts of 
the Mathematicks, In proſecuting which 
deſign, I have been oblig'd to change ſome 
Demonſtrations, that ſeem'd too intricate 
and perplex'd, and above the ordinary ca- 
pacity of Beginners, and to ſubſtitute other's 
more intelligible in their ſtead, For the 
ſame reaſon, 1 have demonſtrated the fifth 
Book after a method much more clear, than 
that by Equimultiples, formerly uſed. [ 
A 2 . wonld 
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would not be thought to have ſet down all the 
Uſes, that -may be made of theſe Propoſiti- 
ons: to have done that, would have oblig'd 
me to have compris'd the. whole Mathema- 
ticks in this one Book ; which would have 
renaer'd it both too large, and too difficult. 
But I have contented my ſelf with the choice 
of ſuch as may ſerve to point out ſome of the 
Advantages they afford us, and are alſo is 
themſelves moſt clear, and moſt eaſie to be 
apprehended. I have diſtinguiſh'd them by 
*Inaverted Comma's, zbat the Reader may 
know them ; not deſiring he ſhould dwell too 


* long upon them, or labour to underſtand 


them perfeitly at firſt, ſince they depend 01 
the Principles of the other Parts. 

This therefore being the deſign. of this 
ſmall Treatiſe, - I voluntarily offer it to the 
Publick, in an Age, whoſe Genius ſeems 


' more addictes to the Mathematicks, than 


any that has preceded it. 


* Inftead of the Author's Ita'i2n Character. 
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1 Eight Books of the Elements 


EUCLID, rogether 
with the Uje- of the Propo-- 
f1tions. Sz, 


—_— 


A—— 


THE FIRST BOOK, 


«4 ——Hk defignof EUCLID in this 
__ ' Book is to lay down the Firſt Prin- 
(4 


ciples of Geometry ; and, to do 1t 
* methodically, he; begins with Definitions, 
*and the explication of the moſt ordinary 
©Terms. To theſe he' adds ſome Po/tulata ; 
*and then, propoſing thoſe known Maxims, 
©jn which natural reaſon? does 1nitrud@ us; 
© he pretends, not to advance a ſtep farther . 
*without a Demonſtration, but to convince 
* every man, even the molt obſtinate, that 
* will grant nothing,” but what 1s extorted 
* from him. In the firſt Propoſitions, he 
* treats of Les, and the different Angles, 
* which are form'd by their concourſe; and 
© having occaſion to compare divers 7rzang/es 
A2 to- 
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© together, in order to demonſtrate the pro- 
<perties of Angles, he makes that the 
© buſineſs of the Eight. firſt Propofitions. 
© Then follow ſome PraQtical- InſtruQtions, 
©how to divide an Arg/c and a Line into two 
© parts, and to draw a Perpendicular. Next 
© he ſhows the properties of a Triangle, to- 
*pgether with thoſe of Paraltel Lines; and 
© having thus finiſh'd the Explication of this 
< firſt figure, he paſles- on to Parallelograms, 
* teaching the manner of reducing any Po- 
< /ygon, or multangular figure into one more 
* regular. Laſtly, he finiſhes the firſt Book 
©<with that famous Propolition of Pythago- 
ras, That 7 every rettangular Triangle the 
Square of the * Baſe 1s equal 10 the Squares 
of both the other ſides. 


{ | 
* He calls that the Baſe, which is commonly calPd the Hypote- 
nuſe, i.e. the Line that is oppoſite to the right Angle. ” 


”s DEFINITIONS. 


I. A Point 1s that which hath no parts. 
©This Definition muſt be underſtood in 
*this ſenſe : That quantity, which we con- 
* ceive without diftinguiſhing its parts, or 
*{o much-as conflidering* whether or no it 
© has any, 1s a Mathematical point ; which 
©1s therefore very different from thoſe of 
*Zeno, which were ſuppos'd to be abſolutely 
1N- 


nd 
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© indivifible, and therefore ſuch, that we may 
reaſonably doubt whether they are pollible ; 
© but the former we cannot doubt of, if we 
© conceive them aright. 


- 2. Aline ts length without breadth. -. 


©The ſenſe of this definition 1s the ſame 
* with the former, That quantity, which we 
* conceive as 'length, without refle&ing.on 
*its breadth or thickneſs, is that, which we - 
* underſtand by a Line; though it be im- 
© poſlible.to draw a real Line, which will not 


< be of a certain breadth. "Tis commonly 


*ſa1d, that a Line 1s produc'd by the motion 
© of a Point ; which ought to be carefully ob- 
eſerv'id; for motion may on that manner 
* produce any quantity whatſoever : but 
© here,' we mult imagine a Point to be only 
*ſo movy'd, as to leave one trace in the ſpace, 


. © through. which it paſles, and then, that 


© trace will be a line. 

3. The two Extreams of a Line are Points., 

: 4+ A right Line ts that, whoſe points are e- 
gually plac'd between the two Extreams. 

* Or thus. A right line 1s the ſhorteſt that 
can be drawn from one point to another. 
* Or yet. The Extreams ofa right Line may 
© caſt a ſhadow upon the whole Lane. 

5. A Superficres or Surface 1s a quantity, to 
which 7s atiraputed length, and breadth, with- 
out the conſideration of any thichneſs. 

6. The Extreams of h Superficies are Lines. 
4 * 
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7. A plane or right Superficies, is that, whoſe 
lines are equally plac'd between its two Ex- 
treams , Or that, to which a right line may. 
be every way apply'd. 

L  - p *T have before obſerv'd, that 
* motion may produce anyquan- 
| * tity whatſoever: accordingly 
= _| *we ſay, when,one line moves 
- {| ©oyer another, 3t- produces a 
* Superficies,or a plane;and that 
* that motion has a kind of affinity with A- 
*rithmerical Multiplication. Suppoſe then 
* the line AB to paſs along the line BC, re- 
*taining f{hil] the ſame ſituation, without 
*any inclination to one ſide or other : the 
* point A will deſcribe the line AD,the point 
*B the line BC, and the intermediate points 
* the lines parallel to thoſe, which will make 
*up the Superfictes ABCD. TI/add further, 
*that this-motion anſwers to Arithmetical 
*Multiplication; becauſe did I know the 
* number of points, that are contain'd in both 
© thole lines, AB, and DC; by multiplying 
* them together,. 1 ſhould find a produ&, 
* which would give me the number of points, 
*which conſtitute the whole ſuperſicies 
* ABCD. As for example, if AB contain'd 


B 


_< four points, and BC ſix, by ſaying four 


*© times ſix make twenty four, I find, that the 
* whole ſuperticies ABCD conſiſts of rwenty 
* four points. Now by a /a/hernarical point, 

OD may 
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*may be underſtood any quantity what- 
© ſoever; e.g. a Foot, provided it be not ſub. 
* divided 1nto parts. 

8. A plain Augle is the * diſtance or opening 
of two lines touching each other, ſ0.as not to 
compoſe only one line. | | 


II 
af Overture. Gall. meds amines xniors, Eucl- 
© As the diſtance D betwixt the Þ 
© lines AB, and BC; which are 
© not parts of the ſame line. 
..9. A Reftilmeal Angle is the di- 
Rauce betwixt two right lines.” D 
Tis chiefly of this ſort of An- & C 
< ples that I would be underſtood at preſent ; 
© which I define by d/tance or opening,becauſe 
* Experience teaches, that the greateſt part 
*of Beginners deceive themſelves in meaſu- 
« ring the greatneſs of an Angle by that of 
©the lines, within which 1t 1s contamn'd. 


© The Angle that is more * 
* open, is the greater ; that [ DD 


_ 
*15, when the lines of one | \, - / 
_ *angle lie-more apart from |g_+ /! 
* each other than thoſe of - 
CIR. 


_ - *another, taking them at 


* the ſame diſtance from the points of con- 
* courſe, the former 1s greater than the lat- 
*ter. Accordingly the Angle A 1s greater 
| © than theangleE; becauſe taking the points 

*Dand B as remote from the point A,.as the 
; pointy 
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# ||| © points G and L are from the point E; the | « 
Willd © points D and B lie farther apart from each  « 
| if :* other, than the points Geand L : from : 

11h + ©whence I infer, that if the lines EG and | ; 
wh ©EL were produc'd farther, the angle E 

offi * would be always of the ſame largeneſs, and 

| i _ *always leſs than the angle A. 

FIN, © We uſe three letters when we ſpeak of an | 
Nil © Angle, of which the middlemoſt denotes the 

I} *point of concourſe : as the angle BAD 1s 


L 
l 
© the angle which by the lines BA and AD is + 


© form'U at the point A : the angle BAC is that 
© made by the lines BA and AC: the angle 
*CAD is compris'd by the lines'CA and AD. _ 
*A Circle 1s the meaſure of an Angle. 
© Therefore to know the magnitude' of the _ 
< Angle BAD, T place the foot of the Com. 
*paſs upon the point A, and deſcribe the cir- | 
cle BOD: the angle 1s ſo much the greater, 
by how many more parts of a circle the 
< arch, that meaſures it, contains : and be- . 
«cauſe a circle is uſually divided into 360 
« parts, or degrees, therefore an angle 1s ſaid 
<to have twenty, thirty, forty degrees, ac- 
«cording as the arch, compris'd betwixt the 
elines that form it, contains ſo many. So 
cthe angle. is the greater, which contains 
£ more degrees, as the angle BAD is greater _ 
«than the angle GEL. The line CA divides | 
« the angle BAD in the middle, becauſe the 
Carches BC and CD are equal; and the angle 
BAC 


' *make the angles ABC and / *.; 


KK 47 : 
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<BAC is part of the angle BAD, becauſe the 


*arch BC 1s part of the arch BD. | 
ro. When one line [ome upon another makes 


' two equal angles, they are both right angles ; 


and the line perpendicular. 
*As forexample: 1f the line 
© AB, plac'd upon the line CD, E i, 


*ABD equal; that is, if ha- & - - 
<ving. deſcrib'd aft ſemicircle ; | 

©CAD from the center B, the arches ACand 
© AD are equal : the angles ABC, and ABD | 
are call'd right angles, and the line AB per- 


| Ependicular. Therefore becauſe the arch 


© CAD is a ſemicircle, the arches CA and AD 
© are each of them a quarter of a circle, that 
©7s the fourth part of three hundred and 
© ſixty degrees, that 1s ninety. 

11. An Obtuſe angle is that which ts greater 
than a right one. IR 

«* As the angle EBD is an. obtuſe or blunt 


© © angle, becauſe its arch EAD contains more 
© than a quarter of a circle. 


12. An Acute angle is that which zs leſs 
than a right one. . 
* As the angle EBC is an acute, becauſe 
(the arch EC, which meaſures it, has leſs 


© than ninety degrees. 


13. A Termas the extremity or end of any 
guantily, . | 


; I4e. f 


i 
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I4. A Figare iS a quaiitity comprehended 
by ofle or more Terms. © © | 


*That which is call'd a F 1gure ought to 
© be limited and .inclos'd on every fide. R 


Is. ACircle is a plain figure, terminated W 
the encompaſſing of one line, which is call'd the + 
Circumference ; and. is every where equally 
remote from the middle point. 


, *The Figure RVSX is a 


*Circle , becauſe all the 
EN * lines 'TR, TV, TS, TX, : 
| T__:\, * drawn from the point T 


4 4 


bs * *ro the line RVSX, are e-_ 
* qual. 
x 16. The middle point is. 


calPd the Center. 

17. The Dzameter of -a Circle 7s any lime ' 

paſſmg through the Geutgr, and terminated at 

the Circumference, dividing the Circle into 
Zwo equal parts. 


© As the lines VTX, and RTS. Ew 
* But if any ſhould doubt, whether the 
* line VTR does indeed divide the circle into 
*two equal parts, ſo that the part VSX be 
* equal to the part VRX;. it may on this 
* manner be prov d. 
* Suppoſe the part VRX to be plac'd upon 
*the other VSX: I ſay, they will not exceed 
| One 


"x wr Wo ne oo TL RR * 


; <VRX, the line TR wall be 


FS. Pf 
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one the other. For 1f one-ſup- 
*poſe VSX exceed the other 


© leſs than TS; and in like 


: © manner TE than TY,which * # 8 


<3s contrary. to the definition of a Circle, 


' Ewhich affirms all the lines drawn from the 


©center to the circumference to be equal. 


8. A Semicircle is a figure terminated by 
the Diameter, and half the Circumference. 


19. Redtilneal figures are ſuch as are termi- 
nated by right lines, having three, or four, or 


' froe, or as many /t des as you pleaſe. 


* Fuchd divides Triangles with refpe& 
*elther to their angtes, or fides. 


| 20. Au Egquilateral Triangle 7 FI 
that which has its three ſides equal: - 


A 


8 ABC. - ©. : b:3 c 


21... Au THoſceles, 6 JAE. tral Tri >» 
angie, is that which has two ſides e- 
gual : © Ag if the two fides AB and « 
* AC 5e equal, 'the triangle ABCis /_ 
© an Hofteles. WT OM 


2.2, £1 Seals SE ih is 6 F17a%8 Fat HM 
har vity aff ; x 1. 4134 24 htc a7 unequal x 
as C HT \ 
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D 23. A Reftangle triangle is that \; 
which has one right angle. | 
© As DEF, ſuppoſing the angle E. 


* 2 he a right one. 


G 


C 


my 


| 


call'd ) 


H 


F 


{ 
o 


ESTES 


24- An Ambligone, or Ob- ( 
tuſangle triangle 1s that which ' 
' has one "oy obruſe. As 
IGH. 


25. Au Oxygone, or Acutangle 
zriangle 1s that whoſe. angles are 
all acute. As ABC, 3 


26. A Re@angle ( properly ſo 


is a figure con/iting of four 
ſides, by having all its angles right. + 


27. A Square has all ts ſides . 


> equal, and its angles right, as AB. 


28. An Oblong Reftangle has its © 
ftdes unequal, but its angles right : © 


as CD. 


29. A was or Loſange, has _ | 


ſides, but unequal angles: as EF. 


a 


bat 


Y long Loſange » hath both its © 
* fides and angles unequal - as 
GH b 8 


ſame plane will never - — — 


30. A Rhomboides, or obþ- / .G 


H 


31. Other irregular figures of four ſtdes are 
call d Trapeſia. | | 

32. Parallel lines are , "Tm 
ſuch, as being im the —- hs Ts 


concur, keeping ſtill an © 


' equal diftance one from the other : as AB, CD. 


32. 4A Parallelogram 15 a 


© figure whoſetwo oppoſite ſides 8 


are Parallels: *as the Fi-* 
* gure ABCD, whoſe ſides | T, | 
* AB, CD; and AC, BD, are G D 
* parallels. 
34. The Diameter of a Parallelogram is 


a right line drawn from one angle to another : 


b as BC. 


al 


25. The Complements are the two ſmall 
Parallelograms, through which the Diameter 
does not paſs : as AFEH, and GDIE. 


DEMANDS, or SUPPOSITIONS. 
*-; I'S ſuppos'd that a right line may 


{| be drawn from any point what- 
ſoever to another. 

2. That a right line may be continu'd to 
what length you pleaſe. 3. That 


ther. 
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3. That from a Center given a Circle may 
be deſcrib'd at any diſtance whatſoever. 


MAXIMS, or AXIOMS. 


I. f he quantitzes that are equal to a 

third; are equal betwixt themſelves. 

2, If equal quantities be added to thoſe 

that are equal, the. produats will alſo be 
equal. L. | 

3. Tf equal quantities be taken away from 

thoſe that are equal, the remainders will be 


* equal. 2 
4. If you add equal parts to quantities 


unequal, they will remain unequal. 

5. If from equal quantities you take away 
unequal parts, the remainders will be un- 
equal, | | 

6. Quantities that are double, triple, qua- 
druple, &%. in reſpect of the ſame, are equal 
amons themſe]ves, | x: 

7. Thoſe quantities are ſaid to be equal, 
which being apply'd, one to the other, nei- 
ther exceeds. ; 

-8. Equal lines and angles being plac'd one 
upon another, do not ſurpaſs'each other, 

9. The whole is greater than 1ts part. 

9. All right angles are equal to one,ano- 


# 


a - 
AA aA aA _ aA _ aA_ Aa 


Te * 


' *AB,CD, are parallels, the perpen- 
+ *dicular lines FE, HG, are equal. 


The Firſt Book. 13. 


©Let the two A E 
© right angles pro. 
$ pos'd - _—_ C4 
*EFH, I ſay they PUP 
< are nd. hols 5 DE FW. 
*two equal circles CAD, HEG, be deſcrib'd 
* from the centers Band F ; the fourth parts of 
© thoſe circles CA, HE, which are the meaſures 
*of the angles,, ABC, EFH, will be equal: 


© © therefore the\ angles ABC, EFH, having e- 


© qual meaſures, will be equal. 

The eleventh Maxim of 
Euclid is to this efftet; If two £ E/ 3. 
lines AB, CD, being cut by a | SR 
third EF, make the internal < /F D 
angles, BEF, DFE, leſs than Es 
two right angles ;' the IMes AB, CD being pro- 
ducd, will at length concur towards the poznts 


'B and D. 6 


© Which, though 1t be true, 1s not clear 
© enough to be rece1v'd for a Maxim; therefore 
© I have ſubſtituted another inats place. 

Lt. 1f two lines be paralle], all the perpen- 


| diculars contain'd betwixt them will be equal. 


*As for example, if the lines jp & p 


©Forif EF was greater than GH, 

© the lines AB _ CD, would be CF HD 

© more remote from each other towards the 

© points E and F,,than towards G and H; which 
W- * would 


pq 
” Tr 
') 


3 


- + {NRA ined i Car AA 
© ; * Y 
= > 3 
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* would be contrary to the definition of Par. 


<allels, where 'tis ſaid, they are ſuch as always: 


© keep the ſame diſtance, meaſur'd by perpen- 
s CICUIArs. 


12. Two right lines cannot encloſe any ſpace; ' 


that 1s' to ſay, they cannot encompaſs 1t on all 


{ides. V 
12. Two, right lines cannot have one com- 


mon {egment. 


©CB, meeting at the point B, 
© cannot together make one ſole 
©line BD; but cutring one an- 


© other, ſeparate again 1mmedh- , 


© By which I mean, that two ; 
© right lines, ſuppoſe AB, and. 


© ately after their rencounter. For, if you de- _ 


© ſeribe a circle from the point B as a center, 
© AFD will be a ſemicircle, becauſe the right 


© line ABD, paſling through the center B, wall 
< divide the circle into two equal parts. The. 


© ſegment CFD wall be alſo a ſemicircle, be- 
£ cauſe CBD will be alſo a right line, and will 
© paſs through the center B: therefore the ſeg. 
£ ment CFD will be egual to the ſegment AFD, 
< the part to the whole; which 15 repugnant 
«to the ninth Maxim. 


- 


PP 


ADVER- 
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ADVERTISEMENT. 


$ g fy are two ſorts of Propoſitions : In 
o 


{ome we have nothing but the bare Spe- 
©culation of a Truth, without deſcending to 
* Praftice, which we call 7heorems ; in the 


- © other ſomething is propos'd to be done, and 
. * thoſe are call'd Problems. 


© The firſt number of the quotations denotes 
© the Propoſitions, . the ſecond the Book. As 
© by the 2 of the 3. that 1s, by the ſecond Pro- 
© poſition of the third Book : but if only one 


* © number occur, it ſignifies ſuch a Propoſition 
* . © of the book you are then upon. 


PRQ@OSITION I. 


A PROBLEM. 


To draw an Equilateral Triangle upon 
any line yruen. 


| Big; the line AB be propos'd for the baſe 


of an Equilateral Triangle ; from the 


-. center A at the diſtance AB deſcribe the cir- 


cle BCD; and, likewiſe from the center B at 


the diſtance BA deſcribe: the circle DAC cut- 


- B 2 ting 
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ting the former at the point C. Then draw 

the lines AC and BC, and all the ſides of the 

triangle ABC will be equal. 

| Demonſtration. 
The Lines AB, and 

AC being drawn from 


the circle BCD are e- 
- qual, by the Definition of 
a Circle ; ' the lines BA, and BC are likewile 
equal being drawn from the center B to the 
circumference of the circle CAD. Laſtly, 
the lines AC and BC being equal to the ſame 
line AB, are alſo equal between themſelves, 


All the three ſides therefore of the triangle” 


ABC are equal. 

Toe USE: * y 
== *< The deſighh of Zachd in 
=S © placing thif Problem here 


©two following Propoſitions. 
© But 1t,may be alſo further 


© an inacceſlible line, as for example, the line. 
*AB, which by reaſon of a River or Precipice 
© cannot be approach'd. In ſucha caſe make 


*a {mall Equilateral Triangle BDE, either-of 


© wood or copper, or the like; and having 


* placed it Horizontally upon B, obſerve the : 


point 


& 


the ſame center A to 
the circumference of, 


" vw VB” war Do we Www TR, Oo Rar Ts HR ia. YL 


© was. only to demonſtrate the 


©ſerwiceable for the meaſuring }.. 


£@ falls > Y ed fi »-= 
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© roint A, by the ſide BD, and any other poin* 
©C, by the fide BE. Then transfer your Tri- 
© angle along the line BC, and place it upon 


”. © divers parts of the ſame line; till at length 


: LET the point propos'd be 


: interval, making B the Center, 


© you find a point C, upon which placing the 
Triangle you ſhall fee the point B, by the ſide 


 *CG, and the point A by the fide CF. TI ſay 


*the lines CB and CA are equal; fo that by 
© meaſuring the line BC, you may know the 
© line AB. I might further demonſtrate thar 
© the lines AB, and BC are equal; but ler it 
© ſuffice that in this Propoſition, you are taught 
© the way of making an Inſtrument proper to 
© take the dimenſions of an 1nacceſlible line. 


PROPOSITION Il. 


A PROBLEM. 


From a point given to draw a line equal to 
another line gruen, , 


B, from which aline is to 
be drawn equal to the line A. 
Take with the Compaſs the 
length of theline A, and at that 


£ 


deſcribe the circle CD. Drawing then from 
| B 3 the 
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| the point B to which ſide you pleaſe, a line BI, 
or BD, 'tis evident it will be equal to the 
line A. = 
© Euchd propoſes a more myſterious and in- 
©tricate method of demonſtrating this Pro- 
© poſition ; but in practice we always make uſe 
© of this; in as much as, having taken with the 
©compals the line A,-'tis as eaſy deſcribing a 
*circle from the center B, as from the cen- 
© ter A. | 


"_—— 


PROPOSITION III 


'A PROBLEM. 
From a greater line to take a part equal to a leſs. 


Q Ippote you were to take from the line BC, - 
a part BI, equal to the line A. Take be- + 
twixt the points of the compaſs the length of - 
the tine A, and at that diſtance, from the cen- | 
ter B deſcribe a circle, which {hall cut. the line 
BC at the point I. 'Tis certain the lines BI, 
and A, are equal. 

©'The Uſe of theſe two preceding Propoſi- 
*tions 1s ſufficiently evident ; for as much as +. 
* we are frequently oblig'd in Prafical Geome- 
* zry to draw one line equal to another ; and to 
*rake a part of a greater line equal toa line that 
* 1s lels. | PROP. 


equal in al 


The Firſt Book, Ig 


PROPOSITION IV. 


A THEOREM. 


If two Triangles have two ſides equal, each to 
the other reſpefively, and the angles alſo, 
form'd by thoſe two ſides, equal; their baſes 
and other angles will be equal. | | 


| fn the triangles ABC, ” At- 


DEF, have two ſides 
equal each to the other 2M 
reſpeively ; that is to 
C——_ 


ſay. let AB be, equal to F E © = 
DE, and to DF ; and 

let the Angles BAC, EDF, form'd by thoſe 
ſides be alſo equal: I ſay, the baſes BC, EF 
are equal, and the angles ABC, DEF ; ACB, 
DFE, are _— ; and laſtly, the whole triangles 
reſpects. | 


Demonſtration. | 


Suppoſe the triangle DEF to be plac'd upon 
the triangle ABC: - the ſide DE being upon 
AB, they will not exceed each other, becauſe 
they are ſuppos'd to be equal; ſo that the point 
E will be upon B, and: the point D upon the 
point A. For the ſame reaſon the line DF will 


- fall upon AC. For if it ſhould fall on the out- 


BS * © tide 


- 
Ca GAIL 5 v7 WY Is 2 0 m_ — my — - 
—— att ——— arora ee geo een 


_ 


ROBES A LD 
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/ | 
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fide of it; the angle EDF would be greater than 


the angle BAC; andif it ſhould fall within 4 
AC, the angle EDF would'be leſs : and yet they | 


point D 1s upon the point A, and the line DF 
falls upon the line AC, to which it is equa], 


* are ſuppos'd to be equal. Therefore fince the ' 


they will not exceed each other, but the point - 


F will fall upon C. Laſtly, ſince the points E 


and F of the line EF, fall upon B and C,. the _ 


line EF will fall upon BC ; becauſe 1t can ne1- 


ther fall higher as in BHC, nor lower as in- 


BGC,; for then two right lines would encloſe - 


a ſpace; which 1s contrary to the twelfth Ma- 
xime. Therefore the two triangles do not at 
all exceed each other. But not only the baſes 
BC, EF, but alſo the angles ABC, DEF ; and 
ACB, DFE, are equal. 


Corel. An Equilateral triangle hath' all its * 


avgles equal. _ 


The USE. 


© Suppoſe I 
© were to mea- 
{ure an 1nac- 
© ceſlible line 
©AB. I. ob- 
© ſerve from 
*the point C, the points A and B; and 


, * then meaſure theangle C. This done; placing - 


* a board horizontally, and obſerving ſucceſlive- 


fly 


I 


DES Toon oo os mw BY BY MW Ga a = 6 


. © ſerve to teach how to hit a. AN 
| © bowl at Billiards by re- 


© be at the point A, and that 


"ITE " W 
ey, Se 
. "+ 
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in  <]y by a rule the points A and B, I draw two 

® ©lines according to the rule, which make the 
\ tangle C; and meaſure with a yard the lines 
+: AC, and BC, which are ſuppos'd accelſlible. 


© Then going into an open field, and placing 
© my board again: horizontally upon the point 


\ *F, andobſerving the ]1tnes that4 drew upon at, 


©T make an angle DFE equal to the angle C. 
© l make likewiſe FD, FE, equal to CA, CB. 
© Then according to this propoſition the lines 
© AB, and DEzare equal. So that meaſuring by 


. © the yard the accellible line DE, I ſhall know 


* AB, which is inacceſſible. 
we Another U SE. 


© The ſame propoſition may 


© flexion. Suppoſe one bow] to 


© which you would hat at the E 
© point B, and CD the Billtard-table. Tmagine 
*then a perpendicular BDE, and take the line 


-. *DE equal to BD. I ſay, if you dire& the bowl 


*from the point A to E, the reflexion will car- 
*ry it to B. For in the triangles BFD, EFD, 
© the fide FD being common, and the ſides BD 
*and DE equal; the angles BFD, EFD are e-+ 


? * qual, by this propoſition. The angles AFC, 
: * DFE, being oppolite, are alſo equal, as I ſhall 


de- 


be P 


22 The Elements of Euclid. | 
© demonſtrate hereafter. Therefore the ang 
© of. Incidence AFC, 1s equal tq the angle of 
© Reflexion BED ; and by conſequence the Re.; 
«flexion will be by AFB. | 


PROPOSLTION V. 
A THEOREM. 


tn Tſoſceles, or Equicrural triangles, the angle 
that are above the Baſe. are equal: as alh 
thoſe that are below 1t, | 


A Þ T ET the Iſoſceles be 
ABC, that ip to ſay, 
let the ſides AB, AC 
be equal. I ſay the an-- 
. gles ABC, ACB are « 
BO | ual; as alſo the an 
5 © MN * ples GBC, HCB, that 
are below the baſe BC. Suppoſe another tri. 
angle DEF, having the angle D equal to the- 
angle A; and the ſides DE, DF equal to AB, 
AC. Since the fides AB, AC are equal, all the 
four lines AB, AC, DE., DF wall be equal. 


LEE EGS ob os tad had an be a bal 


ro 


Demonſtration. Since the ſides AB, DE; AC, 
DF, are <qual; as alfo the angles A, and D:$ 
it the triangle DEF be plac'd upon ABC, m_ 


will 


"A $ 
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ngle will not exceed each other, but the line DE. 


ec 


* 
6 wy 


11l fall upon AB; DF upon,AC ; and EF upon 
BC (by the 47h.) thereforethe angle DEF, will 
be equal to ABC. And becauſe one parr of the 


 .line DE fallsupon AB, the whole line DI will 


be upon AG ; otherwiſe two right lines would 


- * have a common ſegment ; therefore the angle 


IEF will be equal to GBC. Suppoſe then the 
triangle DEF turn'd, and apply d another way 
to the triangle ABC, that 1s to ſay, fo as DF 
may fall upon AB, and DE upon AC. - Since 
the four lines AB, DF ; .AC, DE, are equal ; as 
alſo the angles AandD : the triangles will like- 


wiſe agree this way, and the angles ACB, DEF; 


HCB, .IEF, will be equal. Now by the firlt 
comparing them 1t appear'd, that the angle 
ABC was equal to the angle DEF ; GBC to IEF: 


therefore the angles ABC, ACB being equal to 


the ſame DEF ; and GBC, HCB, alſo equal to 
the ſameTEF, they are equal among themlelves. 


©I was unwilling to make uſe of Zuchd's de- 
© monſtration, becauſe being very difficult, 1t 
* might diſcourage beginners. 

h We 


PROP. 
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PROPOSITION VI. 


A THEOREM. 


wilh be an 1ſoſceles. 


E T tho angles ABC, ACB of the triangle 


aca an Auf Wa 


* 1f tavo angles of a Triangle be equal, the triangle | 


ABC be equal :. (ſee Frg. preced.) I ſay it 


1s an [oſceles; that is to fay, the two ſides AB, 


AC, whici are oppolite to the equal angles, are 


equal. Suppoſe the triangle DEF to have a-: 


baie EF equal to BC, and the angle DEF equal 


to ABC, as alſo DFE equal to ACB : ſince the _ 


angles ABC, ACB ace ſuppos'd to be equal, all 


* the four angles ABC, ACB, DEF, DFE, will 
be equal. Suppole again therefore the baſe EF 


to be plac'd upon the baſe BC, fo that the point 


E lie upon the point B, the baſes being ſuppos'd 
' equal, it 1s evident they-w1ll not exceed each o- 


ther. Further, the angle E being <qual to the 
angle B, and the angle F to the angle C; the 


line ED will fall upon the line BA, andFD 


upon CA : ſo that the lines ED and FD wall 
meet at the point A. From whence it follows, 


that the [1ne ED 1s equal to BA. 
Let then the triangle DEF be turn'd to the *. 
other ſide, and applied another way to the tyi- | 


ang 
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' angle ABC : that is to ſay, fo that the point E 
/ lie upon C, and F upon B: the baſes BC, FE 
will perfe&ly agree, being ſuppos'd to be equal : 


and becauſe the angles F, and B; E, and C, are 
alſo ſuppos'd to be equal, the fide FD will fall 
upon BA, and ED upon CA; and the point D 
upon A. Therefore the lines AC, DE will be 


equal, Whence it follows, that the fides AC, 


AB are equal between themſelyes, being equal 
to the ſame fide DE. | 


The USE. 


©This Propoſition may ſerve 

© for taking the dimenſions of 
any ſort of 1nacceſlible lines. 
©'Tis faid that Zhales was the 
« firſt that meafur'd the heighth 
© of Obelisks by their ſhadows : 
© it. may be done by this Propoſition. For 
<if you were to meaſure the height of the 
© Obelisk AB; do but expect till the Siin be 
Celevated 45 degrees above the Horizon ; 
©that 1s to ſay, til the angle ACB be 45 de-- 
© grees; and, by theYexth Propoſition, the ſha- 
<Jow BC will be equal to the Obelisk AB. 
©For ſince the angle ABC 1s a right angle, 
*and the angle ACB half a right one, or of 
© 45 degrees; the angle CAB will be half a 
© right one, as I ſhall prove hereafter. There- 
* fore the angles BCA, BAC, are equal : and (by 
rhe 
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© zhe 6.) the ſides AB, BC, are alſo equal, ] 
*can alſo meaſure'the ſame height without. 
© making uſe of the ſhadow, by taking a ſtand. 


© ſo far from the point B, as that the angle AC} 


© may be half a right angle, which may be, 


© known by a Quarrant. 


© Theſe Propoſitions are of frequent uſe in 


© 'Trigonometry, and in all other traQts. 


© The ſeventh Propoſition may be omitted, 
Ehecaule 'tis of no other uſe but to demonſtrate 


© the e7247h, which may be done without it. 


pn I 


-PROPOSITION VIII. 


'S A THEOREM. 


Af two Triangles have all their ſides equal, their 


oppe/ite angles will alſo be equal. 


| ET the ſide GI 

be equal to LT; 
HI, to VT; GH, to0 
LV;. T ſay, that the 
angle GIH, wall be 


; | _ LTV; IGH, to the 
angle L; and IHG, to the angle Ve From the 
center H, at the diſtance HI, deſcribe the cir- 


cle IG ; and from the center G, at the diſtance 


GJ, the circle HI. - 


equal\ to the angle” 


Pw - a iS. © #® Aa 


Demon. _ 


\ 


e 


1Out 


land. 


\C} 


be 
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Demonſtration. 


Suppoſe the line LV brought upon HG : they 
would notexceed each other, becauſe they are 
ſuppos'd to be equal. I add, that the point T 
will fall preciſely upon the point I : For 2t 
ought to reach nM to the circumference 
of the circle IG, becauſe by the ſuppoſition the 


| lines Hl and VT are equal. It ought in like 
- manner to reach to' the circumference of the 


circle IH, becauſe the lines GI and LT are e- 
qual. So then it will light upon the point I, 
being the point where thoſe two circles cut 
each other. Indeed if it fellany where elſe, as 


*. upon ©, the line HO, that is toſay VT, would 


.. be greater than HI; and the line GO, that 1s .. 
LT, would be leſs than GI; which 1s againſt 


the ſuppoſition. Whence I conclude, that the 
triangles will exa&tly correſpond,and the angle 


| GIH be equal to the angle LTV. 


The USE. 


© This Propoſition is neceffary for the proof 
* of thoſe that follow. And further, when we 


- © cannot take the meaſure of an angle, becauſe, 


© the lines meeting in a ſolid body, we cannot 
© apply our Inſtruments to it; we mult rake the 
© three ſides of the triangle, and make another 


- * upon a paper, whoſe angles we may meaſure. 


© This 1s very ordinary practice in Gnomonicks,: 
4 
or . 
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© or Dialling ; and in the treatiſes ' concerning 


© cutting precious ſtones, ſo as to fit the pannel,, 


< 2nd to retain the waters. 


” 


PROPOSITION IX, 


A PROBLEM. 
To divide an Angle into two equal parts. 


propos'd to be divided in. 


R, art any diſtance, draw the 


«| arch ST, cutting off two equal 
V 


divides the angle into two equal parts: that 1s 

. to ſay, the angles VRT, and YRS, are equal. 
Demonſtration. 

The triangles VRS, and VRT, have the 


fide VR common ; and the fide RT was taken 
. equal to'the ſides RS: the baſe alſo SV, 1s e- 


qual to VT, becauſe the triangle SYT is equi- 


Jateral. Wherefore (by 7c 8.) the angles SRV, 


VRT, are equal. 


The ' 


© I, E T'}the angle SRT be 


| to two equal parts. Take the 
OE” 8 -xD Compaſs, and from the center 


lines RS, RT. Then draw 
the right line ST, and (by zhe 1.) deſcribe an, 
equilateral triangle STV. I fay, the line VR 


EL RET 0 oo Ee eg 8 To a EE 6. 
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The USE. 
*'This propoſition 1s very uſeful to divide 
* the fourth partof a circle into degrees : for”tis 


*the ſame thing to divide an atch, as an angle 


©1into two equal parts : and the line RV does _ 
© both, that 1s, it divides both the arch ST, and _ 
*the angle SRT. Having therefore apply'd the 
© ſemidiameter to the fourth part of a circle, 
< you cut off an arch of 60 degrees, which divi- 
© ded equally gives an arch of 3o; - and that 
© again divided, mikes one of 15 degrees. "Tis 
© true, to finiſh this diviſion, we muſt divide an 


| ©arch into three'equal parts, but that is not-to 
. © be done, Geometrically. Pilots alſo divide 


* the Compals into 32 Winds by the help of this 


; ©Propolition only. 


Las 


PROPOSITION K&X. 


_ A PROBLEM. 
To divide a right line into two equal parts. 


Uppoſe the line AB was to be >. 
divided into two equal parts ; Fab) 


' upon the line AB deſcribe an e- - : 


ullateral triangle ABC, (by the a7__ 2 ; 

Tong divide rags ACBinto *, iS / 

two equal parts by the line DC, . / 

(by 7he 9.) I ſay the line AB 1s WW 

divided equally at the poznt E; ” 
C 


a 
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that 1s to ſay, the lines AE and EB are equal,” 


| — 


' Demonſtration. 


The triangles ACE, and BCE have the fide 
CE.common, and the ſides CA and CB are e- 
qual, becauſe the triangle ACB 1s equilateral, 
andthe angle ACB being divided equally, the To 
angles ACE and BCE are alſo equal. - There..' 
fore (by 7he 4.) the baſes AE and BE are equal. 


The USE. » 
: th 
© Great uſe is made of this Propoſition, or 
© dinary practices frequently requiring us to * 
© divide a line in the middle, which Geomnerr:. T 
©c:anus require ſhould be done exaQtly at the; 4 
© firſt daſh, by a method that is infallible, and © 
© not by eflays. This praCtice is likewiſe prin. Þ* 
© cipally uſeful for dividing meaſures into leſs# 
© parts, = 
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; SR OPOSITION XI. 
1 of A PROBLEM. 
7 draw a Perpendicular to a line £1ven, upon a 
ere... given point of the ſame line. 


_ Ny Ppote you were to raiſe 
a perpendicular upon 

the point A of the line BC. 
*Take two equal lines AB 
"of and AC on both ſides the 
! —_ A, and make an equi- 
he Jateral triangle BDC upon 


Ls 


" "the line BC, (by zhe 1.) I ſay the line AD is 
: 1, Perpendicular, that 1s. to ſay, the angles BAD - 


, 2nd CAD are equal. | 


- 


Demonſtration. 


'The triangles BAD, and CAD have the fide 
"AD common, the ſides AC and AB are equal, 
"and the baſes BD-and DC alſo equal : therefore 
(by the 8.) the angles BAD, and CAD, are e- 

qual ;- and (by Zhe 10. def.) the line AD per- 


n *pendicular to BC. 


5-8 PROP. 
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PROPOSITION -XIL.| . #*c 


A PROBLEM. Is 


Te draw a perpendicular to a line given, from 
point, which ts out of the lie. 


©. J* vou would draw a perpen| 
£8. dicular to the line BC, from! 
E *,- the point A: having et thi * 


Y $3. af C ; : 
IE Mc foot of the compaſs upon A, & q ] 
J\b" {ſcribe the circle BC, whid: _ 

D ſhall cut the line BC, at th; 


points B and C, 'Then divide the line BC in" 
to two equal parts at the point E, I ſay the lin? 
AE. 1s perpendicular to BC. Draw the line? 
AB, AC. by = 
Demonſtration. The triangles BEA, and CEA: © 
have the ſide AE common ; and the ſides EC: 
and EB equal, the line BC having been equal: 
ly divided at the point E; -the baſes AB and 
AC, being drawn from the center A tothe city 
cumference BC, are likewiſe equal : therefor 


the angles AEB, and AEC, are equal, (by 7he 8,' t 
and the line AE perpendicular, (+y defin. 10.) © 

The method, 1n praRiice, of dividing the lint x 
BC 1n the middle, 1s todeſcribe twoarches atD, <& 


at the ſame interyal, from the centers Band : 
; | 'Tht 


—— 


4 
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| Tz The USE. 1. . 
} <We have need of a Plummet or Squaring- 


*© line almoſt in all our operations : no angles 
F*are of uſe in buildings but the right; andall 


© chairs, benches, tables, buffers, and other 
* moveables, are fram'd by the ſquare. No ſur- 
© vey of Land can be taken without making uſe 


*of mamas lines; nor can Dza/lling be 
© per | 

 *Level contains a right angle, and the ſame 1s 
{t prefer'd before.any other, eſpecially by the 


orm'd without them. The Carpenter's 


e French 1n Fortifications. Laſtly, not only 


} © eMathematicians, bur allo the. greateſt part 
| *of practical Artiſans, require that we ſhould 
? *know how to draw a perpendicular, 


\ #. 
4 


PROPOSITION XII. 


A THEOREM. 


} One line falling upon another makes with it eithe” 


two r1ght angles, or 1Wwo angles equal to tw? 
right ones. L | 


ET the line AD fall upon BC ; * 


A 
Ifay, 'twill ttiake with it e1- , 3 
' ther two right angles;or twoangles, i 
one obtuſe, and the other acute, EE: 
which. joyn'd together-ſhall be of FD C 


equal yalue with two right ones. 
| DB 3-::--: Demon- 
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: Demonſtration. , 


Suppoſe the line AD to fall perpendicularly; 
upon BC, then 'tis evident (by defin. To.) that 
the angles ADB, and ADC, are equal, and by 
conſequence right angles. . Or, _ 


-B- Secondly,ſuppole the line ED 
; not to fall perpendicularly 
K upon BC, and draw. a perpens 
dicular AD (3y the 11.) the 
| _—_ angles ADB, and- ADC ar 
B D C right angles, which are of e: 
qual value with the three an 
gles ADC, ADE, EDB. But the obtuſe angle? 
EDC, and the, acute angle EDB, are of equal: 
value with the three angles ADC, ADE, and; 
EDB: therefore the angles EDC, and EDB,: 
are of equal value with two right ones. 1 
This propoſition may be more eafily demon-z 
{trated by deſcrtbing a ſemicircle from the? 
center D upon the hne BC. For the angles; 
EDB, and EDC, will require a ſemicircle for; 
their meaſure, which is the meaſure of two” 
Tight angles, as I have ſhown before ; 2 zhe 8. 
definition. = 
Corollary 1. If the line AD falling upon BC,* 
make one right angle ADC; it 1s evident the. 
other ADB, will be alfo a right angle. 
' Coroll. 2... Tf the line ED,. falling upon BC, 
make the anyle EDB acute; the angle EDC 
w1ll be obtuſe. The | 
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 -The USE. 
© By this means, when we know one of the 
© angles which 1s made by one line falling upon 
* another, we know allo the other :' as for ex- 


© ample, if the angle EDB þ one of 57o de- 


© orees, taking away ſeventy from 180, there 
* will remain 110 for the atgle EDC. "This 
* operation does frequently occur in 7r7g0n0- 
© metry; and alſo in Aftronomy, for finding the 
© eccentricity of the circle through which the 
* Sun annually paſles. 


— WR 


PROPOSITION XIV. 


A THEOREM. 


Tf two lines meeting together at the ſame point of 
another line, make with it two angles equal 70 
70 right ones; they will make but one and the” 

ſame ; 


Uppolſe the - lines CA, and g A 
) DA, to meet at the point A of 
the line AB; and that the an- 
gles adjoyning, CAB, and BAD, 
are equal to two right ones. [I 
ſay, the lines CA and DA are 
but one and the ſame line ; ſo that CA being 
continueds will fall preciſely upon AD. | 
C-4 Imagine 
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Imagine, if you pleaſe, that CA continu'd 
will paſs on to E, and from the center A de- 
(cribe a circle. | 

; Demonſtration. 

Tf you ſay that CAE 1s a right line, the arch 
CBE will be a ſemicircle. But 'tis ſuppos'd, 
that the angles CAB, and BAD are equal to two 


Tight ones, and that therefore their meaſure is 


a ſemicircle. Therefore the arches CBE, and 
CBD wall be equal ; which is 1mpoſlible, one 
being a part of the other. Therefore the line 
CA being continu'd, will make but one and 
the ſame line with AD. 


PROPOSITION XV. 


* 


A THEOREM. 


1f two right lines cut each other, the oppoſite 
* angles at the top will be equal. © 


5 &7 Kopupiy. Eucl. au ſommet. Gall, 


X © T ET the lines AB and CD 
” cut each other at the 
_ point E': I fay, the angles 

AEC, and DEB which are 
, Oppoſite at the top, are equal. 


: Demonſtration. | 
The line CE falling upon the line AB, makes 
z 4 the 
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the angles AEC and CEB equal to two right 
ones, (by the 13.) In like manner the lihe BE. 
falling upon the line CD, makes the angle CEB 
and BED equal to two right ones. Therefore 
the angles AEC, CEB, taken together, are e- 
qual to the angles CEB, BED ; therefore taking 


away the angle CEB from both, the angle AEC 
| will zemain equal to DEB, (vy the 3. Maxim.) 


Corofl. If two lines DE, and EC, concur- 


| ring at the ſame point Eof theline AB, form 
' with it the oppoſite angles AEC, DEB equal, 


DE and EC make but one right line. 
' Demonſtration.” 


The line EC falling uponthe line AB,makes 
the angles AEC, and CEB equal to two right 


'ones, (by rhe x3.) Tis ſuppos'd likewiſe that 


the angle DEB 1s equal to the angle AEC. 


* Therefore the angles DEB, BEC, 'are equal to 


two right ones. And (by he 14.) the lines CE 
and ED make but one right line. 


The USE. F 


©The two preceding Propo- 
©ſitions are made uſe of to 
© prove, that two lines make ' 
© but one total. As for exam- 
* ple, in Catoptricks or Perſpe- 
*Clives, where that 1s required 
* to prove, that of all the lines * - | 
© that can be drawn by reflexion from the point 
; | "3 
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«A.to the point B, thoſe are the ſhorteſt, 


-« which make the angle of Incidence equal to : 
<angle of Reflexion. As for example; if the 
* angles BED and AEF be equal, the lines AE, 7 
© and EB, are ſhorter than AF, and FB. From |} 
© the point B draw a perpendicular BD, and 
* make the Jines BD and CD equal ; then draw | 


*EC; and FC. Firlt in the triangles BED and 
©*CED che fide DE is common; and the ſides 
*BD, and DC being equal, as alfo the angles 


* BDE, and CDE ; the baſes BE, and CE will # 


+ be equal; as alſo the angles BED, and DEC, 
© (by the 4.) In like manner, I may prove, that 
*BF, and CF are equal. 


Demonſtration. 


; 
t 


% 
& 
3, 


We EEE i aint 


© The angles BED and DEC are equal, and : 
© the angles BED andAEF are ſuppos'd likewiſe * 
* ©tobetqual; therefore the oppoſite angles DEC : 


© and AFF will be equal; and (by 7he Coroll. of | 
© the 15.) AEC one right line ; and by con- | 
©ſequence AFC ts a triangle, of which the fides |: 
© AF and FC mult be longer than AEC, that 1s © 


©to ſay, than AE, and EB. But the lines AF 
*and FC are equal to the lines AF, and FB, 
© therefore thelines AF and FBare longer than 
© the lines AE and EB. And {ſince natural 


nn on 4D 


© cauſes always at by the ſhorteſt lines,the Re. 


© flexion will always happen in ſuch a manner, 
. ©that the angles of Reflexion and Incidence 
* may be equal. | 

Fur- 


' angle ABC to be mov'd along the line BD, 
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© Further, becauſe we can eaſily prove, that 
© all the angles that can be made upon a plane 
© about the fame point, are equal to four right 
© angles ; for as much as 1n the firit figure of 
* this propoſition, the angles AEC and AED 
© are equal to two right ones, as alſo BEC and 
©BED to two more : we make a general rule 
© todetermine what Polygones may be joyn'd in 
© paving a Hall. Accordingly we ſay, that four 
* ſquares, ſix triangles, and three hexagones, 
© may be uſed for that purpoſe : and that there- 
© ſore Bees are always obſerv'd to make their 
(little cells of the laſt, that is, of figures con- 
© fiſting, of ſix ſides, ET 


PROPOSITION XVI. 


X 


A THEBORE-M.:: 


The external angle of a triangle is greater than 
erther of the internal oppoſite angles. 


Roduce the ſide BC A E 

of the triangle ABC: 
I ſay the external angle JNJHN 
ACD, 1s greater than el- RB D 


ther of the internal op- _ © © 
polite angles, ABC, or EF 
BAC. Suppoſe the tri- 


and 
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and carry'd into the place of - CED. \, 
Demonſtration. 
"Tis impoſlible that the triangle ABC ſhould 
be ſo moy'd, but the point A muſt come into 
the place of the point E; and then-twill ap- 


pear, that the angle ECD, thart 1s to ſay, ABC, 
1s leſs than the angle ACD : therefore the in- 


ternal angle ABC 1s leſs than the external] 
ACD. 4 | 

"Tis likewiſe eafie to prove, that the angle A 
1s 1eſs than the external angle ACD : for hav- 
ing prolong'd the fide AC as far as F, the op- 
polite angles BCF, and ACD, are equal (by zhe 
15.) Therefore cauſing the triangle ABC to 
flide along the line ACF, I ſhall demonſtrate, 
the angle BCF to be greater than the an- 


gle A. 
The USE. ; 


*We may draw from this propolition many 


© molt uſeful concluſions. As firſt, that from a - 


© point given only one perpendicular can be 


* drawn to the ſame line. For example, Sup- 


© poſe the line AB to be per- 
© pendicular to the line BC: 


| © I ſay, that AC will not be 
© perpendicular ; becauſe the 
© right angle ABD muſt be 


F EC BD. greater than the internal 
*angle ACB; therefore ACB cannot bea right 
* angle, nor AC a perpendicular. . 

| © SE- 


— 
8 {e- Fg he} - vo TD ec; > » 
- , 
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© Secondly, that from the ſame point A can- 

© not be drawn more than two equal lines ; for 
example, AC, and AD; and 1f you draw a 
* third as AE, it will not be equal to the for- 
© mer. Forſince AC and AD are equal, the an- 
*oles ACD, and ADC, are equa], (by 7he 5.) 
s | anſo" the triangle AEC, the external angle 
© ACB is greater than. the internal AEC : and 
© therefore likewiſe the angle ADE, 1s greater 
© than the angle AED. Therefore the lines AE, 
© and AD, are not equal ; n6r by conſequence 
* AC and AE. | 
© Thirdly, that if the line AC makes the an- 

* gle ACB acute, and ACF obtuſe, the perpen- 
* dicular drawn from the point A will fall on 
* the fide of the acute angle. For if you ſay 
*that AE1s a perpendicular, and that AEF is a 
* right angle; the right angle AEF would be 
* greater thanthe obtuſe ACE. Theſe conclu- 
* ftons are ſermiceable for meaſufing Parallelo- 
*grams, Triangles,. and Trapeſia, and to re- 

© duce them into retangular figures. 


PROP. 


TT —  — 
». 


F* 
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PROPOSITION XVII. - 


A THEOREM, 


Any two angles of a triangle are teſs than two 
| right ones. 


J Ex the Triangle be ABC; I 
ſay, that any two of its angles 
taken together, as BAC, and BCA, 
are leſs than two right ones. Pro- 


duce the fide CA to the point D. 


Demonſtration. 


B "C 


The internal angle C, is leſs than the exter- 
nal BAD, (by 7he 16.) Add therefore to both 


the angle BAC; the angles BAC, and BCA, |, 


will be leſs than the angles BAC, and BAD ; 
yet thoſe are but equal to two right ones, (by 
Zhe 13.) therefore the angles BAC, and BCA, 
are leſs than two right ones. | 

After the ſame manner I can demonſtrate the 
angles ABC, and ACB, to be leſs than two 
right ones, by producing the fide. BC. 


_ Coroll If one angle of a triangle be a right, or 
obruſe,angle, the others are acute. 


*'This Propoſition is neceſſary to demon-. 


© ſtrate thoſe that follow. 


PROP. 


us 
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PROPOSITION XVIII. 


A THEOREM. 


> | Tn every triangle whatſoever, the greateſt ſide is 
| oppos'd to the greateſt angle. 


| gh the {ide BC of the 
; 1 triangle ABC, to be grea- 
ter than the/lide AC: I ay, 
= the angle BAC, that 1s op- | 
= pos to the {ide BC, 1s great- Yd 5 Ts ol 
; er than the angle B, which 
»* 1s oppos to the fide AC. Cut the line BC in 
s D, ſo.that CD may be equal to AC; then draw 
the line AD. | 


A 


Demonſtration. 


Since the ſides AC, and CD, are equal, the , 
triangle ACD will be an Z/oſceles, and (by the 5.) 
the angles CDA, and CAD, equal. Now the 
whole angle BAC 1s greater than the angle - 
CAD : therefore the angle BAC is greater than 
-4 the angle CDA ; which yet being an external 
© angle 1n reſpect of the triangle ABD, 1s grea- 

ter than the internal B, (by zhe 16.) Therefore 
the angle BAC 1s greater than the angle B. 


PROP. 


AM® 
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PROPOSITION XIX. 


A THEOREM. + 


1n every triangle, the greateſt angle is oppos'd to| 


the greateſt /ide, 


than the angle ABC. I lay, 


| Wh the angle A of the tri- 
" 4-4 angle BAC, be greaterſ 


the ſide BC, which 1s op. ; 


£ —C posd to the Angle A, is grea- ? 


ter than the fide AC, that | 


is oppos'd to the angle B. 


Demonſtration. | 


Tf the fide BC be not greater than the ſide | 
AC, 'tis either equal ; and then the angles AandÞ 
- B would be equal, (þy 7he 5.) which 1s contrary | 
to the ſuppoſition : or leſs ; and if fo, the fide } 
AC being greater than BC, the angleB would * 


be greater than the angle A, though the 
contrary be ſuppos\d. It remains therefore that 
the {ide BC be greater than the fide 'AC. 


'The USE. 


©We may prove from theſe propolitions, * 
© not only that no more than one perpendicular | 


* can 
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© can be drawn from the ſame point to the 
< ſame line;. but alfo that 1t is the ſhorteſt of 
call. As for example;-1f the R 

< line RY be perpendicular to | 
<ST, it will be leſs than R&: /:iX 

© becauſe the angle RVS being 

*a right, angle, the angle RSV 

* will be an acute, (by the Corofl, ———5- 7 
©of the 17.) and the line RY S V t= 
© will be leſs than RS,(by the precedimg.)There- 
© fore Geometricians do always make uſe of a 


- © perpendicular, when they take the dimen- 


© fions of any thing, and reduce 1rregular 
© figures to {ſuch as have one or more right 
©angles. TI add, that it being 1mpoſlible that 
© more than three perpendiculars ſhould meet 
© at the ſame poznt, 1t cannot be 1magind that 


. ©there ſhould be more than three ſpecies or 


© kinds of quantity, a line, a ſuperficies, and 
© a ſolid body.. ; 
© By theſe propolitions we likewiſe prove, 
© that a bowl exaQly round cannot reſt, but 
© upon ſuch a certain point. For example ; 
© let, the line AB repre- | | 
© ſent a plane, and C the 
© center-of the earth, and 
©that CA be drawn per- 
© pendicular tothe line AB; 
«| ſay, that a bowl being 
© plac'd ypon the point B, cannot reſt there. 
© For a heavy body cannot reſt, when it my 
D C- 


- ©triangle. CAB, the perpendicular CA is | 


©body muſt flow from B to A, and that its | 


bo TV. Some men prove this'Pro- | 


. the lines LR, and LT be equa] ; then draw ; 


RJ 
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© deſcend. Now the bowl B moving towards A | 
© continually deſcends, and approaches nearer |} 
© the center of the earth C; becauſe in the 
© ſhorter than BC. Wet. EE 
© In like manner we prove, that a liquid | 


© ſuperficies muſt be round. - | 


2 


. PROPOSITION XX. 


# 
A THEOREM. | 
Any two ſides of a triangle taken together are ? 
greater than the third, | 
R ſay that the two ſides TL, | 
LV, are greater than the fide | 


poſition by the definition of a | 
right line, which 1s the ſhorteſt | 
that can be drawn from one | 
V T -oint to another : therefore the 
line TV,is leſs than the two linesTL and LY. 

But it may alſo be demonſtrated another 
way. Continue the ſide VL to R, ſo that 


the line RT. 
De- 
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LE Demonſtration. - 
The fides LT, and LR, of the triang] 
L'TR, are equal ; therefore the angles R, and 
LTR, are equal, (by zhe 5.) But the angle 
RTV is greater than the angle RTL : there- 


fore the angle RTV 1s greater than the angle 
R : and (by the 19.) in the-triangleRTV, the 


fide RV, that is to ſay, the fides LT and LY, 


are greater than the fide TV. 


"PROPOSITION XXL. 


A THEOREM. 


1f a ſmall triangle be deſcrib'd within a greater 
upon the ſame baſe,the ſides of the ſmall one - 
will he leſs than thoſe of the greater ; but 
they will form a greater angle. | 


E T the ſmall triangle ADB C 
F be deſcrib'd within the tri- \Þ 
angle ACB, upon the ſame baſe AR 
AB. TI ſay firit, the fides AC and 4 N 
BC are greater than the ſides AD *  ®» 


and BD. Continue the line AD to E. 
* Demonſtration. 


Tn the triangle ACE, the ſides AC and CE, 
are greater than the ſide AE alone, (by the 
» # Yo 20.) 
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20.) Therefore, adding to them the ſide EB; ; 
the ſides AC, and CEB, are greater than the} 
ſlides AE, and EB, In like manner 1n the tri-| 
angle DBE, the two ſides BE and ED are} 


greater than the ſide BD alone: and adding 
the fide AD, the ſides ADE, and EB, wall be 
greater thanAD and BD. 
I ſay further, that the angle ADB 1s greater 
than the angle ACB: for the angle ADB 1s 


an external anglein reſpeCt of the triangle} 


DBE, and therefore. greater than the 1n- 
ternal DEB (by 74e 16.) In like manner the 


2ngle DEB, being an external angle 1n3 
reſpect of the triangle ACE, 1s greater than : 
the angle ACE, therefore the angle ADB is] 


greater than the angle ACB. 


The USE.. | 


« By the help of this, Propoſition we de. 
© monſtrate in Oprzicks, that the Baſe AB 


* view'd from the point C, will appear leſs, | 


© than when it 1s beheld from the point D; 
© according to that principle, That quantities 
© viewd under a greater angle will appear 


© greater. Therefore 'tis, that Yitravm| 
© adviſes, not much to leflen the tops of very | 


© high Pillars, becauſe they, .heing ſo remote 


'*from onr fight, quickly appear {lender | 


* enough withont being diminiſh'd. 


” PROP. 
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PROPOSITION XXII. 


A THEOREM. 


| To deſcribe a triangle, whoſe ſides ſhall be e- 
| * qual to three ſides given, provided that any 
7wo of then be greater than the third, 


| | Hap" it be propos'd to de- _.- | 
4 ſcribe a triangle, whoſe 7%\ 

| fides ſhall be equal to three 
? lines given, AB, D, and E. Mea- A 
ſure with the compaſs the line | 
D, and ſetting one foot thereof » 
upon the point B make an arch. Then take 
the line E, and placing the foot of your com- 
paſs upon the point A make another arch, cut- 
ting the former at the point C. Which done 
draw the lines AC, and BC. I fay that the 
triangle ABC, 1s ſuch a one as you delire. 


__ " Demonſtration. | 
The ſide AC 1s equal to the line E, becauſe 
it reaches to the arch, which 1s drawn from 
the center A at the diſtance of the line E; and 
for the ſame reaſon the fide BC 1s equal to the 
line D : therefore the three ſides AC,BC, and - 
AB, are equal to the lines E, D;, and AB. 
I added a Pfovilo, that the two lines ſhould 
be greater than the third : becauſe ns 
D 2 Fn. 1 
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if the lines D and E were leſs than the line : 
AB, the arches could not cut each other. | 
The USE. 

© This Propoſition may be uſeful for de. 

© ſcribing a figure equal or like to another :} 
< for having divided that, which 1s propos df 

| © to be equall'd or imitated, into triangles ;# 
© and made other triangles, havidg equal {ide 

< with the former; we ſhall have a figures 
© exaCtly equal. But if we deſire only ones 
© that 1s like, but leſs; as when we would} 

© deſcribe a plain, or country upon paper:# 

© having divided 1tinto triangles, and mez.? 

© ſur'd all their ſides, we muſt make ſimilar? 

© triangles ; giving to each of their fides ſo" 

© many parts of a Sca/e, or line divided into; 

© equal parts, as the fides of the triangle” 

© propos'd have of yards or feet. _ 


» 
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PROPOSITION XXII. 


A PROBLEM. 

To make an angle equal to another at a point l 
| 8 line given. "7. M 

l 


” Uppoſe you were 
7D 


make an angle at the; 
- point A of the line AB, & | 
. - qual to the angle EDF. De-! 
EP icribe from the points A 
al 


RRQ. 
a epic 12 et A oate.,, 
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and D as centers, two arches BC, and EF, at 
the ſame wideneſs of the compaſs ; then take 
the diſtance EF, and having meaſur'd as 
much at BC, draw the line- AC. I ſay the 
angles BAC, and EDF, are equal. 


s » w_ 
.* DemonſIration. 


| The triangles ABC, 'and DEF,” have the 


ſides AB, and AC, equal to the fides DE, and 
DF ; fince the axches BC and EF were de- 
{crib'd with the ſame wideneſs of the com- 
paſs : the baſes alſo: BC and EF are equal, 
therefore the angles BAC and EDF are e- 
qua], (by Zbe 8.) : £917 A | 


The USE. 


This Problem 1s ſo neceſſary in Geode/ia, 
Fortifications, Perſpettive, Dialling, and all 
other parts of the Mathematicks, that the 
greateſt part of their Operations would be 
1mpoſlible, if we did not know how to make 
one angle equal to another,or of ſuch a num- 
ber of degrees as we pleaſe. 


D 4 PROP. 
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PROPOSITION XXIV. _ | 
A THEOREM. | 

Of tawo triangles, having each two ſides equal 


to two of the other, that which has the 
greateſt angle, has alſo the greateſt baſe. 


_ - ET the triangles ABC,DEF, | 

* have the ſides AB and DE; 
O AC and DF equal; and let the 

"NP angle BAC be greater than the 


-M G angle EDF. I ſay, the baſe BC 
. #4 1s greater than the baſe EF.- - 
| - Make the angle EDG equal to 


| the angle BAC, (by the 23.) and 
theline DG equal to AC ; then draw the line 
EG. Firſt the triangles ABC and EDG, ha- 
ving the {ides AB and DE, AC and DG, equal, 
andthe angle EDG equal to the angle BAC; 


—_— Y 
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their baſes BC and EG will be equal (by 7he 4.) |. 


and the lines DG and DF being both equal 
to AC, will be equal betwixt themſelves. 


Demonſtration. + ,_ 

In the triangle DGF, the fides DG and DF * 
being equal,the angles DGF and DFG will be 
equal, (by 7he 5.) But the angle EGF 1s lefs 
than the angle DGF, and the angle EFG 1s 
greater” than the angle;DFG. Therefore in 
| the 


\ 


AB, DE; and AC,DF, equal; 
and let the baſe BC be grea- 
ter than the baſe EF. L 
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| the triangle EFG, the angle EFG wall be 
.# greater than the angle EGF : and therefore 


(by the 18.) the line EG oppos to the-grea- 


| ter angle EFG, will be greater than EF. 


Therefore BC, being equal to EG, 1s greater 
than EF. -.- | EL 


WY, 


PROPOSITION XXV. 


A THEOREM. 
Of two triangles, having each two ſides equal 


to two of the other, that which has the greay 


zeſt baſe, has hkewiſe the greateſt angle. 


| Be the two triangles AB 
, C, DEF, have the fides ©» A 


\ 


ſay, that the angle A will B FB 
be greater than the angle D. 7 
| ; Demonſtration. 
If 'the angle A be- not greater than the 
angle D ; it will be either equal.and then the 
baſes BC, EF, will be equal, (by zhe 4.) or it 


will be lefs, and the baſe EF greater than 


the baſe BC, (by the 24.) bur both are con- 
trary to the ſuppoſition. ” | 
« Theſe Propoſitions are neceſlary to de- 
« monſtrate thoſe that come after. - 
| PROP. 


» 
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PROPOSITION XXVI. | 
A THEOREM. 


Tf one triangle has one ſide, and two angles, c- | 
gual to thoſe of another triangle ; 'tis equal 


ow" CEN DINE 


Zo jt mall reſpetts. : 
ET the angles ABC, DEF; | 
4  ACB; DFE, of the triangles ! 


ABC, DEF, be equal ; and the © 

W040 _ {ides BC, and EF, which are be- 
my * "2p, > tween thoſe angles, alfo equal. 

i111; (HR G I ſay, that the other ſides are 

equal; for example,AC, and DF. 

x imagine, 11 you pleaſe, the {ide \ 
4 DF to be greater than AC; and '; 

cutting GF equal to AC draw the line GE. | 
Demonſtration. 

The triangles ABC, GEEF, have the ſides | 

EF, BC;. AC, GE, equal; the angle C is alſo | 

| 


o 


ſuppos'd to be equal to F. Therefore (by the 
4) the triangles ABC, GEF, are equal 1n all 
reſpe&s ; and the angles GEF, and ABC; are 
equal. But. we ſuppos'd the angles ABC, 
DEF, to be equal : and fo, the angles DEF, 
* GEF, would beequal, that is, the-whole to | 
the part; which 1s impoſſible. Therefore | 
the {ide DE wall not be greater than the = : 
; 
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AC, nor AC greater than DF, becauſe 'the | 
ſame demonſtration may be made 1n the tri- 
angle ABC. 6 

Again, ſuppoſe the angles Aand D, C and 
I to be equal; and alſo the ſides BC, and EF, 
oppos'd to the angles A and D, to be equal. I 
ſay, the other fides are equal. For 1f DF be 
greater than AC, cut GF equal to AC, and 
draw the hine GE. Hg 

© Demonſtration. 

The triangles ABC, GEF, having the ſides 
EF, BC; FG, CA, equal, will, (&y the 4.) be 
equal in all reſpe&s; and the angles EGF, 
BAC, will be equal. But we ſuppos?d, that 
the angles Aand D were equal, therefore the 


angles D, and EGF, muſt be equal, which 1s 


1mpoſlible, ſince the angle EGF, being the 


external angle in reſpe& of the triangle 
.EGD, muſt be greater tan the internal D, 


(by the 16.) therefore the {ide DF 1s not grea- 


ter than AC. 
The USE. 
© Thales made uſe of this Propoſition to 
* meaſure inacceſlible diſtances. For exanſple: 


*the diſtance AD 


. eng D 
© being propoſed, he [= 
© would draw from R=c=— * 
*the point A, the [HZSSESH. 16 


*line AC perpen- c ESSH4 

* dicular to AD: then deſcribing .a ſemi- 

* circle at the point C, would meaſure the 
ws angle 
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© angle ACD, and take another or to it orf | 
ine CB ill 


© the other ſide, prolonging the 
\ ©1t meet with the line DA at the point B; 


©and then demonſtrated the lines AD and * 
©AB tobe equal ; ſo that meaſuring the line | 


AB, which was acceſlible, he could know 
©the' other which was not. For the two 


© triangles ADC, and ABC, have the right. 


©angles CAD,- and CAB equal, the angles 


© ACD, and ACB are alſo taken equal ; and F 
© the {ide AC 1s common to both : therefore * 


© (by the 26.)-the ſides AD and AB are equal. 


A LEMMA 


A line which is perpendicular to one of two pa- 
rallels, is alſo perpendicalar to the other. 


" A E B *Let the parallel lines be AB |: 


©and GD, and let EF be perpen- 
*dicular to CD. TI ſay, - tis alſo 
__V\/ *perpendicular to AB. Cut the: 
C F D < line CF equal to FD, and upon 

*the points C and D raiſe two 
© perpendiculars to CD, which, 4x 7he defi- 
© nition of Parallels, will be equal to FE; then 


© draw the lines EC and ED. 


Demonſtration. 
© The triangles CEF, and FED, have the 
© fide FE. common, the ſides CF, FD, equal, 
©and the angles CFE, and EFD, right, and by 
© conſequence equal; therefore (by the 4) _ 
# aſes 


_ 


4 


©. IS? 


des 


Ak COEIER oTTIER "Ran *© 


'CD, make +with them the 
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© baſes EC, ED, and the angles FED, FEC, 
© and FCE,FDE, will be equal; the two laſt of 
© which being taken away from the right 
© angles ACF and BDF, leave the two angles 
ACE, and BDE, equal; therefore the tr1- 
angles CAE, DBE, will have (by 7he 4.) the 
© angles DEB, CEA, equal ; which being add- 
*edto the equal angles CEF, FED, make the 
© angles FEB, and FEA, equal; thererefore 
© the line EF 1s perpendicular to AB. 


PROPOSITION KXXVII. 


z A THEOREM. 


Tf a line, Falling upon two others, makes with 
them. the alternate angles equal, thoſe two 
lines are parallel, NE Ts 


I ET the line EH, falling E 
, upon the lines AB and \ 


alternate angles AFG, 
FGD equal. 1 fay firſt, the 
lines AB, and CD, will 
never concur, though con- H 
tinu'd as far as you pleaſe. ' For ſuppoſe 


C 


[them to concur 1h I, and that FBI, and GDI 


are two right lines. 
Demonſtration. 
If FBI, and GDI, be two right lines, FIG 
| 15 
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1s a triangle ; and (by he 16.) the external 


angle AFG, 15 greater than the internal FGT. | 
They cannot therefore be equal, if the þ 


lines AB and CD ever concur. 


© But becauſe we have examples of ſome | 


© crooked lines, which never concur ; and 


. © yet are not parallels, approaching ſtill near. 


© erand nearer to each other. 


I fay ſecondly, that if the line EH, fall. | 
| ing upon the lines AB, and CD, | 


E makes the alternate - angles 
_A__£> AFG, and FGD equal; the lines 
| *|* AB, CD, are paralle], or in all 
C reſpects equally remote from 

ESD Each other, ſo that the perpen- 
P diculars between them' w1ll be 
| . equal. From the point G draw 
the perpendicular GA, to the line AB; and 


ht” 
em 


' taking GD equal to AF, draw FD. 


Demonſtration. 
"The triangles AGF, and FGD, hive the 


fide FG common :; the ſide GD is allo taken | 


equal to the ſide AF, and the angles AFG and 
FGD ſuppos'd to be equal. Therefore (by the 
4-) the baſes AG and FD are equal, and the 
angle CDF 1s equal to the right angle.CAB ; 
therefore FD 1s perpendicular. T add, that 


the line AB is parallel to CH: for the only - 


parallel line that can be drawn from the 


point F to the line CD, ought to paſs by the 


point 


s 


þ 
iS 
{ 
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{ point A, according to the definition of Pa- 
* rallels; which requires, that the perpen- 
# diculac, lines AG and FD be equal. 


——_— c___ 


PROPOSITION XXVIIL.. 


——_— 


A THROREM.» 


1f a line, folio upon 1wo others, makes the 
external angle, equal to the internal oppoſite 
angle on the ſame /ide 5 or the two mternal 
angles on the ſame ſide equal to two right 
ones ; thoſe two lines will be parallel. | 


he the precedent figure, ſuppoſe the line 
EH, falling upon AB, and CDy to' make 
firſt the external angle EFB equal to the in- 
ternal oppoſite angle on the ſame fide FGD. 
I fay, that the lines AB, and CD, are parallel. 
Demonſtration. | 
The angle EFB is equal to the angle AFG, 
being oppos'd to itat the top (by zhe 15; 
and 'ti$ {ſuppos d that the angle FGD is alſo 
equal to the. angle EFB; therefore the al- 
ternate angles AFG,  FGD, will be equal; 
and (by the 27.) the lines AB, and CD, will 


- be parallel. 


I ſay in the ſecond place, that if the angles. 
BEG, and FGD,which are the internal angles 
on the ſame ſide, be equal to two right ones, 

| : | the 


6 


} 


OC 2 OOO” 


bo The Elements of Euclid. 
the lines AB and CD will be parallel. 
Demonſtr. The angles AFG and BFG are 
equal to two right angles, (by he 13.) and 
'tis ſuppos'd that the angles BFG, and FGD! 
are alfo equal to two right angles ; therefore 
the angles AFG, BFG, are equal to the angles 
BFG, and FGD; therefore taking away the 
angle BFG, which 1s common to both, the 
alternate afigles AFG and FGD will be equal;F 
and (by the 27.) the lines AB and CD will 
be parallel. | 


We OUR IE IV hit C$Er ATT 


_ 


PROPOSITION XXIX.. 


-* 


A THEOREM. 

Zf a line cut two parallels, the alternate angles : 
will be equal; the external angle will be 
equal to the internal oppoſite angle ; and the 
Zwo internals on the ſame ſide will be e- 

qual to two right angles. 


| kd the line EH [ſee fig. preced.] cut the 
two parallels AB, and CD; TI fay firk, | 
the alternate angles AFG, and FGD, are} 
equal. From the points F and G draw the | 
peroendiculars GA, and FD, which by the | 
definition of Parallels are equal. M 
| Demonſtration. - . | 

In the reAangle triangles AFG, and F _ 
| ; the | 


[} 
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the ſides FD and AG being equal, as alſo 
the right angles A and D, and the fide FG 
common.to both : I ſay firſt,that the fide GD 
1s equal to AF. Forif GD be greater; ha- 
ving cut the line DI equal to AF, and drawn 
the line FI; the triangles AFG and FDT, 
would have their baſes GF and FI equal, 
which 1s impoſſible. For ſince the angle D 
is a right angle, the angle FID 3s an acute, 
and FIG an obtuſe, (by zhe 13.) therefore 
(by the 18.) in the triangle FIG, the fide 
FG oppos'd. to the obtuſe angle, is greater 
than FI. Therefore DG 1s equal to AF ; 
and the triangles AFG and FGD, having all 
their ſides equal, will have the alternate 
angles AFG and FGD equal, as being oppos'd 
to the equal ſides AG, and FD. 

I ſay again, that the external angle EFB 
is equal to the internal EGD, becauſe (by 7he 
15.) it is equal to its oppoſite AFG, which 
1s equal to 1ts alternate FGD. | 

Laſtly, ſince the angles AFG and GFB are 


i equal to two right ones ; taktng away AFG, 


and ſubſlituting in- ts place 1ts alternate 
FGD, the two internal angles GFB, and FGD 
w1ll be equal to two right angles. 


_ T8 FS) 
© Eratgftenes found out by theſe Propofiti- 


© ons a way of meaſuring the circuit or cir- 
FE. cum- 
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© cumference of the Earth. In order to * 
© which he ſuppos'd two rays, proceeding 
© from the center-of the Sun to two points of 
© of the Earth, to be Phylically parallel ; and} 
© alſo-that at Syexe, a town 1n the higher} 
_ © parts of Zzypr, the Sun comes exaCtly to the 
* Zenith (upon the day of the Solltice,. obſer. 
© vingi the Wells there to be then illumi-F 
*nated- to the very bottom: and likewiſef 
* computed the diſtance berween Alexandria} 
* ©and Syene by miles, or furlongs. 

11 a <Let us therefore ſuppoſe} 
© Syene to bear the point A,Þ 


CFC I PC OS 


* and Alexandria at B, where 
* we erect a {tyle BC perpen. | 
© dicular to the Horizon ; and} 


*let 'the two lines DF and}. 


*EG repreſent two rays proceeding from the | 
* center of the Sun upon the day of the Sol.}; 
*itice, which are parallel to each other. 
* DA, which paſſes by Syere, is perpendicu- 
* lar, that is, it pafles through the center 
. *of the Earth. Having obſerv'd by the per: 
© pendicular ityle BC the angle GCB, made 
© by:the ray of the Sun EG; I ſay,the rays DA 
*and EG being parallel, the alternate angles 
*GCB and BFA are equal; by which means 
we have got the angle AFB, and its mea- | 
© fure AB; . which gives us in degrees the | 
* diſtance between .- Alexandria and Syene. | 
* And haying ſuppos'd it to be ——_— | 
miles 


py BE mean aanaatls, 
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© miles, the circumference of the Earth. may 
©be found by the ſimple Rule of Three; 
© ſaying, 1f ſo many degrees give ſo many miles, 
© how many will 360 give ? 


PROPOSITION XXX. 


A THEOREM. 


Lines paraflel to a third, are alſo parallel a- 
mone themſetues. 


Uppoſe the lines AB, Y 
and FE to be parallel '& _+\ ; 
to the line CD : 1 ſay, : * Ke 


theyare parallelbetwixtz "CE —7 


themſelves.Let the line __ We F Tl 
GL cut them all three. J "\ E 
Demonſtration. 
For as much as the lines AB and CD are 
parallel], the alternate angles AHI, and HID, 
are equal, (by the 29.) and becauſe the lines 
CD and FE are alfo parallel, the external 
angle HID will . be equal to the internal 
ILE [by the ſame] therefore the alternate 
angles AHI, and ILE, will. be equal, and 
and the lines AB and FE parallel [by the 27.] 


-Þ s PROP. 
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——_— 


PROPOSITION XXXI. | 


IR 
Todraw a line parallel to another by a pornt given. þ 


ET it be requir'd to 
— PA L draw a h_ by the 
 \ 7 pointC, which ſhall be pa- 

H *- - /ralleltothe line AB. Draw þ 
ou E 3B cheline CE, and make the | 

' angle ECD equal to the* 
angle CEA. I ſay, the Jine CD 1s parallel «o | 

AB. Demonſtration. 

The alternate angles DCE. and CEA are 
equal: therefore the lines CD and AB are 
parallels. 

©'The eleventh Maxim, 1. e. /f a Ine fall. 

e 7ng upon iwo others makes the internal angles 
« leſs than tWaright angles, thoſe lines will con- | 
' ©car, may alſo.now be eaſily demonſtrated. 


= 


a ed bat þ 


” 2 —————_—_— 


.” Let the line AC, falling 
upon the lines AB and CD, | 
B make; the internal angles | 
=D ACD, and CAB, leſs than | 
j : & two right angles: I fay, | 


the lines AB and CD will concur. Let the 
angles ACD and CAE be equal to two right 
angles: the lines AE and CD will be _ 

-C | C18 | 


—— 
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ET 
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lels [by tbe 28.] Take the line AB as Tong 
as you pleaſe, and by the point B draw EF 
parallel to CA. Then take the line EB fo 
oft as is neceſſary, to make it reach lower 
then the line CD; as in the preſent figure I 
have taken it only twice; ſo that EB and 
BF are equal. By the point F draw a parallel 
F@ equal to AE, and joyn the line GB. I 


ſay that the line ABG is only one line; and 


that therefore the line AB concurring 

in FG, 1f the line CD be continu'd, ſince it 

cannot cut its parallel FG, it will cut the line 

BG between B and G. £ 
Demonſtration. 

The triangles AEB and BFG have the ſides 
AE and FG, BE and BF, equal; as alſo the al- 
ternate angles AEB, and BFG, by zhe 29.) 
therefore they are equal inall reſpects, (by 7he 
4.) And the oppolite angles ABE, and FBG, 
are equal; and by conſequence | by the coroll. of 
the 15.] AB and BG make but one right line. 
| The USE. 

© The uſe of parallel lines 1s very common; 
*as in Perſpectives, for as much as the ap- 
© pearances or images of lines parallel to the 
© picture or table, are parallel among them- 
© ſelves. In Navigation, the lines of the ſame 
©Rhomb of the wind are deſcrib'd by Paral- 
©lels. Polar Dials haveathe hour-lines pa- 


* rallels. The Compaſs of Proportion is 


© founded alſo upon parallels, 
| Fe 3 PROP. 


3 


| 
| 
| 
| 
| 
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PROPOSITION XXXIL | 


; x ol 
' A THEOREM. ; | 


The external angle of a triangle 1s equal to 
both the imterial oppoſite angles, taken toge- | 
ther ; and all the three. angles of a triangle 


nt 3 26" S ET I DT IAB — 
, = 6 2 ——o———_ y—_— —_—_——_— ur——_ 
wr _m_——_—_ = I>-—=<> to _—=_ 
p : OI" IC W= YES 
C, n 
s A———2—_ CCI, w—_ — Sum 


my et p—IP-REIII,. nog 


ih I | are egrial to two right angles. | 
: b A E Et the ſide BC of the $ 
i F triangle ABC be | 
i F1R  /z4 produc toD. TI ſay,that | 
10! the external angle ACD } 
Ni » 1s equal to both the in | 

Mb 2D —— 


| ternal angles A and B{. 
taken together. By the point C draw the | 
line CE parallel to the line AB. | 

Demonſtration. 4 
The lines AB and CE are parallels, there- | 
fore (by the 29.) the alternate angles ECA | 
and CAB are equal ;' and (by 7he ſame) the * 

_ external angle ECD 1s equal to the internal 

. B. And by conſequence' the whole angle 
ACD, being equal to both the angles ACE, 
and ECD, of which it is compos'd, will be 
equal to both the angles A and B taken to- 
gether. ED 

In the ſecond place. The angles ACD and 
ACB are equal to two right angles,(by thy 1 3) 
: and | 


—_—_— 
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and-I have demonſtrated the angle ACD to 
be equal to-both the angles A and B taken 
together ; therefore the angles ACB, A, and 
B, that is to ſay, all the angles of the tri- 
angle ABC, are equal to two right angles, 
or, which is all one, to 180 degrees. 

Corollary x. All the three angles of one 
triangle are equal to all the three angles of 
another triangle. : | 

Coroll. 2. 1f two angles of one triangle 
be equal to two angles of another triangle, 
their third angles are alſo equal. 

. Coro/ll. 3. Tt a triangle has one right angle, 
the other two w1ll be acute ; and taken to- 
gether will be equal to one right angle. 

Coroll. 4. From a point given*only one 
perpendicular can be drawn te the ſame 
line; becauſe a triangle cannot have two 
right angles. , | 

Coroll. 5. A perpendicular 1s the ſhorteſt 
of all the lines, that can be drawn from the 
ſame point to the ſame line. | 

Coroll. 6. Ina reQangle triangle the right 
angle 1s the greateſt angle, and the fide op- 


-pos'd to it: the greateſt fide. 


»Coroll. 7. Every angle of an equilateral 


- triangle contains 6o degrees ; that 1s to ſay, + 
' the third part of- 180. | 


| The USE. 
*' This Propofition is gf uſe in Afronomy 


©to determine the Parallax, Suppole the 


E4 - |  poant 
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© point A to be the center of the Earth ; and 
D © that from the point B upon 
C ©the ſuperficies be taken the 
B * angle DBC, that is to ſay, the 
© diſtance of a ſtar from the 
A } ©Zenith D. If the Earth was 
© tranſparent, the ſtar would 
appear remote from the Zenzth D, accord- 
© ing to the bigneſs of the angle CAD, which 
C1s leſs than the angle CBD. For the angle 
<CBD being an externa] angle 1n reſpedt of 
« the triangle ABC, it is {by he 32.) equal to 
© both the oppoſite angles A and C. There- 
© fore the angle C will be equal to the exceſs 
of the angle CBD above the angle A. 
© Whence'T infer, that if T can know by the 
© Affronomical tables how far remote from- 
© the Zenth the ſtar ought to appear to him 
© that ſhould be at the center of the Earth, 
©and obſerve it at the ſame time from the 
© ſuperficies, the difference of thoſe: two 
© angles will be the Paraliax BCA, 


# 


PROP. 
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© | pROPOSITION XXXII. 


I A THEOREM. 


d | Two lines drawn towards the ſame parts, from 
_ the extremity of two other lines that are 


i] equal and parallel, are alſo themſebues equal 
. f and parallel. | 7 
J ET the lines AB and CD C D 
| be -paralle] and equal ; [7 
| and let the lines AC and BD 
be drawn from their extremi- : *. 
ties towards the ſame parts; B A 


T ſay, that the lines AC and BD are equal and 
parallel. Draw the Diagonal line BC. 
| Demonſtration. 

Since the-lines AB and CD are parallel, 
the alternate angles ABC and' BCD will be 
equal (by the 29.) therefore in the triangles 
ABC and BCD, which have the fide BC com- 
mon, and the ſides AB and CD equal, toge- 
ther with the angles ABC and BCD _ alſo, 
the baſes ACand BD will be equal, (5y he 4.) 
and alſo the angles DBC, __ BCA : which 

being alternate angles, the lines AC and BD 
will be paralle]; (by the 27.) 


The USE. 
f This Propoſition is reduc'd to praciice for ' 
the 


/ 
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© the meaſuring the perpendicu- 


D A <lar hights, AG, of the vaſteſt | 
© Mountains; and alſo their hori- | 
©zontal lines, CG, which are-| 


| {| © hid by their bulk. Take a large | 


© {quare ADB, and place it fo at 
#2 the point A, that the ſide DB 
© may fall perpendicularly; then-meaſure the 
ſides AD and DB. This done, do the ſame 
< again at the point B,. and meaſure BE and 


«EC: the fides paralle] to the horizon AD; , 


© BE, added together give the horizontal line 
<CG; and the perpendicular ſides 'DB and 
<EC, give the perpendicular hight AG. This 
« way of meaſuring 1s called * Caltellation, 

* M-aſurinig by piece-meal. 


—_— 


PROPOSITION XXXIV.; 


A THEOREM. 
The oppoſite ſides and angles of a Parallelogram 


are equal ; and the diameter divides it into 
\ Zo equal parts. 


cons the figure ABDC [/ee 7he fig. of the 
preceding Prop.] to be a Parallelogram, 
-thar 15 to ſay, that the ſides AB,CD ; AC,and 
BD, are parallel. I fay, the oppoſite ſides AB, 
CD; AC, and BD, are equal; as alſo that the 
EL, angles 


& 


a 
> 
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V 


-angles A -and D, ABD -and ACD; and that 


' ' the diameter BC equally dzyides the whole 


figure, | 
Demonſtration. 

'The lines AB, and CD, are ſuppos'd to be 
parallels : therefore the alternate angles 
ABC and BCD will be equal, (by zhe 29.) In 
like manner the fides AC and BD being ſup- 
pos'd to be. parallels, the alternate angles 
ACB and CBD will be equal. And further, 
the triangles ABC, and BCD, having the 
ſame {ſide BC; and the angles ABC, BCD; 
ACB, and CID equal, will be equal in all re- 
ſpecs, (by the 26.) Therefore the ſides AB, 
CD; AC and BD,and the angles A and D, are 
equal : and the diameter divides the figitte 
into two equal parts. And ſince the angles 
ABC, BCD; ACB, and CBD, are equrfal, joyn- 


Ing together ABC and CBD; and likewiſe 


BCD and ACB, we inter that the oppoſite 
angles ABD, and ACD, are,equal. 


The USE. . 
©Surveyors have need of this a =» B 
*Propoſition fordividing grounds. | 
*If the field be a Parallelogram, / Ps | 
* they can divide 1t into 2 equal {—f— 
*parts by the diameter AD. But 


" ©if you be oblig'd to divide it by the point 


*E: divide firſt the diameter into two equal 
*parts by the point F, then draw the line- 
| EFG 
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*EFG, which will divide the figure into | 


*two equal parts. For the triangles AEF 
<and GFD, having the alternate angles EAF, 


*FDG; and AEF, FGD; and the fides AF. 
*and FD equal, are equal, (by the 26.) and | 
* ſince the Trapezium BEFD with the tri- þ 
*angle AEF; that is to ſay, the triangle ADB, | 


*1s half the parallelogram, (+y 7he 34.) the 
* ſame Trapezium BEFD with the triangle 
*DGF will be half the ſame. Therefore 
©the line EG divides it in the middle. 


| —_— 


PROPOSITION” KXXY,\ 


A THEOREM. 


\ Parallelograms, having the ſame\baſe, and being 
between the ſame parallels, are equal. 


On & K ; Be the Parallelograms 
| be ABEC, and ABDF, 
| ” F having the ſame baſe AB, 


and being between the ſame 
A B parallels AB and CD. TI ſay, 


they are equal. 


Demunſtration. | 
The -4ides AB, CE, are equal, (by the 34.) 


as alſo AB, FD : therefore CE and. FD are 


Equal; and adding to them EF, the lines _ 
; | an 


WESET7 


YT 
*$95-- 


| 
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and ED will be equal. The triangles therefore 
CFA, and EDB, have-the ſides CA, EB, as 
alſo CF, and ED, equal, together with the 
angles DEB, and FCA, (by 746 29.) one be- 
ing an external, and the other an internal 
angle on the ſame fide, - Therefore (by 7he 4.) 
the triangle ACF and BED are equal; and 
taking from them both, that which is com- 
mon, v7z. the little triangle EGF, the Tra- 
pezium FGBD will be equal to the Trape- 
zium CAGE : and adding to both the tri- 
angle AGB, the Parallelograms ABEC and 


ABDF will be equal. 


_ The USE. 


© Scotu5, and ſome Divines ſince him, have 
© made uſe of this Propoſntion to prove, that 
E Angels may extend themſehves to what ſpace 
© they plenſe. For ſuppoling they can aſſume 
any figure, provided they have not a grea- 
© ter extenſion : 1t 1s evident, that if an An- 


©pel ſhould poſſeſs the ſpace of a Parallelo- 


*sram ABEC, it may likewiſe occupy the 
: | own of the Parallelogram ABDF ; and be- 
© cauſeparallels may be continu'd zn znfinitum, 
© (without end,) and Parallelograms may be 


*{Ui]l form'd-longer and longer, which will 
* all be equal to ABEC; an Angel will beable 
* to extend it ſelf {till farther and farther. 


A 
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A Demonſtration of the ſame Propoſition wn. 


Tndiuviſibles. 


2 


*1n the world, ſome approving, and other 


* rejecting it. His method conliſts in this ; | 
© that we 1magine ſuperficzes- to be compos'dÞ 
© of lines, like fo many threds. And 'us cer.F 
© tain, that two pieces of linnen will be equal, * 
*1if they have both the ſame, number "of 
*threds, of equal length, and equally com. | 


< paCted. 


SN ©Let two Parallelograms | 
CE EF S2 therefore ABEC,and ABDF, | 
© be propos'd, having the ſame|}| 


EF <5 © baſe AB, and being between 


AL” . {the lame parallels AB, CD. 
© Divide the qParallelogram 
© ABEC into as many lines as you pleaſe, pa- 
© rallel to AB, which continue to the other 
© Parallelogram ABDF. "Tis evident there 
©will be-no more 1n one, than 1n the other ; 
* and that they will be of equal length, be- 
© ing all equal to the baſe AB ; and that they 


© will not be 'more cloſely compacted 1n one, |. 


Ss. a $62; 


5 


© This method was lately invented by Cava. | 
© lerius ; which has found difterent acception | 


I Os. © TP wes I 


© than 1n the other : therefore the Parallelo- 
*grams will be equal. 
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PROPOSITION XXXVI. 


A THEOREM. 


Parallehgrams, upon equal baſes, and between 
the ſame parallels, are equal. 


ET the baſc#CBandOD AF GE 


of the Parallelograms 
ACBF, ODEG, be equal ; and L 
let both be between the ſame 


parallels AF, CD. I ſaythe G B O D 
Parallelograms are equal. Draw the lines CG, 
and Br. Demonſtration. 

The baſes CB, and OD, are equa]: OD, and 
GE, are alſo equal: therefore CB and GE 
are equal, and parallel ; and by conſequence 
(according to the 33.) CG and BE. will be e- 
qual and parallel; and CBEG will be a Pa- 
rallelogram equal to CBFA, (by the 35.) ha- 
ving both the ſame baſe. In like manner, | 
taking GE. for the baſe, the parallelograms 
GODE and CBEG will be equal,(by the.ſame.) 
Therefore the parallelograms ACBF; and 
ODEG, are equal. 

: < The USE... | 

© We oft reduce parallelograms, which 
© have obligue angles, as CBEG; or ODEG, 
*to reQangles ; as CBFA : ſo that — 

ro bf the 


f 
ant 
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« the latter, which is eaſie, being only to | 
© multiply AC by CB, the produ& being e. | 
© qual to the parallelogram ACBF, we may 


© by conſequence know the other parallelo. 
* grams CBEG, or ODEG. - 


w3 
ww 
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PROPOSITION: XXXVII. 


A THEOREM, 


———_—_— Lc Ons ——_— — © TT OO OT; TIT, gw hem <—_— -_ 
Cn - - a coy hw oc 
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Triangles having the ſame baſe, and being be. 
ing between the ſame parallels, are equal. 


ESI hs St IR AIPTRIEL £s HEHE 
%Y 


A B E F FF the triangles ACD and | 
CDE, have the ſame baſe þ 
CD,and be inclos'd between | 
the ſame parallels AF, and |. 
C D G H CH, they will equal, |} 
Draw the lines DB,an# DF, 
WY - parallel to the lines AC, and CE, and you 
(AK | _ will have form'd two parallelograms. 
WIN | Demonſtration. 
£1118 The Parallelogram ACDB, and ECDF,are 
aw: equal (by the 35.) and the triangles ACD, 
WARE CDE, are the halfs of. thoſe Parallelograms, 
JWIAD | (by the 34.) Therefore the triangles ACD, | 
JHORTT CDE, are equal. | 
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PROPOSITION XXXVIIL. 


A THEOREM. 


Triangles, that have equal baſes, and are in- 
chos'd within the ſame parallels, are equal. 


FF the triangles ACD, and EGH, [/ze fp. 
preced.] havb equal baſes CD, and GH, 
and are inclos'd within the ſame parallels AF, 
and CH, they are equal. Draw the lines BD 
and HF parallel to the ſides AC, and EG ; 
and you will have form'd two parallelograms. 
1 Demonſtration. 

- The Parallelograms ACDB, and EGHF, 
are equal, (by zhe 36.) and the triangles 
ACD and EGH are the halfs of thoſe Paral- 


' lelograms, (by the 34.) therefore they are 


alſo equal. 
The USE. 
© We have in theſe Propoſitions dire&ions 
© for dividing a triangular field into two e- 
« qual parts; for example the tri. A 


\ fangle ABC. Divide the line 


© which you will take for the baſe, 

©as BC, into two equal parts in WV 
©D: I fay the triangles ABD, B D C 
*and ADC, are equal. For if you Bs 
< ſuppoſe a line drawn by A, parallel to BC; 
{ thoſe triangles will un equal baſes, _ 
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*be inclos'd within the ſame parallels; and. 
by conſequence will be equal. Other Divi- 
fions, grounded upon the ſame Propoſition, 
*might be made ; but I omit them, that ? 
© might not be redious, 


PROPOSITION XXXIX. 


A THEOREM, 


Egqual triangles, upon the ſame baſe, are with 
mn the ſame parallel. © 


E F* the triangles ABC, 
and DBC, having the 
ſame baſe BC, be equal ; 
the line AD drawn by the 
tops will be parallel to the 
' baſe. Forif AD and BC 
be not parallel; if you. draw a parallel by 
the point A, it will fall either below the | 
line AD, as AO; or above it, as AE. Sup- | 
poſe it to fall above,: and produce BD till 1t 
meet the line AE,-at the point E; then draw 
the line CE. | 


Demonſtration. + | 

- The triangles ABC and EBC are equal, 
(by the 35.) ſince the lines AE and BC are pa- 
rallel; "tis likewiſe ſuppos'd that the tri- 
angles ABC, and BDC, are equal : Os 
I - the 


2070 WW we Þx>2_-_ 
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- the triangles DBC and EBC would be equal; 
which 1s impoſtible, the ficit being part of - 


the ſecond. Whence I conclude, thar a line . 


. parallel ro BC cannot, be drawn.aboyve AD, 


as AE. 5 | 
I add, that that parallel cannot be below 


. AD, as AO : becaule the triangle BOC would 


be equal to the triangle ABC, and by conſe- 
quence to the triangle DBC; that 1s to ſay, 
the part would be equal to the whole. It 
muſt therefore be conteſt, that the line AD 
1s parallel to the line BC. 


| PROPOSITION KL. 


A THEOREM. 


Equal triangles, having equal baſes, if th 
be taken upon the ſame lime, are betaween the 


ſame parallels. 


FF the equal triangles 
ABC and DEF, have e- 
qual baſes AB and DE, ta- 
ken upon the ſame line AE; 
the line CF drawn by 
their tops wHl be parallel A B D E. 
to AE. For, if it be not pa- 

rallel, having*drawn by the point C a line 
parallel to AE, it wall paſs either above CF, - 
as:'CG ; or below it, as CT, -De- 


/ 


8 The Elements of Euclid. 
_ Demonſtration. 
Tf it paſs above CF, as CG, - continue DF 
t1]] it meet. with CG in G; and draw the 
- line EG. The triangles ABC and DGE would 
be equal, (by the 38.) and ABC'and DEF be- 


ing ſuppos'd to be equal, DEF, DGE, would 


be alſo equal; which, one being part of the 
other, cannot poſlibly be : therefore the 
parallel cannot paſs above CF. 

' * Tadd, that neither can it paſs below it, 
as CI; becauſe then the triangles ABG and 


DEI would be (equal; and by conſequence + 


DEI, and DEF; the part and_.the whole. 
Therefore only CF can be parallel to AE. 


— 
ed e_—_—_—_ 


PROPOSITION KXLI: 


A THEOREM. 
A paralkelogram will be double to a.triangle, 


if they be between the fame parallels, and 


have equal baſes. 
WH JF the parallelogram ACBD, 


C 
< baſes; the parallelogram will 
be double the triangle. Draw the line _ 
Ws: x 6. 


and the triangle EBC, be 

between the ſame parallels. 

| AE and BC ; and have the 
ſame baſe BC, or only equal 


M$. ER 


__- 2%, C0 $  "s. CY." 


| ©AD by half the 
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Demonſtration. 

The triangles ABC and BCE are equal, 
(by the 37.) But the parallelogram ACBD is 
double the triangle ABC, (by he 34.) It is 
therefore double the triangle BCE. It would 
be alſo double a triangle, that, having a baſe 
equal to BC, ſhould be between the ſame 


parallels. | 
The USE. 

» © The ordinary method of mea- HA G 
© ſuring the area or ſuperficies of 5"ARF 7 
<a triangle is built upon this Pro- * Ne 
© poſition. Tf the triangle ABC be 5x c 
©proposd; from the angle A we # 
© muſt draw AD perpendicular to the baſe 
<BC; then m—_—_— the perpendicular 

aſe BE, the produ@ gives 

< the area of the triangle : becauſe multi- 
© plying AD,or, what 1s the ſame, EF by BE, 
© we have a reangle BEFH, which is equal 
© to the triangle ABC, For (by the 41.) the 
© triangle ABC is half the re&angle HBCG ; 
© and fo likewiſe 1s the regangle REFH. 

We meaſure all forts of reQilineal fi- 
- gures, as ABCDE, by divi- FR 
© ding them into triangles, as 

*BCD, ABD, AED; _— 
©the lines AD, and BD; and * >”D 
© the perpendiculars CG, BF, 


and EI. For multiplyin 


half of BD by CG, _ half of AD by BF, | 
” L 3 


and 
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, * and by EI, we have the area of all thoſe tri. 
© angles: adding which together, the ſumme 
) © is equal to the re&tilineal figure ABCDE. 
<We find the arca of regular Polygones, 
© by multiplying half their circuit by a per- 


: (4 ; 
WE pendicular drawn 
E D \©from their center | * 
: HM. EAN _ one of wry | 
| © fides. For multi. * 
LL LLLL © plying AG by IG, 
« 64 a 
"GS > | we ſhall have a 


Sh —__ *©reQtangle HKLM 
© equal to the triangle AIB: and repeating 
©the ſame for all the other triangles, taking 
always half .of the baſes, we ſhall have a : 
© retangle HKON, which will have the fide | 
© KO compounded of all:the half baſes, and | 

' ©þby conſequence equal to half the circum- | 
< ference ; and the fide HK equal to the per- | 
© pendicular IG. ye | 

©*Tis according to this principle, that &- | 

* chimedes has demonſtrated that a circle is 

© equal to a reftangle compris'd under the 
©{emidiameter, and a line equal to half the. } 
circumference, | 


a er EN IRE 


5 


PROP. 


ro Wi WH cy fd HT IR» 


NY Tk oY SS IRE org Vs. 
. 


; Fi | 
B 


The Firſt. Book. $3 


PROPOSITION KLIL. 


A PROBLEM. 


To make a Parallelogram equal 10 a triangle gi- 
ven, having one angle equal to an angle given. 


F G E T.a -parallelogram be 
deſir'd, equal to the tri- 

8 angle ABC, and having an 

4 E. angle -equal to the angle E. 
Divide the baſe BC into two 

equal parts at the-point D; and draw the 
line AG parallel to BC, (by the 31.) then 
make the angle CDF equal to E, (by the 23.) 
and laſtly, draw the line CG parallel to DF : 
the figure FDCG 1s a parallelogram, becauſe 
the lines FG, DC; FD and GC, are paral- 
lels; and its angle CDF 1s equal to the angle 
E; and further, 'tis alſo equal to the triangle 


ABC. 


A 


D 


Demonſtration. 


The triangle ADC is half the parallelo- 
gram FDCG, (3 the 4.1.) 'tis alſo half the 
triangle ABC; fince the triangles ADC, and 
ADB, are equal, (4y zhe 38.) Therefore the 
nges ABC is equal to the parallelogram 

G. A 


#;, 


= 


to make a parallelogram, 

K (NA . wee va ſhall have one - its 

| f © angles equal to the angle E 
$=—=N (E | mo roy Ar 
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PROPOSITION KXLII. 


A THEOREM. 
The complements of a parallelogram are equal. 


$ 

AH * B YN the parallelogram ABD 

F / C, the complements AF 
F 1/ EH, and _ are equal. 

Demonſtration. 

C G D - The triangles ABC, and 
BCD, are equal, (by zhe 34.) therefore if the 
triangles HBE, and BIE; FEC, and CGE, 
which are alſo equal, (by the ſame, ) be ſub- 
ſtrated, the complements AFEH, GDIE, 
which.remain, wall be equal. 


—_— 1 


/ | by 
PROPOSITION KALIV. 
A PROBLEM. 
To deſcribe a parallelogram upon a line gruen, 


which ſhall be equal to a triangle, and have 
ſuch a certain angle; i.e. equal to,one given. 


"> HEA' Q Uppoſe you be requir'd 


and one of its ſides equal to 
the 


| 


Cad as 


a a aft + dd ak ad fol - Ma 


' - *for in Arathmetical Diviſion a aE 
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the line D, and be equal to the triangle ABC. 
Make the Parallelogram BFGH, (by the 42.) 
which has the angle BFG equal to the angle 
E, and 1s equal to the triangle ABC. -Produce 
the ſides GF, and GH, 'ſo that HI may be e- 
qual to the line D; and draw the line TBN 
| till it cuts GF produc'd to N; and from the 
point N draw the line NO parallel to GI, and 
IO parallel to BH; producing alſo the fide 
FB to K, and HB to M, - The parallelogram 
MK 1s that which you deſire. | 
Demonſtration. 

GF and HM being parallels, the alternate 
angles GFB or the angle E, and FBM, are e- 
qual (by the 29.) In like manner the lines KB 
and MN being paralle], the alternate angles 
FBM, and BMO, are equal ; therefore the an- 
gle BMO is equal to E, and the fide KB is 
.equal to the line HI, or D: and laſtly, the pa- 
rallelogram MK 1s equal to the ace 
GF BH, (#y the precedme,) and that was made 
equal to the triangle, ABC. Therefore the pa- 
rallelogram MK 1s equal to the triangle ABC. 


The USE. 


* This Propolition contains a ,_—_,, 
* kind of Geometrical Diviſion ; Fr 


*number is propos'd, which may - 
* be look'd on asa reQangle : for ,|/ 3| 
* example, the rectangle AB, con- 


"86 The Elements of Euclid. 

© fiſting of twelye ſquare feet, which 1s-to 
© be divided by another number, ſuppoſe, 
©two ; that 1s to ſay, another reftangle is de- | 
© fir'd to be made equal to AB, having one of 
© its ſides, BD, equal to two ; and the queſti- 
© on 1s, how many feet the other {ide ought 
©to contain; which 1s, as it were, the quo- 
©tzent. This 1s done Geometrically by the 
*Rule and Compaſs. Take BD contiiinis of 
© two feet, and draw the Diagonal DEF : the 
© line AF is that which you ſeek:* For, hav. 
©<ing completed the refangle DCFG, the 
*complements EG, and EC, are equal, (by | 
© he 43.) and EG has for one of its {ides EH, 
© equal to BD, of two feet in length; and EI ' 
equal to AF. This kind of Diviſion is | 
© call'd Application, becauſe the refangle AB | 
© ig apply'd to the line BD, or EH : and from | 
© hence "tis, that all Diviſion is frequently | 
© call'd Application ; becauſe the ancient 
© Geometricians made more: uſe of the Rule 
<and Compaſs, than of Arizhmerick. 
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PROPOSITION KXLYV. 


A PROBLEM. 
To deſcribe a parallehgram, which ſhajl have 
a certain angle ; and be equal to aredtilmeat 
figare groen. | | Sort 
E T the reMlineal fi & - + 66 


| £1 gure propos'd be AB we 
CD, to which you are re- FAY all A 
quired to make an equal fe 


C 


pany 10 which ſhall 
ave an angle equal to the angle E. Divide 
the reQilineal into triangles by the line BD : 
and (by the 4.2.) make a parallelogram FGHI, 
which has the angle IHG equal to the angle 
E, and 1s equal to the triangle ABD; and 
(ty 7he 44.) make the parallelogram THKL 
equal to the triangle BCD, having one fide 
equal to IH, and the angle LIH equal to the 
angle E. The parallelogram FGKL wall be 
equal to the rectilineal ABCD. 


Demonftration. 


Nothing need be prov'd, but that the pa- 
rallelograms FGHI, and HKLI, make up but 
one; that is to ſay, GH and HK, make but 
one right line. The angles GHI, and LKH, 
are equal to the angle E. And the angles 

LKH, 
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LKH, and KHI, are,equal to two right an. 
gles, becauſe KHIL, 1s a parallelogram, 


Therefore the angles GHI and KHI are e- 


ual to two right angles, and (by the 14) GH 
_ HE bras rhe Ow 4 

| The USE... 

"<The uſe of this Propoſition 1s the ſame 
©with the preceding ; _—_ to meaſure 
© the capacity of any figure whatſoever, by 
© reducing it into triangles, and then ma- 
- *king a reQangular parallelogram equal to 
©them. 

£*T1s eafie likewiſe to make a re&angular 
© parallelogram upon a determinate fide, 
© which may be equal to many irregular fi- 
e{xnres. In like manner having many figures, 
©2 ReQangle may be deſcrib'd equal to their 
© difference. 


ns 


PROPOSITION KXLVI. 


A PROBLEM. 
To deſcribe a ſquare upon a line given. 


C D | deſcribe a ſquare upon}. 


the line AB, draw two per- 
pendiculars AC and BD equal to 
AB, and draw the line CD. 
Demonſtration. 6 
A B The angles A and B being right 
angles, 


me —————————.. 
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a as _—_—_ p_—_ Y —— — * 
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.to the ſquares of both the 
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angles, the lines AC and BD are parallels (5p 


' zhe 28.) Theyarealſoequal; therefore the 


lines AB and CD are parallels and equals, [by 


| rhe 33.7] and the eng A and C equal totwo 


right angles; as alſo B and D, (by zhe 29.) 
and fince A and B are both right angles, the 
angles C and D wall be folikewife. There- 
fore the figure AD has all its ſides equal, and 
all its angles right angles, and by con- 
ſequence 1s a ſquare. | 


PROPOSITION KXLYVIL. 


A T HEOREM. 


The ſt quare of the baſe of a reFangular triangle, 
zs equal to the ſquares of both the oth foes 
taken together. 


Q Uppon the angle BAC to 
be a right angle, and 
that ſquares were deſcribed 
upon all the ſides BC, AB, 
and AC: that of the baſe 
BC, which is oppos'd to the 
right angle, will be equal 


ſides AB, and AC. Draw the line AH paral- 
lel to BD, and CE ; and joyn the lines AD 
AE, FC, and BG. I will prove the — 
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LKH, and KHI, are,equal to two right an. 
gles, becauſe KHIL 1s a parallelogram, 


Therefore the angles GHI and KHI are e- | 


ual to two right angles, and (by the 14) GH 

= HK a he RY 4 
The USE. 

©The uſe of this Propoſition 1s the ſame 
<with the preceding ; _— to meaſure 
© the capacity of any figure w 
© reducing it into triangles, and then ma. 
Ig a reQangular parallelogram equal to 
*them. 


c'Tis eafie likewiſe to make a reQangular | 


© parallelogram upon a determinate fide, 
© which may be equal to many irregular fi. 
©cnres. In like manner having many figures, 
©a ReQtangle may be deſcrib'd equal to their 
© difference. ; 
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PROPOSITION KXLVI. 


_ A PROBLEM. 
To deſcribe a ſquare upon a line given. 


S D | Oe" deſcribe a ſquare upon . 


the line AB, draw two per- 
pendiculars AC and BD equal to 
AB, and draw the line CD. 
Thea Demonſtration. ._ 
A 'B The angles A and B being right 
£ | angles, 


at{oever, by: 
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; Q Oppole the angle BAC to 
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angles, the lines AC and BD are parallels (by 
the 28.) They are alſo equal; therefore the 
lines AB and CD are parallels and equals, [by 
the 33.] and the angles A and C _ to two 
right-angles; as alſo B and D, (by the 29.) 
and fince A and B are both right angles, the 
angles C and D will be ſolikewifſe. There- 
fore the figure AD has all its ſides equal, and 
all its angles right angles, and by con- 
ſequence 1s a ſquare. . 


PROPOSITION KXLVII. 


A THEOREM. 


The ſquare of the baſe of a refFangular triangle, 
7s equal to the ſquares of both the other ſtdes 
taken together. | 


be a right angle, and 
that ſquares were deſcribed 
upon all the ſides BC, AB, 
and AC: that of the baſe 
_ _— 1s _— to mo 
right angle, wall be equal. ' 75 
th rn of both The 0 WW . 
ſides AB, and AC. Draw the line AH paral- 
lel to BD, and CE ; and joyn the lines AD 
AE, FC, and BG. I will prove the m_— 


| as | The Elements of Euclid. 


| AF is equal to the rectangle BH, and the | 
ſquare AG to the reQangle CH ; and there. | 
fore the ſquare BE. 1s equal to both the | 


ſquares AF and AG. 
'- ; Demonſtration, 

The triangles FBC, and ABD, have the 
ſides AB, BF ;: BD and BC, <qual : and the 
' angles FBC, and ABD, are equa], each con- 
taining the angle ABC more than their re- 
_ right angles. Therefore (by the 4.) 
t 


e triangles ABD and FBC are equal. But 


the ſquare AF is double the triangle FBC,(by 


the 41.) having the ſame baſe BF, and being | 


between the ſame parallels BF, and AC. 
In like manner the —_ BH is double 
the triangle ABD, having likewiſe the ſame 


baſe BD, and being between the ſame paral- | 
lels BD and AH. Therefore the ſquare AF | 


1s equal to the reAangle BH. By the ſame me- 


thod the triangles ACE, and GCB, may be 


prov'd to be equal, (by the 4.) and the ſquare 


AG to be- double the triangle GCB; and the 


recangle CH, double the triangle ACE, (by 
the 41.) therefore the ſquare AG is equal 
to the reangle CH; and by conſequence 
the ſquares AF and AG are equal to the 
ſquare BDEC. * : 
| The USE. 
©*Tis ſaid that Py7hagoras, having found 
* out this Propoſition, fſacrific'd a Fecaromb, 
+ ©z, 6, a hundred Oxen, to the «Muſes, to re- 
| turn 
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©turn them thanks for their aſſiſtance; ſup- 
© poſing it, it ſeems, above the power of bare 
LR invention. Nor was his eſteem 
©thereof ſo irrational, as to ſome perhaps 
© jt may appear; this Propoſition being the 
© foundation of a very conſiderable part of 
© the Mathematicks. For, 1n the firſt place, 
i Trigonometry cannot poſſibly ſubfiſt with- 
© out it, it being neceflary to compoſe a table 


© of all the lines that may be inſcrib'd in a 


© circle, as Chords, Sines, 'Tangents,Secants ; 
© as may appear by one example. 6 | 


© Suppoſe the ſemidiimeter AC > 
©to - divided 1nto x00000 parts, TX 
© and that the arch BC contains 


© 30 degrees. Since the chord, or -S DC 
© line that ſubtends 6o degrees 1s equal to 
© the ſemidiameter AC; BD the ſine of 30 
© degrees, will be equal to half AC, agd there- 
© fore contain 50000 parts. Now 1n the re- 
© angular triangle ADB, the ſquare of, AB 
<©is equal to the ſquares of AD, and/BD. 
© Make therefore the ſquare of AB, by mul- 
© tiplying 100000 by 100009, and from the 
*produdt ſubſtra&t the ſquare of 50000 or 
<BD; the remainder will be the ſquare of 
© AD, or BF the ſine of the complement : 
© andextraQting the ſquare root of that num- 
* ber, you will have the line FB. This done, 
[* making as AD to BD, ſo AC to CE, you 
© will have the tangent CE ; then adding to- 
gether 
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© gether the ſquares of AC and CE, the pro. 
© dact- (by he 47.) will == the ſquare of 
*AE; extraQing therefo 


© length of the line AE, which is the ſecant. 
"++ D_E *By this alſo we may 


| © the ſide CD, ſo that AD 
<and DE may be equal : the ſquare of AE 
£will be double the ſquare ABCD; fince 


© (by the 4-7.) it is equal to both the ſquares | 


of AD and DE. Making the right angle 
© AEF, and taking EF equal to AB, the ſquare 
of AF will be triple the ſquare ABCD, 
© Again, making the right angle AFG, and 
: =. cms. FG equal to AB, the ſquare of AG 
© will be quadruple, or four times the ſquare 
©of ABCD. And that which I ſay of the 
© ſquare, may be underſtood of all ſinular 


* figures. 
we q 


PROP. 


re from that num. ' 
©ber the ſquare root, you will know the | 


© augment figures,asmuch | 
| g ©as we pleaſe. For ex- 
"a *ample; to double the | 
* {quare ABCD, continue 
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PROPOSITION XLVIIL.. 


A THEOREM. 


Tf in a triangle the ſquare of one ſide be equal 
to the ſquares of both the other ſides, taken 
together ;- the angle oppoſite to that firfl ide 
will be a right angle. 


F the ſquare of the fide NP R 

be equal to both the ſquares L 
of the ſides NL, and LP, taken 
rogether.; the angle NLP will 
be a right angle. Draw LR N P 
perpendicular to NL, and e- * - | 
qual to T.P ; then. draw the line NR. 

Demonſtration. 

\ In the reQangular »triangle NLR, the 
ſquare of NR 1s equal to the ſquares NL,and 
RL, or LP, (by the 47.) Now the ſquare'of 
NP is alſo equal to the ſame ſquares of NI. 
and LP; therefore the ſquare of NR 1s e- 
qual to the ſquare of NP, and by conſequence 
the lines 'NR and NP are equal. And be- 
cauſe the triangles NLR, and NLP, have 
the {ide NL common ; the ſides LP and LR 
equal, and their baſes NP and NR allo e- 
qual; the angles NLP and NLR will be e- 
qual, (by the 8.) and the angle NLR being 
a right angle, the angle NLP tuſt be ſo too. 
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THE SECOND BOOK 
Oy 1TH£t 


ELEMENTS] 
| > OF EI” | 
EUCLID. 

; UCLTD in this Book treats of the | 
- powers of right Lines; that is to | 
4 ſay, of their Squares; comparing the | 
© divers Rectangles, which are made upon 
©a Line divided, as well with the Square, as 
© the ReEangle, of the whole Line. *Ti1s a 
© part exceeding uletul, ſerving for the foun- 
« dation of the principal Operations of 4/- 
« zebra. | The three firſt Propoſitions demon- 
© {trate the third Rule, or Operation of 4- 
© rithmetick, Multiplication. The fourth 
© teaches to extract the ſquare Root of any 
<number whatſoever. Thoſe that follow to 
© the Eighth, ſerve upon many occaſions 1n 
© Algebra. The reſt 1n{tru& uszn Operations 
© proper for 7r;zonometry. This Book ſeems 
© at firſt view very difficult ; becauſe men 
* are apt to 1magin there 1s ſomething mylte- 


* rtous contain'd therein; nevertheleſs the 
great- 
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© oreateſt part of its Demonſtrations are 
« grounded on this moſt evident Principle, 
© That the whole 1s equal to all its parts ta- 
© ken together, But 1t ought not to dil- 
© courage any, if they ſhould not at the firlt 
© attempt fully comprehend them, 


DEFINIFIONS. 


1. A reftangular parallelogram is compris'd 
under two lines, that form a right angle, 


c Bſerve that hencefor- AF D 
c ward by a reQangle | 

«we ſhall intend ſuch a pa- W 
© rallelogram, whole angles Gj—E 
care all right angles, diſtin. 4-5 c 


c guiſhing 1t by giving its 
« longitude and latitude, naming two of its 
« ſides, which contain one of 1ts angles, as 
© the lines AB and BC. For the reQangle 
© ABCD 1s compris'd under the lines AB and 
©<BC; BC denonng its longitude, and AB its 
<latitude ;* and the other being *equal to 
© theſe 1t will not be neceſfary toname thenz. 
« I have alſo formerly intimated that the - 
© line AB, remaining perpendicular to BC, 
* and being mov'd from one extremity there- 
© of. to the other, produces the rectangle 
* ABCD; and that-that motion has ſome re- 
(2  _fſem- 


g6 The Elements of Euclid. 
< ſemblance to Arithmetica/ multiplication ; 
© ſo that, as the line AB moving over the 
© ine BC, that 1s, taken ſo many times, as 
© there are points in BC, aan the reCt- 
angle ABCD: ſo the multiplication alſo 
of AB-by BC, will give the rectangle ABCD. 
© As, ſuppoſe I knew the number of «Ma- 
© thematical points, that are in AB, for ex- 
©ample 40, and that there were 6o 1n BC: - 
© it 1s evident that the reangle ABCD will 
© have ſo many lines equal to AB, as there 
© are points.in BC; and that multiplying 40 
©by 60, the produ& will be 2400, which 1s 
©the number of «Mathematical points in the 
+ retangle ABCD. | 
. ©T may take what quantity TI pleaſe for a 
* Mathematical point; provided I do not after- 
© wards ſubdivide it ; 1t muſt therefore be ob- 
<ſerv'd, that when I meaſure a line, for a 
© Mathematical pom? I take that meaſure 
© which beſt ſuits with my occaſions; for ex- , 


ample, when I ſay a line of five foot in : .. 


© length, my Mathematical point is a line of a |. 
©foot long;; which I take without conſider- 


©1ng thatit 1s compos dof any parts. In mea- 


* ſuring a ſ{uperticies likewiſe I do the ſame, 
© taking ſome known ſuperficies,for example, 
©a foot ſquare; which I do not afterwards 
ſubdivide. I make uſe of a ſquare rather 
*than Jny other figure ; becauſe its length . 
* and bredth being equal there is no need of - 

naming 


< ments, 1s call'd the Gnomon. As 
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©naming more than one of its dimenſions to - 


© deſcribe it. Accordingly when .I would 
© mark the area of the re&angle ABCD, I do 
*not conſider the ſides as ſimple lines, but 
© as reftangles of a determinate bredth : for 
© example, when I ſay that the reQangle 
© ABCD has the ſide AB of four foot long, 
© fince a foot 1s to me inſtead of a Mathema- 
© tical pojnt, I conceive the fide AB to have 
*alſo a foot in bredth, and to be as the rect- 
* angle ABEF. Therefore knowing how many 
© times the bredth -BE 1s contarin'd in the 
© line BC, I ſhall know how many times the 
© line AB 1s contain'd 1n the reangle ABCD; 
© that 1s to ſay, multiplying AB which has 
* four foot fquare by 6, the produdt wall be 
* 24 foot ſquare. In like manner knowing 
*the magnitude of the rectangle ABCD 
©to be 24 foot ſquare, and one of its ſides 
© AB to tobe 4; dividing 24. by 4, the quo- 
(tient will give me the other {ide BC, con- 
* {iſting of ſix foot ſquare. 
2. *Having drawn the diameter , x» 

© of a rectangle, one of the leſſer (7Þ74.. 
© reQangles thro' which it paſſes, |" 14 * 
© together with the two comple- | 


B HC 


(the rectangle EG, thro' which the diameter 
© BD paſles, 'together with the complements 
EF and GH, is call'd the Gnomon ;. their 
* fignre together repreſenting a Carpenter's 
© ſquare. | PROP. 


wt 
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" PROPOSITION I. 


A THEOREM. 


If two lines be propos'd, whereof one is di- 


vided into divers parts, the reetangle con- 
tain'd under thoſe two limes is equal to the 
rectangles contain'd under the line which 
7s not divided, and the parts of the line dj- 
vided. « 


CG H D ET the lines propos'd be 
nk 0a: AB, and AC; and let AB 
j | = be divided into as many parts 
| as you pleaſe. The rectangle 
AE F B AD containd under the lines 
AB and AC, 1s equal to the 

rectangle AG contain'd under AC and AE; 
to the rectangle BH contain'd under EG 


q 


equal to AC, and EF; and to the rectangle ' 


. FD contain'd under FH equal to AC, and FB. 


Demonſtration, 


The reQangle AD 1s equal to all its parts 
taken together ; which are. the reCtangles 
AG, EH, and FD; and no other, Therefore 
the reQangle AD is equal to the reQangles 
AG, EH and FD taken together. 


Hy 


— — 


— 


Do 
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BY Numbers. 


This Propolition holds true Jikewiſe in 
numbers. Suppoſe the line. AC to be five 
foot long; AE two, EF four, FB three; 
and by conſequence AB nine : the rectangle 
contain'd under AC five; and AB nine, that 
1s to fay, five times nine, which makes forty 
five, 1s equal to twice five or ten, four times' 
five or twenty, and three times five, or fit- 
reen; for ten, twenty, and fifteen, make 


forty five. 
| The USE. 


© By this Propoſition 13 demon- [A p | 
* ſtratedſthe ordinary operation of |" . 
* multiplication, For example, 
<if you were to multiply the 
*number A, which is 53, by the |Þ> 8 

:< number B, that 1s 2 Divide [D, 24 
© the number A into ſo many |E, 400 
< parts as there are charaQters : | P 
© that is, two, 5o, and 3 ; which | 
© multiply by 8, ſaying, eight times three 
© 1s twenty-four ; and ſo you make one reQ- 
*angle. Then multiplying the number 50 
©by 8, the produ@ will be 400. But 'tis 
© evident that the produtt of eight times 53, 
© being 424, 1s equal to the produdt 24, and 
* the product 400 taken together. 
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PROPOSITION IL 


A THEOREM. 


The ſquare of any line is equal to the ref- 
angeles contain'd under the while line, and 
all its parts. 


CHEE Big the line propos'd be AB, 

and its {ſquare ABDC. I fay 

the ſquare ABDC 1s equal to the 

ax rectangle contain'd under the 

whole line AB, and AE; another 

under ABandEF; and a third under AB 
and FB, 


Demonſtration. 


The ſquare ABDC 1s equal to all its parts 
taken together, which are the reangles AG, 
_ EH, FD. The firſt AG 1s contain'd' under 
AC egual to AB, and AE. The ſecond EH is 
contain'd under EG equal to AC or AB, and 
| FE. The third FD is contain'd under FH 
equal to AB, and FB : and 'tis the ſame 
thing to be contain'd under a line equal to 
AB, and to be contain'd under AB it ſelf. 
Therefore the ſquare of AB 1s equal to the 
rectangles contain'd under AB, and AE, EF, 
FB, the parts of AR. 

By 
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- By Numbers. 

Let the line AB repreſent the number 
nine : its ſquare will be 8x. Let alſo the 
part AE be four; EF three; and FB two : 
nine times four make thirty-ſix ; nine times , 
three twenty-ſeven; and nine times two 
eighteen ; and tis-plain that 36, 27, and 18 


The USE. 

©This Propoſition ſerves likewiſe to prove 
© Multiplication; as alſo for Equations in 
© Algebra. 


PROPOSITION IIL 


A THEOREM. 


tf a line be divided into two parts, the ret#- 
angle contain'd under the whole line, and one 
of its parts, 1s equal to the ſquare of the 
Same part, and the retangle contain'd under 
both the parts. 


T ET the line AB be divided D E F 
anto two parts at the 
point C; and let a reftangle be 
made of the whole AB and ©TR 

and one of its parts AC, that 
1s to ſay, let AD be equal to AC; and then 
if the retangle AF be compleated, it will be 
£qua] 


io2 The Elements of Euclid. 


equal tothe ſquare of AC, and the reQangle 
containd under AC and CB. Draw the per. | 
pendicular CE. | 

Demonſtration. | 

The re&tangle AF contain'd under AB and | 
AD equal to AC, 1s equal to all its parts, 
which are the rectangles AE, and CF. The 
Hirſt AE 1s the fquare of AC, the lines AC 
and AD being equal; and the reftangle CF 
* 1s\contain'd under CB, and CE equal to AD, 
or AC. Therefore the reQangle contain'd 
under AB and AC is equal to the ſquare of 
AC, and the reCtangle contain'd under AC 
and CB. 

By Numbers. 

Let AB'be 8B;  AC3; and CB ys : [the 
retangle contain'd under AB and AC, wall 
be three times eight, or 24 : the ſquare of AC 
3, 1s nine ; and the reQangle contain'd under 
AC 3, and CB F, 1s three times F or 1s. 
But 1t 1s evident that 15 and 9 make 24. 


The USE. 
| Ar 4s ©The uſe of this Propofition 15 


© {till to demonſtrate the ordinary | 
© 40, 3 _*pradtiſe of Multiplication. For . 


*example, it you would multiply 

©the number 43 by 3 ; having di- 

[129 * vided the number .43 into 40, 

and 3: three times 43 will a- 

5 mount to as many as three times three, or 
| mane, - 


| , 
I 20. = 


4% 


ngle | 


per- 
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Fnine, that is the ſquare of three ; and 
© three times 40, that 1s, 120; for three 
© times forty three 18 129. Beginners ought 
© not to be diſcourag'd, if they do not pre- 
© ſently apprehend theſe Propoſitions ; which 
© yer, in truth are not difficult, bur as they 
fare conceiy'd to contain ſome ſtrange 
* myltery. 


PROPOSITION Iv. 


A THEOREM. 


If a line be divided into two parts, the ſquare 
of the whole line, will be equal to the ſquares 
of both the parts ; and two rettangles con- 
tain'd under the ſame parts. 


ET the line AB be di- E FD 

vided'in C,and its ſquare | 
ABDE deſcrib'd ; let its dia- yy & L 
gonal alſo EB be drawn, and |_ 
a perpendicular cutting it K A CB 
CF : and by that point let - 
the line GL be drawn parallel to AB. Tis 
evident that the ſquare ABDE is equal to 
the four reQangles GF, CL,, CG, and LF. 
The two firſt of which are the ſquares of 
AC and CB: and the two Complements are 
contain'd under AC and CB. 

| De- 


- yo - Ia Elements of Euclid. 
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Demonſtration. 


The ſides AE and AB are equal: therefore 


the angles AEB, and ABE are half right 


angles : and becauſe the lines GL. and AB; 


are parallels; the angles of the triangles of 
the ſquare GF (by the 29.1.) will be equal, 
as alſo their ſides (by 7he 6, 1.) Therefore 
GF 1s the ſquare of 'AC. In like manner CL 
is the ſquare of CB : the reftangle GC is 
containd under AC, and AG equal to BL, or 
BC ; and the reQangle LF 1s contain'd under 
LD equal to AC, and FD equal to BC. 
Coro. It you draw the diagonal of a 
ſquare, the rectangle which it cuts are 


ſquares. ; 


The USE. 


er This Propolition teaches/the 
B, 22| © method of extrafting the ſquare 
C, * 12| ©Toot of. any number, propos'd. 

—— *Let the number be A, or 144, re- 
© preſented by the ſquare AD, and its root 
© by the line AB. I ſuppoſe it known from 
© other principles that 1t requires two cha- 
© ra&ters. I imagine therefore that the line 
© AB is divaded in C, ſo that AC may repre- 
© ſent the firſt charaCter, and BC the ſecond. 
© Then ſearching the root of the firlt cha- 


- *raQter of the number 144, which 1s 100, 


FI findit to be 10: and making its ſquare 
* 100, repreſented by the ſquare GF, = 
itra 


| 
| 
| 
| 


[ 


Py 
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« ſkraQ it from 144.3 and there remains 44+ 
« for the reCtangles GC, FL ; and the ſquare 


« CL: but becauſe the figure of a Gnomon 


« js not proper for this operation, I tranſport 
© the reQangle FL unto KG, making. one 
© whole reQangle KL, that 15, 44. I know 


« alſo already almoſt the whole fide KB-: for 


CAC being 10, KC muſt be 20: I-muſt 
£ therefore divide ih 20; that 1s to 
© ſay, for my Diviſor-doubling the root 
« found; I enquire then how many times 
©201T can have 1n 44? and find twice; and 
© therefore take 2 for the ſide BL; and he- 


'tcauſe 20 was not the intire ſide KB, but 


conlyKC; that two which came- in the 
quotient I add to the Diviſor, making it 
* 22; which number being found preciſely 
© twice in 44, adding.2 to. the root before 
<found, T conclude the whole ſquare root 


of 144 to be 12. You ſee then that the 
- © ſquare 144 is equal to the ſquare of x0, 


© which 1s 100, the ſquare of 2,. that is 4; 
*and twice 20, which make the two re&- 
© angles contain'd under two and ten. 


PROP. 


a2 IE = _ a. 
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PROPOSITION -V- 


A THEOREM, 


tf a line be-gtuiaed ito two equal parts and 110 
parts that are unequal ; the reftangle con- 
Zain'd under the unequal parts, together 
with the ſquare of the mtermediate /part 3 
zs equal to the ſquare of half the line. 


E G F YF the line AB be divided 
«xk |, into two equal parts.in C; 
and two unequal parts in D; 

: the reftangle AH contain'd 
A .CDB under the unequal ſegments 
AD, and DB, with the ſquare of CD, will be 
equal to the ſquare of CB, that 1s, the 
fquare CF. Compleat the figure as you 


| ſee; the rectangles LG and DI will be 


© ſquares, (vy the corol{. of the 4.) I will 
© prove then that the -rectangle AH, con- 
©tain'd under AD, and DH equal to DB, with 
© the ſquare LG 1s equal to the ſquare CF. 
Demonſiration. 

The reQangle AL. 1s equal to the reQangle 
DF, both being contain'd under half the line 
AB- and DB, or DH, which 1s equal to ir. 
Add to both the rectangle CH ; the rectangle 
AH wall be equal to the Gnomon ys” Add 
there - 


ba 


26 High, <2 29 tn 5 _ 
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therefore again to both the ſquare LG; and 
the rectangle AH, with the {ſquare LG will 
be equal to the fquare CF. | 

By Numbers. 

Let AB be 10; AC willbes, and CB like- 
wiſe ; and let CD be 2, and DB 3 : the rec&t- 
angle contain'd under AD 5 and DB 3, that 
is to ſay 21, with the ſquare of CD 2, that 
is 4, Will be equal to the ſquare of CB 5, 
which is 25. ' The USE. 

© This Propolition 15 wy uſeful in the 
*third Book: it 1s alſo us'd in Alpebra, to 
* demonſtrate the manner of finding the root 
© of an afteted or impure fquare. - 


PROPOSITION VI + 


| A-THEOREM. 

Tf a line be divided into two equal parts, and 
to it another line added ; the refangle con- 
tain'd under the line tomponnded of thoſe 
two, and that which ts added, with the 
ſquare of half the divided line, is equal to 
the ſquare of the.line compounded of that 
half, and the line that 1s added, 


F to the line AB, divided | E_$S_* 
* into two equal parts in | 
C, be added the line BD; the EX 
rectangle AN, contain'd un- Is bs | 
der the line AD, and DNe- 4a © B Þ 
qual to BD, wath the ſquare of CB, is equal 
to 
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to the ſquare of CD. Make the ſquare of 
CD, and having drawn the diagonal FD, 
draw alſo BG parallel to FC, cutting FD at 
the point H, through which paſſes the line 
HN parallel] to AD; KG will be the ſquare 
of CB; and BN, that of BD. 


Demonſtration. 

The rectangles AK and CH, being upon 
equal baſes AC and CB, are equal (by the 
36. x.) The complements CH- and HE. are 
equal, (by zhe 43. x:) therefore the reftangles 

K and HE are equal. Add 'to . both the 
retangle CN, and the ſquare KG : the reQ- 


' angles AK and CN, that 1s, the reCtangle 


AN, with the ſquare KG, will be equal to 
the reangles CN and HE, and the ſquare 
KG, that 1s, the ſquare CE. 


By Numbers. 


Let AB conſiſt of 8 parts; AC of four; 


and CB of 4, BD of 3; ſo that the whole 
AD be x1. "Tis evident the re&angle AN 1s 
three times Ir, thatis 33; which with the 
{quare of KG, equal to CB 4, that 1s 16; 
make 49, and therefore 1s equal to the 


ſquare of CD 7, which is 49; for 7 times 7 


make 49. 
The USE. 


© Maurolycus, by the help of this Propoſiti- 
* on, meaſur'd the whole Earth at one ſingle 


of 
| 


| 
| 
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| eObſervation. To effe& which, he adviſes 


© that from the topof a moun- 

tain of known hight A, you ob- A 
© ſerve the angle BAC, made by 
©the line AB, touching the ſu- 
© perficies of the Earth at B, 
* and the line AC paſſing thro' 
©the center : and thar in the tri- 
© angle ADF, knowing the angle 
© A, and the right angle ADF, you find by 
© Trigonometry the ſides AF and FD: and 
© becauſe 'tis eafie to demonſtrate that FB 


©and FD are equal, you will then know the 


& line AB, and alſo 1ts ſquare. Now we have 


<demonſtrated in the preceding Propoſition, 


© that the line ED, being divided into equal 
© parts in C, and the line AD added to it; 
© the reQtangle contain'd under EA and AD, 
© with the ſquare of CD, or CB, 1s equal 


©to the ſquare of CA; and the angle ABC, , 


© being a right angle, (as 1s prov'd 1n the 
k hind Book) the ſquare of CA 1s equal to 
©the ſquares of AB and BC; therefore the 
© rectangle under AE and AD, with the 
© ſquare of BC, is equal to [the ſquares of 


'© AR and BC. Take therefore from them 


© both the ſquare of BC, and the re&angle 


© under AE and AD: will be equa] to-the. 
\ + *{quareof AB. Divide therefore the known 


© ſquare of AB, by the hight of the moun- 
*tain AD, and the Quotient will be the line 
AE; 


—_— VT 
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AE; from which ſubſtrating the hight of 
©the mountain, the remainder wall be the 
e diameter of the Earth DE. | 

© We have made uſe likewiſe of the ſame 
ePropoſition in our A/gebra, to demonſtrate 
*the thirteenth Propoſition of the third 
© Book, to find the root of a ſquare equal to 
© a number, more a certain number of roots. 
©The two that follow do alſo ſerve for the 
© proof of the like Operations. 


———_— — 
_ 


PROPOSLTION VIL 


A T HEOREM. 


1f a line be divided, the ſquare of the whole 
line, with that of one of its parts, 1s equal 
Zo z1wo reftangies contain'd under the whole 
line, and that firft part, together with the 
ſquare of the other part. by 


cs ET the line AB be divided 


u | any where in C; the ſquare 
H 1 AD of the line AB, with the 
A s ſquare AL, will be equal to two 

| © right angles contain'd under AB 
K——L 


and AC, with the {ſquare of CB. 


Make the ſquare of AB, and having drawn 


the diaganal EB, and the lines CF and HGT ; 
prolong EA fo far, as that AK may be equal 
to 


| 


——— 


/ 
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' to AC : ſo AL will be the ſquare of AC, 
and HK will be equal to AB; For HA is e- 
qual to GC, and GC 1s equal to.CB, becauſe 
CI is the ſquare of CB, (by 7he Coroll. of 

7he 4.) 


Demonſtration. 


'Tis evident, that the ſquares AD and 
AL are equal to the reQtangles HL and HD, 
and the ſquare CI. Now the reQtangle HL. , 
1s contain'd under HK equal to AB, andKL 
equal to AC. In like manner the rectangle 
HD is contain'd under HI equal to AB, and 


HE equal to AC. Therefore the ſquares of 


AB and AC are equal to two rectangles 

contain'd under AB and AC, and the ſquare 

of CB. | 
In Numbers. 


Suppole the line AB to conliſt of 9 parts, 
AC of 4, and CBof 5. The ſquare of ABg 
1s 81; and that of AC 4 1s 16; which 8x 
and 16 added together make 97. Now one 
rectangle under AB and AC, or 4. times 9, 
make 36, which taken twice 1s 72 : and the 
ſquare of CB x5 is 25 : which 72 and 25 ad- 
ded together make alſo g7. 


H 2 PROP. 


-! 
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b PROPOSITION VII. 


A T HEORE M. : 


'Þ 1f you divide a line, and add another to it equal 
Lil: to one of its parts, the ſquare of the guhole 

compounded line ®i]l be equal to four rett- 

| angles contain'd under the firſt line, and that 
! part that is added, together with the ſquare ' 
[ of the other part. - 


AC B.D ET the line AB be divided 
L_iK - any where 1n the point C, 
o |, and. BD equal ro CB added 
M H tot © - 

[L to1t : the ſquare of AD will be 

EN Þ E Equal to four, reftangles con- 


By "i 
| 


tain'd under AB, and BC or 
'BD, and the ſquare of AC. Make the ſquare | 
of AD, and having drawn. the diagonal AE, | 
if draw likewiſe the perpendiculars BP and 
Fi, - CN, cutting the diagonal in I and O: and 
it alſo the lines MOH and GIR, parallel to AB. 
iſ The reQangles GC, LK, PH, MB, and NR, 
will be ſqyares, (by the Coroll. of the 4.) 
Demonſtration. 
The ſquare ADEF 1s equal to all its parts: 
and the reangles LB, OD,PM, are contain'd 
under lines equal to AB and BC, and 1t you 
add the reangle MI to the reftangle PH, 
they together will give you another reCt- 
angle 
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-angle contain'd under a line equal to AB, 


and another equal to CB or BD. Beſides 
which there remains nothing bur the ſquare 
GC, which 1s the ſquare of AC. Therefore 
the ſquare AD 1s equal to four reQangles 
contain'd under AB and BD, and the ſquiare 


of AC. 
Tn Numbers. 

Let the line AB confiſt of 5 parts, AC of 
3, and CB of 4, as alſo BD. The ſquare of 
AD 11 will be 121i. And one reQangle under 
AB +5, and BD 4, makes 28; which taken 
four times 1s 112 ; and thole together. with 
the ſquare of 3, which 1s 9, make alſo 121. 


—  _—————— 


PROPOSITION: IX. 


A THEOREM. 


1f a line be divided into two equal parts, and - 
two unequal, the ſquares of the unequal 
parts will be double the ſquare of half the 
line, and the ſquare of the intermediate part. 


ET the line AB be * E 

divided into two 
equal parts at the point 
C, and two unequal at 
the point D : the + naw 7 
of the unequal parts 
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AD and DB, will be double the ſquares of 
AC, which 1s half AB, and CD the inter- 
mediate part. Draw CE. perpendicular to 


- AB, and equal to AC; draw alfo the lines 


VT 


AE and BE, and the perpendicular DF, as 
likewiſe FG parallel to CD. Then joyn the 
line AF. Demonſtration. 

The lines AC and CE are equal, and the 


angle C 1s a right angle: therefore (by the 


5. I.) the angles CAE and CEA, areequal ; 
and conſequently halt right angles. In like 
manner, the angles CEB, CBF, GFE, and 
DFB, are half right angles ; and the lines 
GF and GE, DF and DB, equal, (by the 6. 1.) 
and the whole angle AEF is a right angle. 

Now the ſquare of AE (by he 47. 1.) is e-. 
qual to the ſquares of AC and CE, which 
are equal: therefore it 1s double the ſquare 
of AC. For the ſame reaſon, the ſquare of 


'EF 1s double the ſquare'of GF, or CD. Now 


the ſquare of AF 1s equal to .the ſquares 
of AE and EF, becauſe the angle AEF 1s a 
Tight angle: therefore the ſquare of AF 1s 
double the ſquares of AC and CD: The 
ſame ſquare of AF is likewiſe equal to the 
ſquares of AD, and DF or DB, the angle D 


+being a right angle. Therefore the ſquares 


of AD and DB, are double the ſquares of 


AG and CD. 
/n Numbers. 
Let AB be 10, ACs, CD 3, and DB 2; 
| 


he 
£ | 


The Second Book. TJ 


the ſquares of AD 8, and DB 2, that is to 
ſay, 64. and 4, which make 68, are double 
the ſquares of AC xF, that 1s, 25, and of CD 
2, which 1s 9: for 25 and 9 make 34, 
which is half of 68. | | 
The USE. 

© T have not met with this Propoſition, 

«except in Algebra; no more than that 


«© which follows. 


PROPOSITION K. 


A THEOREM. 


If a,line be added to another that is divided 
 znto two equal parts ; the ſquare of the lime 
compounded of thoſe two, with the ſquare of 
that which 1s added, makes double the ſquare 
of half the line, and the ſquare of , that 
which 15 compounded of half, aud the line 
that 1s added. 


_ ET the line AB be E | 
divided in the en 
middle at the point C, 
and theline BD added & A. 


to it: - the ſquares of ©. 
AD and BD, will be : G 
double the ſquares of 


AC, and CD. Draw the perpendiculars CE 
b H 4 and 


JK 


x26 The Eliments of Euclid. 


and DF equal to. AC: and then draw the 
lines AE, EF; and producing FD to G, fo 
that DG may be equal to BD, joyn the lines 
AG and EBG. 


Demonſtration. 


The lines AC, CB and CE. being equal,and 
the angles at the point C being right angles; 
the angles CAE, AEC, CEB, and CBE, will 
be half right angles. In like manner the 
angle D heing a right angle, and the lines 
BD and DG equal, the angles DBG and DGB 
will be half right angles ; * and fo will like- 
wiſe GEF, the angle F being a right angle ; 
therefor: the lines FG and FE are equal, 
(by 7he 6. 1.) and EF 1s equal to CD, (y 
the 33.1.) Now the ſquare of AE 1s double 


the ſquareof AC, and the ſquare of EG alſo 
double the ſquare of EF, or CD, (y7he 4.7.1.) 


But the ſquare of AG 1s equal to the ſquares 
of AE and EG, (by the ſame-:) therefore 
the ſquare of AG 1s double the ſquares of 
AC an1 CD. The ſame-{quare of AG is like- 
wile (by the ſame) equal to the ſquares of 
AD, and LG equal to* DB: therefore the 
ſquares of AD and DB are double the ſquares 
of AC and CD. 
By Numbers. 


Let AB contain 6 parts, AC 3, and CB 
3, BD 4; the ſquare of AD 1041s x00; the 
iquare of T 4 18 16, which make together 

b 116, 


© Ws oc - O 
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116. The ſquare alſo of AC 31s 9: the 
ſquare of CD 5 is 49. Now 49 and 9 make 


58, the half of 116. 


PROPOSITION XI. 


A PROBLEM. 


To divide a line in ſuch a manner, that the 
reftangle under the whole line, and one of 
its parts, ſhall be equal to the ſquare of the 
other part. 


Orme theline AB to bedi- , _*_© 
L 


vided in ſuch a manner, _| 


that the refangle under the 
whole line AB and BH, may * —__ 
be equal to the ſquare of AH. } | 
Make the ſquare of AB . by the g£—7G 


46. 1.) and dividing AD in 


the middle in E, draw EB, and take EF 
equal to EB. Then'make the ſquare of AF, 
that 1s to ſay, let AF and AH be equal.- I 
fay, the ſquare of AH will be equal to the 
rectangle HC, contain'd under HB, and BC 
equal to AB. , 

| Demonſtration. 

Theline AD 1s divided equally in the point 
E, and the line FA added to it, therefore 
(by the 6.) the retangle DG contain'd _ 

| DF, ; 


Ds ett 
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DF,and FGequal to AF, with the ſquare of AE, 
1s equal to the ſquare of EF, equal to EB: now 
the ſquareof EB 1s equal to the ſquares of AE 
and AB, (by the 47. 1.) therefore the ſquares 
of AB and AE are equal to the reQangle 
DG, and the ſquare of AE : and- ſubſtraCt- 
ing from both the ſquare of AE; the ſquare 
of AB, that is, AC, will be equal to the reCt- 
angle DG : taking away therefore the re&- 
angle DH, which is common to both, the 
mx HC will be equal to the ſquare of 
AH, that 1s AG. | 


The USE. 


©'This Propoſition teaches how to cut a 
*line according to the extreme and middle 
© proportion, as will be ſhewn in the ſixth 
© Book. "Tis alſo frequently made uſe of in 
©*the fourteenth Book of Euchd"s Elements, 
*to find the (des of regular Solids, It 1s 
©uſeful alſo inthe 11. of the 4. to inſcribe a 
©Pentagone 1n a circle, as alſo a Pentedeca- 
* gone (or a figure with 15 angles.) You 
© will ſee alſo other uſes thereof in dividing 
© lines on this manner, in the 3074 Propo- 
ſition of the 6. | 
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- PROPOSITION KXII. 


1n an Obtuſangle triangle, the ſquare of the 
[ide - oppos'd to the obtuſe angle, is equal to 
the ſquares of both the other ſides, and two 
rectangles contain'd under the line upon 
which a perpendicular will fall, and the line 
which hes betwixt the triatgle and the per- 


_ penditular. 


'F ET the angle ACB, of the 4 | 
triangle ABC, be an obtuſe, - TV. 


and let AD. be drawn perpen- D 
dicular to BC; the ſquare of 

the ſide AB is equal to the ſquares of the 
ſides AC .and CB, and two recangles con- 


C B 


| tain'd under the ſide BC and CD. 


Demonſtration. 


The ſquare of AB 1s equal to the ſquares of 
AD and DB, (#y zhe 47.1.) But the ſquare of 
DB is equal to the ſquares of DC and CB, 
and two reQtangles contain'd under DC and 


CB, (by the 4.) Therefore the ſquare of AB is 


equal to the ſquares of AD, DC, and CB, and 
two rectangles contain'd under DC and CB. In 


ſtead off the two firſt ſquares of AD and DC, 


put. 
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put the ſquare of AC, which 1s equal to them, 
(by the 47.1.) The ſquare AB will be equal to 
the ſquares of AC and CB, and two reQangles 
contain'd under DC and CB. 


The USE. 


{This Propoſition 1s uſeful in Trigonometry, 
©to meaſure the area of a trian C whoſe' 
* ſides are known. For example, Pn the 
© fide AB to confiſt of twenty foot, AC of 
©r3, &Cof rr: the ſquare of. AB will be goo, 
© that of AC 169, and that of BC 121. The 
E{y1mme of the two laſt is 290, which ſub- 
© ſtrated from. 400, there will remain 110 
© for the two rectangles under BC and CD. 
©'The half of which, 55, will make one 
Chalf of thoſe rectangles; dividing which 
© number by BC, 11, we ſha!] have 5 forthe, 
<line. CD ; whoſe ſquare, 25 being ſubſtraQ- | 
Ced from the ſquare of AC, 169, leaves the 
© ſquare of AD, 144, whoſe root 12 will be 
© the fide AD; which being multiplied by 
« 52, the half of BC, will give the area of 
* the triangle ABC, that is, g6 foot ſquare. 


| 
PROP. 
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PROPOSITION XII. 


A THEOREM. 


Tn any triangle whatſoever the ſquare of the 

. fide oppos'd to the acute angle, with two reet- 
angles contain'd under the ſide upon which the 
perpendicular falls, and the line which 15 be- 
twixt the perpendicular and that angle ; 1s 
equal to the ſquares of both the other ſides. 


tes the triangle to be A 


ABC, and the acute angle 
C, and AD the perpendicu- {8s 
lar falling upon BC: the | Vids. 
ſquare of the ſide AB, oppos'd B D C 
to the acute angle C, with tworeCtangles con- 
tain'd under BC and CD, wall be equal to the 


ſquares of AC, and BC. 


Demonſtration. - N 

The line BC being divided inD, (4y the 7.) 
the ſquares of BC and DG are equal to two re- 
Clangles under BC and CD, and the ſquare of 
BD. Add to both the ſquare of AD : the 
{quares of BC, DC, and AD, will be equal to 
two rectangles under BC, and CD, and the . 
{quares of BD, and AD. In ſteadof the ſquares 
of CD, and AD, put the ſquare of AC, which 
1s equal to them, (by the 47. 1.) and —_ 
p _ 
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of the ſquares of BD, and AD, ſubſtitute the 
{quare of AB, which is equal to them, (by 7he 
ſame : ) the ſquares of BC, and AC, will be 
equal to the _ of AB, and two reQangles 
contain'd under BC, and CD. 


The USE. 


© Theſe propoſitions are very uſeful in Trt- 
© 2onometry : 1 have made uſe of them in the + 
<eighth propoſition of my third book, to | 
© prove, that 1n a triangle the Sine total has 
© the ſame proportion to the, ſine of an angle,f ' 
© as the reQtangle contain'd under the ſides, | 
© which form that angle, to double the tri- | 
© angle. TI have. us'd them likewiſe in the ſe- 
©yenth, and divers other propoſitions. | 


PEI - prone dd 4 


— 


PROPOSITION XIV. | | 


A PROBLEM. 
To deſcribe a ſquare equal to a'reftilincal figure 


gruen, 


H O deſcribe a ſquare equal 
| to the relineal A: 

{ \4) make (by rhe 45. 1.) a re&- | 

"UE: angle BCDE equal to the re&ti- 

| lineal A. Tf the ſides CD, and 


E CB wereequal, we ſhould have 
what 


2. > 
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what we defir'd : but being unequal, con- 
tinue the line BC, ſo that CF may be equal 
to CD : and dividing the line BF, in the m1id- 
dle at the point G, deſcribe the ſemicircle 
FHB, this done, prolong DC to H. The 
fquare of CH is equal to the reQilineal A. 
Praw the line GH. | 


| | mg whom 

The line BF. is divided into two equal 
parts. in G, and two unequalinC : therefore 
(by the 5.) the reQangle contain'd under BC, 
CF, .or CD, that is to ſay, the retangle BD, 
with the {ſquare of CG, 1s equal to the ſquare 
of GB, or GH, which - 7 toit. Now (by 
7he 4]. 1.) the ſquare of GH 1s equal to the 
{quares of CG, and CH : therefore the re&t- 


' angle BD, and the ſquare of CG, are equal to 


the ſquares of CG, and CH ; and therefore, 
taking away the ſquare of CG, which is com- 
mon to both, there will remain the ſquare 
of CH equal to the reangle BD, or, which 
is the ſame, the reAilineal A. 


| The USE. 

©This propoſition teaches us in the firſt 
© place to reduce any reAilineal figures to 
© {quares ; which being the chief meaſure of 
all ſuperficies's, becauſe its dimenſions are 
© both equa], we can by this means take the 
© magnitude of all ſorts of rectiJineal figures, 
© Again it helps vs to lind a middle pa 
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© onal betwixt two lines given, as we ſhall ſee 
<jn the thirteenth propoſition ol the ſixth 
© book. k | 

» © Ariflotle brings this propoſition as an in- 
ſtance of a Formal Definition : for, 21 hrs 
© {econd book, de Anima, ſet? 12. diſtinguiſh- 
c ing betwixt a Formal and a Cauſal Defini- 
< tion, he explains them thus. Tf, when 'ris 
© demanded, What it 1s to ſquare a ReQ- 
© angle? anſwer be return'd, thar 1t 1s to de- 
© ſcribe a ſqugre equal to a rectilineal ; this 
© anſwer contains the Formal definition. But 


<1f 1t be ſaid, that 1t 1s to find a middle pro- 


© portional betwixt two lines; this gives the 
© Cauſal definition. For to find a middle pro- 
© portional 1s the cauſe of making a ſquare 
© equal to the reCtilineal propos'd. 

© This Propoſition may alſo be farther 
©uſeful for the ſquaring of crooked figures ; 
< and alſo, as far as 1s poſlible, even the 
« Circle it ſelf; for all forts of crooked figures 
© may, at leaſt as far as is diſcernible by 
© ſenſe, be reduc'd to reQilineals. As for ex- 


" <ample, if we inſcribe in a circle a Poly- 


© one conſiſting of a thouſand fides, there 
£ will be no ſenlible difference betwixt 1t and 
<the circle: therefore reducing this Poly- 
*DoNe tO A ſquare, we do, as far as our ſenſes 
© are capable of judging, ſquare the circle. 


OPINION: 
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THE THIRD-BOOK 
OF ; HE 


ELEMENTS 
EUCLID. 


His third Book explains the pro- 

E: perties of a Circle, and compares 

6 divers l1ngs which may be drawn 
e within, or without, its circumference. It 
© conſiders likewiſe the circumſtances of 
© circles, that cut each other, or touch a right 

*line; and the differences of angles that are 

© made either at the centers or circumferen- 
*ces. In fine, it lays down the firſt prin- 
* ciples for the eſtabliſhing the practical 
© part of Geomerry ; for which the circle 1s 

* moſt commodiouſly made uſe of in almoſt, 
*all Treatiſes of the Mathematicks. 
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DEFINITIONS. 


| 1. Thoſe circles are equa], 
whoſe diameters or ſemidiame- 
| ters are equal, | 
A 


B 2». Aline is ſaid to touch a cir- 
cle, when, meeting with its cir- 
cumference,it does not cut it. As the lineAB. 


| 2. Circles touch , 
when meeting, they 
| do not cut each o- 
ther. As the circles 
A, B, and C. 


A.-—C 4. Thoſe lines are equally re- | 
| mote from the center ; Lite the. 
perpendiculars, drawn from the 


center to the lines, are equal. 
B D «As forexample, if EF, and EG, 
* perpendiculars to the lines AB, 


- £2nd CD, be equal, AB and CD will be e- 


* qually remote from the center ; becauſe 
© the diſtance ,ought always to be meaſur'd 
© by perpendicular lines. ; 

gf” 


4 : , : 9. A 


 tain'd under two ſemidiameters, 
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' 5. Aﬀſegment of a circle 1s © 
a figure terminated” on one {77 
ſide by a right line, and on the 


other by the circumference of L M N 
a circle. As LON, LMN. - SM 


6. The angle of the ſegment 13 the angle 
which the circumference makes with the 
right line. * As the angles LNO, NLM. 


7. An angle 1s in that ſegment, | 
in which are the lines that form ZJ 
it. * As the angle FGH, 1s 1n the 
© ſegment FGH. * 


8. An angle is upon that arch, to which 
it is oppos'd, or: which is as its baſe. *As the 


© angle FGH, 1s upon the arch FIH. 
0. The SeAor is 2 figure con- 
£) 


and the arch which ſerves them 
fora baſe, © As the figure FIGH. 6 


IW 


& PROP. 
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PROPOSITION I. 


A PROBLEM. 
To find the center of a circle. 


O find the center of the 
circle AEBD, draw the 
line AB, and divide 1t in the 
A middle at the point C; thro' 
which draw the perpendicu- 
lar ED, which alſo divide into two equal 
arts at the point F, and that point F wall 
G the center of the circle. Tf itbe not, 
ſuppoſe the point G to be the center; and 
draw the lines GA, GB, and GC. 


. Demonſtration, 
If the point-G be the center, the triangles -| 
GAC and GBC, will have the ſides GA and 
GB equal, (by the definition of a circle :) and 


AC and CB will be equal, the line AB being 


divided in the middle at the point C, and } 
CG being common, the angles GCB and | 
GCA will be equal, (by the 8.1.) and CG a |} 
perpendicular, not CD, which 1s contrary * 
to the ſuppoſition. Therefore the center ' 
mult of neceſlity be in the line CD. I add, ! 
that it muſt be at the point F, where it 1s .. 
divided into two equal parts : Po | 

ines 


{ - prove that it cannot fall with- 
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lines drawn from the center to the circum- 
ference would not be equal. 

Corofl. The center of a circle 1s in that 
line, which falling perpendicularly. upon 
another, divides it 1nto two equal parts. 

The USE. 

© This Propoſition is neceſſary to demon- 

ſtrate thoſe that follow. 


h— . _ ——_— 


PROPOSITION II, 


A Trzofs M. 


4 right line drawn from one point of the cir- 
cumference to another, falls wholly within 
the circle. 


ET aline be drawn from \., 
the point B to the point C. 
I fay, it will be wholly con- 
tain'd within the circle. To 


out the circle, as BVC; having 
found the center of the circle A, Pome ths 
lines AB, AC, and AV. 

© Demonſtration. 

The ſides AB and AC, of th etriangle 
ARC, are equal : therefore (by the 5.1.) the 
angles ABC and ACB are equal. And lince 
the angle AVG is an external angle 1n re- 


T3 ſpe 


" "_ "wy 
EY EE CE CE CEC CEC: EO 


—  ——_— ——_— ". noe > 
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ſpe of the triangle AVB, it is greater than 
the angle ABC, (by zhe 16. 1.) and then 
alſo it will be greater than the angle ACE. +: 
Therefore (by the 19. 1.) /in the triangle 
ACY, the. fide AC, oppos'd to the greater 
angle AVC, will be greater than AV; and 
by conſequence AV ought not to reach to 

the circumference of the circle, if the line 
BYC was a right line. | 


The USE. 


©Tis by this Propoſition that they de- 
© monſtrate, that a circle can tonch a right 
<ine but in one place. Forif the line touch'd 
©two points of the circumference, 1t-would 
© be drawn. from /Jone. of its points to an- 
*other : and by gonſequence, according ta 
©this Propoſition, would enter the circle ; 
© though. by its definition, ' the line that 
© touches ought not to cut the circumference. 
* Theodo/ius makes uſe of the ſame Demon- 
< {tration to prove, 'that a Globe can touch 
©a plane only 1n one point.; for other- 
*wiſe the plane would. enter within the 
*Globe, 


{ 


%, 


PROP. 
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P £7 F, S 0 
PROPOSIFION nl. | 
A THEOREM. 


If the diameter divide a line, which does not 


paſs through the center, into two equal parts, 
zt will cut it at right angles; and if 14 cut 
2t at right angles, it will divide it mio two 
equal parts. | | 
F the diameter AC, cut T. 
the line BD, which does : 
not paſs through the center | 
F, into _ parts at the ; 
ont E, 1t will cut 1t at B E JD 
Law angles. Draw the lines YE | 
FB and FD. Demonſtration. 
« In the triangles FEB and FED, the fide 
EF is common ; the ſides BE and ED are 
equal, becauſe the line BD 15 equally divi- 


.ded in E, and their baſes FB and FD are e- 


qual : therefore (by zhe 8. 1.) the angles BEF 
and DEF are equal,and by conſequence right 
angles. 

7 add, that if the angles BEF and DEF 
be right angles, the line BD will be divided 
into two equal parts at E, that is to ſay, the 
lines BE and ED will be equal. 


Demonſtration. 
The triangles BEF and DEF, are reQan- 
gular : therefore (4y 7he 47.1.) the JPAre 
I 


 - 0 


Ly 
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of the fide DF wilhbe equal to the ſquares 
of the-{ides EDand EF. Now the ſquares of 
BF and FD are equal, becauſe the lines are. 

equal, therefore the ſquares of BE and EF 
are equal to the ſquares of DE and EF ; and 
taking away the ſquare of EF, the ſquares 
of BE and ED wall be equal, and by conſe- 
quence the lines. 


PROPOSITION IV. 


A THEOREM. 
Two lines drawn within a circle cannot cut 
both paſs through the center. 
F the lines AC and BD 
point I, whhich is not the 
enter of the circle, they 
B 
Sex other. Firſt, if one of thoſe 
lines, as AC, paſs through 
divided. bur at the center. But if neither 
paſs through the center, as BD and EG, draw 
. Demonſlration. o__ 
\ Tf the line AC divide the line BD into 


each other into two equal parts, unleſs they 
cut each other at the 
\ 7/7» will not equally divide each 
the center, 't1s evident 1t cannot equally be 
the line AIC through the center. 
two equal parts in I, the angles AID _ 


Yr" %” | ad vW bes CD (0 kw 
L. 
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 AIB will be right angles, (4 zhe 3.) In like 


Ld 


manner, if the line EG was equally divided in 
T, the angle AIE would'be a right angle ; and 
conſequently the angle AIB and AIE would 
be equal, which 1s 1mpolhible, one being 
part of the other. Ina word, the line AIC, 
which paſſes through the center, would be 
perpendicular to the lines BD and EG, if 
they wereboth equally divided at the point I. 
The USE. . 

© Theſe two propoſitions are us'd in 7Trj20- 
© zometry, to demonſtrate, that the half of a 
©chord of an arch is a perpendicular to the 
© ſemidiaineter ; and conſequently, that it 1s 
© the fine of half the arch. By theſe alſo they 
© demonſtrate, that the ſides of a triangle 
© have the ſame proportion, as the ſines of the 
© oppoſite angles. We alſo make uſe of it to 
* find the Eccentricity of the Circle, which 
* the Sun deſcribes in his annual motion. 


PROPOSLTION V. 


A THEOREM. 


Circles that cut each other, have not the ſam 
center. | 


HE circles ABC, and ADC A=— 
which cut each other inA a» 
and C, have not the ſame cen- S& 


ter. If they had the ſame center, 
ſup- 


ws ine... oy” EL LT 
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Tuppoſe E, the lines EA and ED would be 
equal, (by the definition of a circle ;) as alſo 
the' lines EA and EB: therefore the lines 
ED and EB would be equal, which is im- 
polhible, one being part of the other. , 


& 


PROPOSITION VL. 


he 


A THEOREM. 


Two circles that touch each other on the inner 
fide, have not the ſame center. 


'HE circles BD and BC 
. » - which touch each other 
WS on the inner fide at the point 
| B, have not the ſame center. 
| For ſhould the point A be ſup- 
os'd to be the center of both the circles ; 
the lines AB and AC, AB and AD, would be 
equal, (by the definition of a circle,) and con- 
Tſequently the lines AD and AC would be 
Squat, which is impoſſible, one being part 
O 


the other. p 


» 


_ 


ner 


AC, 1s greater than AF. 
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PROPOSITION VII. 
A THEOREM. | 


1f many lines be drawn from any one pornt 
awithm the circle, which is not its center, to 
the circumference : 1. that which paſſes 
through the center is the greateſt : 2. the 
remainder of it, continued to the oppoſete © 
part of the circumference, is the kaft : 3. 
that which 15s neareſt to the greateſt,exceeds 
thoſe that are more remote: 4.. there can 
be no more than io of them equal to each 
other. 6 20s 


% 


C'ippon many lines to be p_©C 
drawn from the point A, \\ 

being not the center of the £N \g 
circle, to the circumference; (SAT — 
and the line AC to paſs thro A 

the center B: I will demon- 


ſtrate, that it isgreater thanany of the other; 
for example, that it is greater than AF, Draw 


FB. 


Demonſtration. 

The ſides AB and BF of the triangle ABF, 
are greater than AF alone, (by zhe 20. 1.) Bur 
BF and BC are equal, (by the definition of a 
circle :) therefore AB and BC, that 1s to ſay, 


I add 
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I add in the ſecond place, that AD is the 
leaſt ; for example, that it 1s leſs than AE: 
Draw BE. 

Demonſtration, 


The ſides EA-and AB are greater than BE 
alone, but BE is equal to BD, therefore EA 


_ and AB are greater than BD: taking there- 


fore from both that which is common AB, 
AE will remain greater than AD. 

Further, AF, which is nearer AC than 
AE, 1s alſo greater than AE, ; 


Demonſtration. 


The triangles FBA, and EBA, have the 
ſides BF and BE equal, and BA 1s common 
to both : but the angle ABF 1s greater than | 
the angle ABE; therefore (by the 24. 1.) AF 


bo pr than AE. 


Laſtly, T ſay, that no more than two lines, 
that are equal to each other, can be drawn 
from the point A to the circumference. 
Take the angles ABE and ABG equal; and. 
draw the lines AE and AG. 


Demonſtration. 


The triangles ABG, and ABE, having the 
ſides BE and BG equal ; the fide ABcommon 
to both, and the angles ABE and ABG equal ; 
therefore their baſes AE, and AG will be e- 
qual, (by zhe 4. 1.) But all the lines that _ 

| CD 


WW = 43 ve ww C0 
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be drawn either on one fide or the other, will 
be either nearer AC, than AE, and AG; 
or more remote from it; and accordingly 
will be eithergreateror leſs than AG. There- 
fore there can no more than two lines equal 
betwixt themſelves be drawn from the point 
A to the circumference. 


| "- Te T#2& ale 
© Theodo/ius advantageoully uſes this. pro- 


© poſition to prove, that if from any point of 


© the ſuperficies of a ſphere, which 1s not the 
© the pole of any certain circle, divers arches 


© of greater circles, be drawn to the circumfe- ' 


© rence of that circle, that which paſles thro” 
© its pole will be the greateſt, For example : 
© if from the pole of the World, which 1s di- 
© {tin& from the pole of theHor1zon, (for the 
© Zenith is its pole,) divers arches of greater 
© circles be drawn to the circumference ; the 
« arch of the Meridian, which paſſes through 
« the Zenith, will be the greateſt arch. This 
« Propoſition 1s alſo brought to prove, that 
c the Sun, when in his Apog.enm, 1s molt re- 
« mote from the Earth. =» 


PROP. 
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—__— —_ " HP. 


PROPOSITION VII. 
A THEOREM. 


. Tf from a point taken without the circle, many 


lines be drawn to its circumference, 1. of af 
thoſe that extend to the concave circums 
Ference, that which paſſes through the center 
zs the greateſt : 2. thoſe that lye neareſt to 
it, are greater than thoſe that are more re- 
mote : 3. among thoſe that fall upon the 
convex circumference, that which being con- 
tinu'd paſſes through the center, is the leafs : 
4. the nearer to that are leſs than thoſe f wal 


ther off: 5. there can be but two equal limes | 
| wrawn. from the ſame point, either ' to the | 


concave or convex circumference, 


A. Uppoſe many lines were 

7 g - 6.amet the point A to 

the circumference of the circle 
GCDE. £4 | 

Firſt, the line AC, which 

paſſes through the center B, is 


Demonſtration. 


the greateſt of all thoſe that | 


reach to the concave circum. * 


ference ; for example, 1t 1s greater than AD. 
Draw the line BD. 
In the triangle ABD, the ſides AB and BD 
are greater than AD alone ; but the ſides on | 
an 


The Third Book. 139 
and BC are equal to AB and BD : therefore 


. AB and BC, or AC, 1s greater than AD. 


2. AD is greater than AE. 
- Demonſtration. 
The triangle ABD and ABE, have. the fide 


AB common to both, and the f{ides BD and 


BE equal, and the angle ABD is greater than 
the angle ABE : therefore (by zhe 24. 1.) the 


| baſe AD is greater than the baſe AE. 


2}. AF, which being continu'd paſles 

through the center, is the leaſt of all thoſe 
that are drawn to the convex circumference 
LFIK ; for example, it is leſs than AI. Draw 
IB. Demonſtration. 
In the triangle AIB the ſides AT and IBare 
greater than AB alone, (by 7he 20. 1.) there- 
fore taking, from both, the equal lines BI and 
BF, AF will remain leſs than AT. 


4. AI 1s leſs than AK. Draw the line BK. 


Demonſtration 

In the triangles AIB and AKB, the ſides 
AK and KB are greater than the ſides 'AT, 
and IB, (by the 2x. 1.)therefore taking, from 
both, the equal fides BK and BI, AI will re- 
main leſs than AK. ; 

5. There can be but two lines equal be- 
twixt themſelves drawn. Take the angles 
ABL., and ABK ; as alſo ABE, and ABG, 
equal. Demonſtration. 

The triangles ABL, and ABK, will have 
their baſes AL. and AK equal, (4 rhe 4. r.) 

| an 
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and by the ſame alſo AE and AG will be e- 


qual ; but no other line can be drawn, that 
will not be either nearer tp, or more remote 
from AF, or AC; and conſequently, that will 


not be either greater or leſs than AK and 
AL, AE and AG. : = 


PROPOSETION IX. 


A THEOREM. 


That point from whence three equal lines cant 
be drawn to the circumference of a circle, is 
ts center. 


JF the point were not the center of a circle, 
there could be but two equal lines drawn 
from it to the circumference, (by the 7, and B.) 


PROPOSITION KX. 


A THEOREM. 
T wo circles cut each other only in two points, 


* FF two circles AEBD, and 

=. ABFD, ſhould cut each- 0- 

_ ther 1n three points A, B, and 
D; find (by the 1.) the center 

D C-of,the circle AEBD; and 

" draw the lines CA, CB, and 

"_ -," lho De- 
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Demonſtration. 


The lines CA, CB, and CD, drawn from 
the center C to the cicumference of the cir- 
cle AEBD;-are equal : but the ſame lines are 
alſo drawn to the circumference of the circle 
ABFD : therefore (b.7he 9.) the point C will 
be the center of the circle ABFD.. So 
that two circles, which cut each other, wall 
have the ſame center ; which 1s contrary to 
the fifth Propoſition. =. 


. — - 
PROPOSITION XI. 


A THEOREM. 


{f tawo circles touch each other on the mſ/ide, a 
line drawn through both the centers, . wilt 
alſo ich through the point where they 
Zouch. : 


F the two circles EAB and E 


EFG touch each other on \N 
the inſide, at the point E; a \ 
EY 


—_———omn—_— 


. line drawn through both their ,\ 


centers will paſs through the 


| point E. For if the point D 
{ * was the center of the leſfler circle, and C that 


of the greater, ſo that the line CD paſling 
through both ſheuld not paſs through the 
point E : draw the lines CE and DE. 

| | K De- 


vv» ©. 
£0, A 
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Demonſtration. | 

The lines DE, and DG, drawn from the 
center of the leſſer circle D to its circumfe. 


'Tence, would be equal: and adding the 


line CD, the lines ED and DC, wovld be e- 
qual to CG. Now ED and DC, - are 
greater than EC alone, (by zhe 20. oW and 
ſo CG wall be greater than CE : yet C being 
the center of the greater circle, CE and CB 
are equal ; therefore CG will be greater than 


CB, which 1s 1mwpollible. 


PROPOSITION XII 


A THEOREM. 


Tf two circles touch eagh other on the outſide, a 
line drawn through both their centers, will 
pe/s through the pornt where they touch. 


F the line AB, which does not 
paſs through the point C 
where the circles touch, be ſaid 
to be drawn from the center A to 
the center B ; draw the lines AG 
and BC. h 
* Demonſtration. 

In the triangle ACB, the ſides 
AC and BC would not be greater 
than the ſide AB alone, (which 1s contrar 
to the 20. 1.) becauſe AD and AC, as alſo 
BE and BC, are equal. PROP. 
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PROPOSITION XAIEL 


A THEOREM. 


Two circles can touch. each other only in 
one porn. 


Irſt, if two circles touch each 
F other on the inſide, they 
will touch but 1n-one point on- 
ly, the point C, which 1s markt 
out by the line BAC paſlling 
through both their centers, A, 
and B, For if they ſhould touch likewiſe | 


inthe point D, draw the lines AD, BD. 


Demonſtration. 

The lines AC and AD, drawn from the 
center of the leſſer circle to its circumfe- 
rence, are equal: and adding AB, the lines 
BA and AC, and BA and AD, would be equal, 
Now BC and BD, drawn from the center of _ 
the greater circle to its circumference, will 
be equal; therefore the {ides BA and AD will 
be equal to the fide BD alone, which 1 15 CON- 
trary to the 20. 1. 


Secondly, It two circles SP 
touch each other on the out- [ 
ſide ; drawing the line AB , 


'from one center to the other, 


__ K 2 3 
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1t will paſs through the point C, where the 
circles touch, (by the 12.) Butif * ſay that 


WIE 


they touch alſo at the point DF havin 
drawn the lines AD and BD; the\lines B 
and BD, AC and AD,. being equal, the two 
{ſides of a triangle taken together, would be 
equal to the third, which is contrary to the 


20. I, 
The USE. | 
© Theſe four Propoſitions are very -clear, 
*and evident,; and alſo neceſſary in 4fro- 
© zomp,” when we make py of Epicycles, to 
© explain the motions ofthe Planets. 


3: 2 opt BE Been it USING a ts 4 


PROPOSITION XIV. 


OY 


' A THEOREM. 


Egnal lines drawn within a circle, are equally 
remote from their center ; and thoſe that are 
eaually remote from the center, are equal. 


}  - Uppoling the lines AB and CD 
to be equal : I prove, that the 
perpendiculars EF and EG, drawn 
from the center, are alſo equal. 
B D Draw the lines EA and EC. 

Demonſtration. | 
The perpendiculars EF and EG divide the 
lines AB and CD in the middles at the om 


i edi 


\ 
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F and G, (by the 3.) therefore AF and CG are 
equal. The angles F and G are right angles : 
therefore (by the 47. 1.) the ſquare of EA is 
equal to the ſquares of EF and FA; as alſo 
the ſquare of EC is equal to the ſquares of 
EG and GC : but the ſquares of EA and EC 
are equal, becauſe the lines EA and EC are 
equal : therefore the ſquares EF and FA are 
equal to the ſquares of EG and GC: and ta- 
king away the equal ſquares AF and CG, there 
will remain the ſquares of EF and EG equal; 
and conſequently the lines EF and EG, which 
are the Jiflaons of the lines AB and CD from 
the center, are equal. 

But ſuppoſing the diſtances or perpendicu- 
lars EF+and EG to be equal ; I will prove af- 
ter the ſame manner that the fquares of EF 
and FA are equal to \the ſquares of EG and 


| GC; and taking away the equal ſquares of 


EF andEG, there will remain the ſquares of 
AF and CG equal. And therefore the lines 


AF and CG, and their double AB and CD, 


are.equal, 


oe 


PROP. 
K 3 
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PROPOSITION - XV. 
A THEOREM, 


The Diameter is the greateſt of all lines in- 
feribed in a Circle; and, of the reft, that is 
rhe greateſt which is neareft the center. 


HE. diameter AB 15 


PR 29. - D - the greateſt of all 
lines that can be drawn. 

" A B in the circle GIDC. As 
1 > for example, 1t 1s greater 
than CD; for draw the 


A - 
Demonſtratipn. | 
In the triangle CED, the fides EC and ED 
are greater than CD alone, (by zhe 20. 1.) but 
AE and EB, or AB, is equal to ECandED ; 
therefore the diameter AB 1s greater than 
on | | 
Secondly, let the line GI be more remote 
from the center than the line CD ; that is to 
ſay, let the the perpendicular EH be greater 
than the perpendicular EF. - I ſay that CD 1s 
greater than GI. Draw the lines EC, and EG. 
| Demonſtration. R 

. The ſquares of CF and FE (by zhe 47. 1.) 
. areequal to the ſquare of EC : but the 1 _ 

| \ © 


6 I 
2 oe > lines EC and ED. 
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of EC is equal to the ſquare of EG, and the ' 
ſquare of EG equal to the ſquares of GH and 
HE : therefore the ſquares of CF and FE are 
equal to the ſquares of GH and HE; and ta- 
king from one fide the ſquare of HE,and from 
the other the ſquare of EF, which 1s leſs 
than the ſquare of HE, the ſquare of CF will 
remain greater than the ſquareot GH. There- 
fore the line CF will be greater than the line 
GH ; and the whole line CD, the double of 
CF,w1ll be greater than GT, the double of CH. 


7 The USE. 


© Theodoſius makes uſe of theſe two Pro- 
© poſitions to demonſtrate, that in a ſphere 
< the lefler circles are more remote from the 
© center. I have alſo made uſe of them in 
© Aftrolabes. To theſe Propofitions may like- 
© wiſe be-refer'd that Mechanical Propoſition 
« of Ariſtotle, by which he ſhows, that the 


© Rowers at the middle of a Gally have greater 
© force, than thoſe that are at, either the 
£ fore, of hinder part thereof ; becauſe the 
© {ides of the Gally being crooked, the Oars 
© of the middle part are longer, z. e. reach far- 
* ther, than the reſt. The demonſtrations re- 
© lating to the 7r7s, or Rainbow, do alſo ſup- 
* pole the truth of theſe Propoſitions. 


K 4 PROP. 
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PROPOSITION XVI. 


A THEOREM. 


A line draws perpendicularly upon the extre- 
mity + 4 the diameter,falls wholly on the out- 


fide of the circle, and touches it. But any other 


line drawn betwixt that and the circumfe-- 


rence of the circle, enters within the circle, | 


and cuts ft. 


be drawn upon the point A, 


CA EEE the perpendicular AC 


which 1s the extremity of the. 
diameter AB: TI ay firſt, that all 


the other parts of the ſame line, . 


for example the point C, fallon' 
the outſide of the circle. Draw the line DC.: . © 


Demonſtration. 


Since the angle DAC of the triangle DAC [}, 
1s a right angle, DCA will be an acute :-and-:.' 


(by the 19. 1.) the ſide DC will be greater 
than the fide DA; therefore the line DC 


reaches beyond the circumference of the 


circle. | 
I add, that the line CA touches the circle, 
kecauſe that meeting with it at the point A 
1t does not cut it, but all its point are on the 
outſide of the circle. 
I fay alſo that no other line can be _ 
| | from 


_- 


« 


vC DE "> WY De, 


"_ . 


m_ tm ___ 
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from the point A below CA, which does not *- ; 


cut the circle. - If there could, ſuppoſe EA 

to be ſuch an one ; and from the point Ddraw 

a perpendicular to it, DI. | 
Te , Demonſtration. 


Since the angle DIA 1s a right angle, and 
the angle IAD an acute, AD will be greater 
than DI : ' therefore the line DI does not 
reach to the circumference, but the point I - 
1s within the circle. | | 


M The USE. 


<Some Philoſophers uſe this Propoſition, 
© but altogether 1n vain, to prove that quan- - 
ftity 1s diviſible 27 7nfinizum, or that there 
* really are in the world ſuch things as Ze- 
* nqnzcal, 1.e. abſolutely and in their own 1a- 
© are jndiviſible points. For the Propoſition 


.- © does not, as they would have it, prove, that 
<a circle touches a right line in a Zenonzcal, 


* but in a «Mathemarical pornt, which 1s no- 
© thinzelſe b It] {ider'd without 
thingelſe but a quantity conlider d witho 


- fdiſtinRtion of parts, that is to ſay, without 


 --*conce1ving them diſtin and ſeparate one 


_ © from the other, whether in reality it has 
'fſuch parts or not making no matter. We 


- *proyided it touch not a righ line, but an a -- 
: Id 


* can therefore take any quantity whatſoever 
* fora Mathemarical pornt ; which being once 
* eftabliſh*d, our Circle will confiſt of ſuch 
* points, and will be »vathematically perteCt, 


art 


aeBreEtonr afier TOs 


—_— 
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© part equal to that quantity which we have 
© taken for a point. But if we afterwards - 
© take a leſs part for our Mathematical point, 
© the circle which was exaQly perfe& accord- 
© ding to the firit ſuppoſition, will be 1mper- 
© fe&t in the ſecond, and degenerate intoa Po- 
©lygone. TI beheve, 'tis as impoſlible to de- 
© ſcribe a circle, that according to any ſup- 
© poſition whatſoever ſhall be moſt exaatly 
© perfe&, as it 1s to conceive the leaſt poſlible 
© quantity. TR 
© Secondly, thoſe conſequences, which 
© ſome men draw from this propoſition re- 
<lating to the angle of contaC&t, which they 
© take to be leſs than any reailineal angle, are 
© 5rounded upon this mi{take, That they ima- 
© 9ine an angle to be a true quantity ; the con- 
© trary of which may appear from hence, That 
© the 'Irokg that contain an angle, being pro- 
© duc'd to any longitude, the angle becomes 
©notatall thegreater. Further, 1t ought to 
© be duly confider'd, what we mean, when we 
© ſay, that one angle 1s greater than another ; 
£ for this 1s ali we underſtand,that a circle be- 
£ ing deſcribed from the point of concourſe at 
© any diſtance whatſoever,the lines of that we , 
© call the greater angle will contain betwixt 
* themagreater arch of that circle, than thoſe 
© of that we call the leſs ;* which is the ſole 
* meaning of the Exceſs of one angle above a- 
*nother. From whence I infer, that the 4 
_ 
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*ole of contatt can no more-be compar'd with 
* a reQtilineal angle, than a ſuperticies with a 
© line, being at the ſame time both equa], and 
© greater, and leſs than a reailineal angle. As 
, Go example ; from the 
© point A draw the line 
AD, making with AI a 
© retilineal angle ; TI 
© ſay it 1s both greater 
« and leſs than, and e- - 
© qual to, the angle of 
©contadt. For 1f we 
© ſuppoſe -divers circles deſcrib'd from the 
* point A, as the center, whereby to mea- 
© ſure thoſe angles: it 1s evident that, ac- 
*cording to the arch drawn beyond the 
© point D, that is the arch EF, the angle of 
©conta@t is greater than the re&ilineal angle. 
© But on the contrary, according to the arch 
©CB, the reQilineal angle 1s the greater of 
© the two. And laſtly, according to the arch 
©DG, paſſing through the point in which 
* AD cuts the circumference, they are both 
*equal. From whence it follows, that the 
© angle of contadt 1s at the ſame time both 
* leſs and greater than, and equal to, the 
: roftitinent angle: and conſequently, 
© they ought not at. all to be compar'd toge- 
©ther. Ina word, angles are no quantities; 
© nor are they call'd leſs or greater one than 
* another, but with reſpe& to the arches 
which 
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* which they contain : ſo that all the diſputes 


© about the angle of contaQ, and all the Pa- 


* radoxes, conclude nothing either for or a- 


; pn the diviſibility of quantity; an angle 


eing no ſpecies, but only a property 
© thereof. | 


"=P 


PROPOSITION XvI. 


A PROBLEM. 


From a point given to draw a line that may 
rouch a Circle. 


E A "TO draw a line from the 

X><{B point A touching the cir- 

/ ' cle BD, draw the line AC to 

1ts center ; and at the point 

B draw a perpendicular BE, 

which may cut an arch of a 

| circle, deſcrib'd from the cen- 

ter C through the point A, at the point E. 

Draw alſo the lines EC, and AD. TI ſay, 
the line AD touches the circle in D. 

Demonſtration. 


The triangles EBC and ADC haye the | 


ſame angle C; and the ſides CD and CB, CE 
and CA, equal, (by the definit. of a Circle :) 
and therefore they are equal in all reſpects, 
(2y the 4- 1.) and the angles CBE and CDA 
; | are 
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are equal. But the angle CBE 1s a right 
angle, therefore the angle CDA will he fo 
toq, and (by rhe 16.) the line AD will toueh 
* the circle 


- 
——— 


PROPOSITION XVIII. 


A THEOREM. 


A Tine drawn from the center of a circle to 
the point where a right line touches it, is 
perpendicular to that line. 


F the line CD-be drawn D 
from the center C to F T7 
the point of conta&t D, CD + F 
will be perpendicular to AB, 
For if it be not, draw the 
line CBperpendicular to AB. 
Demonſtration. 
Since the line CB 1s ſuppos'd to be per-_ 
- pendicular, the angle B will be a right angle, . 
nd conſequently CDBan acute, (by the 32.1.) 
herefore the line CB, oppos'd to the lefler 
angle, will be leſs than CD, which 1s im- 
. pollible ; becauſe CF, which is bur part of 
CB, is equal to CD. | 


PROP. 
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PROPOSITION KXIX, 


A THEOREM. 


Tf a line perpendicular to the tangent he drawn 
from the point of conta&?, it will paſs through 
the center of the circle. 


E's the line AB [ſee Fig. preced.] touch 


_—_— 


the circle at the point D, and the line 

C' be perpendicular to AB. I ſay, that DC 
paſles through the center. For af 1t did not, 
drawing a line from the center to the point 


D, it would be perpendicular to AB, (by the 


preceding) and ſo there would be two per- 
pendiculars drawn to the ſame point D of 
the ſame line, which cannot be. 
The USE. 
©The uſe ol lines 7angents is very com- 
© mon in Trigonometry ; upon which account 


© jt is that I have made a table, whereby to 


© meaſure all ſorts of triangles, as well ſphe- 
« rical as reQtilineal-” In my Opzichs likewiſe 
© are divers Propoſitions funded upon Z7 an- 
< zents ; as when 1s determin'd what part of 
© a Globe 1s enlighten'd. The phaſes or Ap- 
© paritions of the Moon are eſtabliſh'd alſo 
© upon the ſame doctrine; and that famous 
© Problem of Fpparchus's, by which he 
* found the diſtance of the Sun, by the diffe- 

E rence 

— 
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© rence of the true and apparent Quadratures. 
In Dialling, the 7/a/zar and Babylonian 
©hours are frequently deſcrib'd by lines 
©Tangents: Laſtly, we take the dimenſions 
© of the Earth by a line that touches its 
© ſuperficies ; and in the art of Navigation, 
©take a Tangent line for our Horizon. 


PROPOSITION XX 


A THEOREM. 


The angle at the center 7s double the angle at 
the circumference, which has the ſame arch 
for 2ts baſe. ; 


F the angle ABC, which is 
at the center, and the angle. 
. ADC, at the circumference, 
have the ſame arch AC for 
their baſe, the firſt will be 
double the ſecond. This Pro- © 
poſition has three different caſes: the firlt of 
which 1s, when the line ABD paſles through 
the center B, the line AB in one triangle 
concurring with the line BD of the other. 
Demonſtration. | 
The angle ABC is the external angle in re- 
ſpe&t of the triangle BDC : therefore (bx the 
32, I.) 1t 18 equal to both the angles DandC; , 
which 
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which being equal, (by zhe x. 1.) becauſe. 


their ſides BC and BD are equal, the angle 
ABC 1s the double of either. 

The ſecond caſe is, when one angle in- 

4 cloſes the other, but none of 

the lines that. form them con- 

cur 1n,one; as you fee in the 


next figure. The angle BID 


1s at the center, and the angle 
BAD at the circumference. 
"_ D Draw the line AIC through 
the center. 
Demonſtration. 
The*angle BIC 1s double the angle BAC; 


and CID 1s double the angle CAD, (by zhe . 
preceding caſe :) therefore the angle BID is: 


double the angle BAD. | 
The third caſe 1s, when 1t happens, that 
neither one angle incloſes the other, nor 
does any of the lines that form them, con- 
cur in one. Hhþich caſe is wholly omitted by 
ny Author, but for the - Reader's ſatisfaction 
zs here ſupplied, of 
| Let the angle at the 
center be BED, and the 
angle at 'the circumfe. 


BD. I ſay, the angle BED 
1s double the angle BCD. 
Draw the line EC, and continue 1t to the 
point A, Demon- 


© rence BCD, having the 
ſame arch for their baſe . 
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Demonſtration. 


The angle AED 1s double the angle ACD, 
(by the 1: caſe ;) and (by the ſame) the angle 
AEB is double the angle ACB: therefore 
the remainder of the one BED 1s double the 
Temainder of the other BCD. | 


The USE: 


© That Problem, which-is ordinarily pro- 
© pos'd, ſhewing how to deſcribe an Zori20n- 
©7al Dial by one ſole opening of the Com- 
© paſs, 15 built in part on this Propoſition. 
© And again, when we would determine the 
© Apogaum of the Sun, -or the excentricity 
* of his Circle, by three obſervations, we 
© {uppoſe the angle at the center to be double 
© that at the circumference. P7olomey makes 
© frequent uſe of this Propoſition to deter- 
© mine both the Excentrick circle of the 
* Sun, and the Epicycle of the Moon. The 
* firſt Propoſition of the third Book of T7r:- 
« 2onometry is grounded*allo upon this here. 
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PROPOSITION XXL. 


A THEOREM. 


The angeles, that are mm the ſame ſegment of a 
circle, or that have the [ame arch for their 


baſe, are equal. 


F 'the angles BAC. and 

A BDC are 4 the ſame ſeg- 

ment of a circle, which 1s 
greater than a ſemicircle, 
B c they will be equal. Draw 
© he lines BI and CI. 
Demonſtration. 

The angles A and D are each of them the 
half of the angle BIC, (by the preceding, ) 
therefore they are equal. They have like- 
wile the ſame arch BC for their baſe. 


— Secondly, let the angles A and 
ZN D be in the fame ſegment BAD, 
| ES which 1s leſs than a ſemicircle ; 
they will nevertheleſs be equal. 
Demonſtration. 

' All the angles of the triangle ABE are 
equal to all the angles of the triangle DEC, 
(by x. Coroll. of the 32. 1.) but the angles AEB 
and DEC are aqua, | (by 7he 15.1.) Allo the 


angles ECD and ABE are equal], (by the pre- 
: \ceadrmg 
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ceding caſe,)being in the ſame ſegment ABCD, 
greater*than a ſemicircle ; therefore the 
angles BAE and EDC are equal ; which, 
the angles at E being equal, and conſequent- 
Iy (by the Coroll. of the 15. 1.) the lines AE 
and EC, making but one right line, as like- 
wiſe DE and EB another, are the angles A 
and D, 1n the ſame ſegment ABCD, and ha- 
ving the arch BC for their baſe. 

The USE. 

©This Propoſition 1s produc'd in Oprzcks - 
© to prove, that the line BC will appear of 
© the ſame greatneſs, when 'tis view'd from 
<A, and D, becauſe it 1s ſeen in both caſes 
© under equal angles. 

©'The ſame Propoſition 1s us'd to deſcribe 
© large circles without having their centers ; 
© for example, if we would make large Cop- 
© per baſons of a ſpherical figure, ſuch as we 
© might work upon 1n poliſhing SpeQacles, 
©and glaſſes to ſee at a great diſtance. For 
© having made 1n Iron an angle BAC equal 
*to that, which 1s conrain'd 1n the ſegment 
* ABC, and at the points B. and C ſtrongly 
© faſten'd two ſmall iron pins ; if the triangle 
©<BAC be mov ſo, that rhe ſide AB may al- * 
«© ways touch the pin B, and the fide AC the 


'» ©pinC, the point A wall deſcribe an arch of 


* the circle ABCD. This manner of deſcrib- 
finga circle may alſo be us'd in making 
* great Afirolabes. Ny | 
4, 2 PROP. 
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PROPOSITION XXII. 


A THEOREM. 


Quadrilateral ures, mnſcrib d in a circle, have 
their oppoſite angles equal to two right angles. 


| Bp T a quadrilateral f- 


\p four ſides, be 1nſcrib'd in 
/ a circle, in ſuch ſort that 


nate at the circumference 
of the circle ABCD: I ſay 
the oppoſite angles BAD and BCD are equal 
ro two right angles. Draw the diagonals AC, 
and BD. Demonſtration 

All the angles of the triangle BAD a 
equal to two right angles. In ſtead then of 
the angle ABD put the angle ACD, which 


1s equal to 1t, (by Zhe 21.) being in the ſame. 


ſegment ABCD : and 1a(tead of the angle 

_ ADB, put the angle ACB, which 1s in the 

fame ſegment of a circle .BCDA. There- 

fore the angle BAD, and the angles ACD 

and ACB, that 1s to ſay, the whole angle 
BCD, are equal to two right angles. 

| The USE. 

* Ptolomey makes ule of this Propoſition 

* to irame the table of Chords, or lines ſub- 

| tending 


gure, or a figure of 


all its' angles may termi- - 
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© tending arches. TI have alſo us'd the ſame 

© in my third book of 7rigonometry, to prove, 

© that the ſides of an obtuſangle triangle 
* would have the ſame proportion -among . 
© themſelves as the fines of the oppolite 
© angles. | a 


PROPOSITION XXII. 


A THEOREM. | 
Two ſimilar ſegments of a circh, deſcrib'd 
upon the ſame line, are equal. 


call thoſe fimilar ſeg. C 
ments of a circle, which PA I 
contain equal angles; and > N $ 
I ſay, that if ſuch be de- x Eris 
ſcrib'd upon the ſame line 
AB, they will fall one upon the other, and 
not exceed each other in any part. . For if 
either d1d exceed the other, as do the ſeg- ! 
ments ADB, and ACB, they would not be - 
, ſimilar: to demonſtrate which, draw, the 
lines ADC, BD and BC. Ef 
| . Demonſtration. | 

The angle ADB 1s an external angle in 
reſpett of the triangle DBC :: therefore (by 
the 16. 1.) 1t1s greater than the angle ACB, 
and by conſequence the ſegments' ADB and 
ACB contain unequal angles, which I ſay _ 
' 15 to be diſſimilar. PROP. 
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PROPOSITION XXIV. 


A THEOREM. ; 


T wo fomilar ſegments of a circle deſcribd 
* wupon equal lines, are equal, 


E 'Ftheſegments of the circles 
AEB and CFD, be ſimilar, 
A. B). and the lines AB and CD e- 


E qual, the ſegments alſo wall be 
equal. Demonſtration. 

© yp) Suppole the line CD to be 
plac'd upon the line AB, being 
ſuppos'd to be equal, they will not exceed 
each other ; and then the ſegments AEB and 
CFD will be deſcrib'd upon the ſame Jine, 
and therefore will be equal], (by he preceding.) 


The USL. 

© Crooked figures are frequently reduc'd to 
* recilineals by this Propolition. As for ex- 
A _ ample: ittwo fimilar ſegments 
_ of a circle. AEC and ADB, be 
© deſcrib'd upon AB and AC, the 
© equal] ſides of the triangle ABC: 
<*tis evident, that, tranſpoſing 
S C © the ſegment AEC unto ADB, 
* the triangle ABC is equal to the figure 

*ADBCEA. | | 
'PROP, 


The Third Book. 163 


O_ 


PROPOSITION XXV. 


A PROBLEM. 


To compleat a circle, of which we have but 4 
part. 


Aving the arch ABC 
given, to compleat 
the circle we mult find 1ts 
center ; to which end draw Mo 
the lines AB and BC, which QL 
having divided 1n the m1d- B 
dles at the points E and D, draw their two 
re_doci EI and DI; which will meer 
at the point I, the center of the circle. 
Demonſ/tration. 

The center 1s in the line DI, (by the Cor. 
of the 1.) it is alſo in EI, (by the ſame ;) 
therefore it mult be at the point I. 

The USE. 

©'This Propoſition occurs yery frequent- 
©ly ; but ſomerimes 1t is expreſs'd in other 
*terms : as to 1nſcribe a triangle ina circle z 
©or to deſcribe: a circle 
©through three points gi- @& B___ == 
© ven,provided they be not *}; 
*plac'd in a right line. eee 
Let the points propos'd LA Ii So - 
 beA,B,andG; and pla- Zo 
*cing the foot of the com: *"*d_____-- 

; L& pals 
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© paſs at the point C, deſcribe two arches F 
*and E, at any diſtance whatſoever. "Then 
© remove the foot of the compaſs to the point 
©B, and at the ſame diſtance deſcribe two 
| *other arches cutting the former in E and 
*F; alſo from the point B, as the center, 
© deſcribe at any di{tance the arches G and 


*H, and at the ſame diſtance from the cen-' 


©ter A two other arches cutting them in G 
*#and H. Which done, draw the lines thro' 
CFandE, Gand H, which ſhall cut each 
©other at the point D, the center of the 
©circle. The Demonſtration 1s obvious e- 
©nough; for if you had drawn the lines AB 
© and BC, you had, by this operation,divided 


* them equally and perpendicularly. This 


© Propoſition 1s exceeding neceflary to de- 
< ſcribe Arolabes, and compleat circles, of 
* which we have but three points. That Pro- 
* poſition in Aftronomy, which teaches how 
* to find the Apogeenm, and excentricity of 
© the circle of the Sun, virtually contains 
© this. And T alſo have made frequent uſe of 
*1t in my Treatiſe concerning the Cutting 
© of Stones. DO 


PROP. 


——— eg 
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PROPOSITION 


A THEORE M. 


Equal angles, whether at the centers, or the 
' circumferences of equal.circles, have equal 


arches for their baſes. 


F the angles D and T, at the 
centers of equal circles 
ABC, and EFG, be equal; the 
arches BC and FG will be e- 


qual. For if the arch BG was B' 


greater or leſs than the arch 
FG, ſince the angles are mea- 
ſur'd by arches, the angle D 
would be greater or leſs than 
the angle I. 

But 1f the equal angles be 
ſuppos'd to be at the circumfe- 


rences of equal circles, as A and E; the 
angles which they encloſe at the centers, as 
D and I, being their doubles, will be hke- 
wiſe equa], and conſequently require equal . 
arches tor their baſes, BC and FG; which 
arches. are likewiſe the meaſures of the 


angles A and E. 


XXVI, 
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PROPOSITION XXVII 
A THEOREM. 


Angles, whether at the centers or circumfe-, 
rences of equal circles, having equal arches 


for. their baſes, are alſo equal. 


F the angles D and I (jp. preced.) at th 

centers of equal circles have equal arches 
BC and FG for their baſes, they will be e- 
qual, becauſe their meaſures BC and FG are 
equal. And if the angles A and E, at the 
circumferences of equal circles have equal 
arches BC and FG for their baſes, ſince the 
angles they encloſe at the centers will be 


- 


equa], they alſo that are the halves of thoſe 


angles (by the 20.) will ke equal. 


PROPOSITION XXVIII. 


A THEOREM. 
Equal lines, within equal circles, anſwer to 
equal arches. | 


Pr | & the equal 
#Y lines BC 

and EF be ap- 

B C E —_ plied to equal 


circles, ABC, 
and 


/ 


*s  £- 2 »@ ad. ad © 
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and DEF, they will be the chords of equal 
arches, BC, and EF. Draw the lines AB, AG, 
ED, DF. Demonſtration. 

In the triangles ABC and DEF, the ſides 
AB and AC, DE. and DF are equal, being 
the ſemidiameters of equal circles; and 
their baſe's BC and EF are ſuppos'd equal, 
therefore: (by 7he 8. 1.) the angles A and D 
will be equal ; and: (by he 26.) the arches 
BC and EF will be alſo equal 


PROPOSITION XXIX. 


A THEOREM. 


The lines that ſubtend equal arches of equal 
circles are equal, | 


FF the lines BCand EF (/ee fig. preced.Prop.) 

ſubtend (or are the chords of ) equal arches 

BCand EF 1nequal circles,they will be equal. 
Demonſtration. / 

The arches BC and EF are equal, and 
parts of equal circles; therefore (by the 27.) 
the angles A and D will be equal. There- 
fore 1n the triangles ABC, DEF, the fides 
AB, AC, DE, and DF being equal, as alſo 
the angles A and D; the baſes BC, EF wall 
be equal, (by zhe 4. 1.) | 

The USE. 

7 heodoſtus by the 2.8 and 29 —— 

that 
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© that the arches of the circles of the 7/alian 
*and Babylonian hours, contain'd between 
© two parallels, are equal. We have alſo de- 
© monſtrated after the ſame manner, that 
© the arches of the circles of the Mtronomi- 
*cal hours, contain'd-between two lines pa- 


© ralle] to the Z9aator, are hkewiſe equal. . 


©'Theſe Propolitions are almoſt of continual 
*uſe in ſpherical 7r;2onometry, and alſo in 
* Dualling. 


P12 


PROPOSITION XXX. 


A PROBLEM. 


To arvae an arch of a circle into two equal 
parts. 


Uppoſe the arch AEB was 
to be divided into two e- 
qual parts, Place the foot of 
the compaſs at the point A,and 
deſcribe rwo arches Fand G ; 
then removing 1t to, the point 
B, at the ſame diſtance deſcribe 
other two arches, cutting the former m F 
and G; the line GF will cut the arch AB 
equally at the point E. Draw the line AB. 
Demonſtration 
By this operation we have divided the line 
AB into two equal parts. For ſuppoſe there 
| - were 
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were drawn the lines AF, BY ; AG, and BG; 
(which I have nor done, leſt the figure ſhould 
appear confus'd,) the triangles FGA and 
FGB would have all their fides equal; there- 
fore (by the 8. 1.) the angles AFD, and BFD 
would be equal. Again, the triangles DFA 
and DFB have the ſide DF common, the 
. ſides AF and BF equal, and the angles DFA 


and DEB equal : therefore (4y the 4. 1.) the. 


baſes AD and BD are equal, and alſo the 
angles ADF and BDF. We have therefore 
divided the line AB equally and perpendicu- 
larly at the point D. - Therefore (oy the 1.) - 
the center of the circle 1s 1n the line FG. Sup- 
ole 1t then to be the point C, and draw the 
a0 CA and CB; all the ſides of the' trian- 
gles ACD and BCD are equal : therefore (by 
zhe 8. 1.) the angles ACD and BCD are equal, 
and (by the 26.) the arches AE and EB. 
The USE. 
© Having frequent occaſion to divide an 
arch into two equal parts, the exerciſe of 
* this Propoſition 1s very common. 'Tis 
©thus that we divide the Mariners compaſs 
© into 32 winds : for having drawn two dia- 
© meters cutting each orher at right angles, 
* we divide the circle into four ; and ſubd1- 
*v1ding each quarter in the middle, we have 
* eight parts; and again ſubdividing thoſe 
* twice, we make 32. We have allo occa- 
© ſion for the ſame operation in the dividing 
| a 
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* ©a ſemicircle into 180 degrees; and, becauſe 
© to compleat that diviſion we are oblig'd to 


* divide an arch into three equal parts, all * 


© Geometricians have ſought after a method of 
© doing that Geomerrically, but have not yet 
© been ſo happy as to find one. 


PROPOSITION XXXI. 


A THEOREM. 


The angle in a ſemicircle is a right angle, that 
which is in a ſegment greater than a ſemi- 
carcle rs an acute, and that which is in a tkeſſer 
Segment 25 an obtuſe. 


- /E—ODd8. TF the angle BAC be in a fe. 
SES \ micircle, I will prove that 


It 15 a right angle. Draw the 
line DA. Demonſtration. 
The angle ADB being an ex- 


ternal angle in regard of the 

triangles DAC, is equal to both the internals 
DAC and DCA (by 7he 32. 1.) and thoſe being 
equal (by the 5. 1-), becauſe the ſides DA and 
DC are equal,itwill be double the angleDAC. 
In like manner the angle ADC 1s double 
the angle DAB: therefore the two angles 
ADB and ADC, which are equal to two right 
angies, 
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angles, are double the whole angle BAC and 
conſequently the angle BAC 1s a right angle. 
Secondly, the angle AEC, which is in 
the ſegment AEC leſs than a ſemicircle, is 
an obtufe angle. For in the quadrilateral 
figure ABCE, the two oppoſite angles E and 
B are equal to two right angles, (4x the 2.2.) 
but the angle B 1s an acute ; therefore the 
angle E will be an obtuſe. 
hirdly, the angle B, which 1s 1n the 
ſegment ABC greater than a ſemicircle, 1s 
an acute ; -becauſe in the triangle ABC, the 
angle BAC is a right angle. 


The USE. 
* HMechanicks make uſe of this Propoſiti- 


©on to try if their Squares 
© be juſt ; for having deſcrib'd 
© a ſemicircle BAD, they lay 
© down the point A - their 
© \quare BAD upon the cir- 
c wy oi = one of its JSP 
© {ſides AB upon the point of 
© the diameter B: and then the other branch 
* AD ought to paſs preciſely to the point D, 
© which 1s the other extreme of the diameter. 
* Prolomey uſes this Propoſition to compoſe 
© his table of Chords or Subtendents, of which 
© he has occaſion in his 7rigonometry. 
* There 1s alſo a method of raiſing a per- 
pendicular 


Mins. —_— 
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© pendicular at the end of a line, grounded 
© upon this Propoſition. For example, to 
© raiſe a perpendicular at the point A of the 
< line AB. I place the foot of the compaſs, 
© upon the point C taken any where, and de- 
© ſcribe a circle through the point A, cutting 
the line AB at the point B, Then I draw 
© the line BCD ; and ſo 'tis evident, that 
© the line AD 1s 11 a ſenucircle. 


PROPOSITION XXXII. 


A THEOREM. 


A line cutting a circle at the point of contadt, 
enakes, with the tangent, angles, equal to 
thoſe in the alternate ſegments. 


| | = © ET the line BD cut the 
A oo circle at the point B, 
which 1s that where the line 
AB touches 1t. I ſay the angle 
| | CBD, made by the line BD 
q | D and the tangent ABC, 1s equal 
tothe angle F 1n the alternate 
ſegment BFD; and that the angle ABD 1s e- 

| qual to the angle E 1n the ſegment BED. 
— ,Farſt, 14 the line paſs through the center, 
| as the line BE, it will make with the tan- 
gent two right angles, (by zhe 18.) andthe 
angles of the ſemicircles would be alſo right 
; angles, 


——_ 
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_— (by the preceding,) therefore in this 
caſe the Propoſition would be true. Bur if 


the line do not paſs through the center, as 


BD ; draw the line BE through the center, 
and joyn the line DE. 
Demonſtration. 

The line BE makes with the tangent two 
right angles; and all the angles of the tri- 
angle BDE are equal to two right angles, (by 
the 32.1.) therefore taking away the right 
angles CBE, and D which is in the ſemi- 
circle, and likewiſe the angle EBD which 
15 common to bath, there will remain the 
angle ABD equal to the angle E. 

Again, the angle CBD 1s equal to the angle 


' F; becauſe in the quadrilateral figure BFDE, 


which 1s inſcrib'd in a circle, the oppoſite 
angles EandF are equal to two right angles, 
(by the 22.) but the angles ABD and CBD 
are alſo equal to two right angles, (by the 
I3.1.) and the angles ABD and E are chua 
as I have now demonſtrated: therefore the 
angles CBD and F are equal. 


The USE. 


*' This Propoſition 1s neceflary to prove 
*that which follows. 
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PROPOSITION XXXIll. 


A PROBLEM. 


Upon a line given to deſcribe a ſegment of a 
circle capable of an angle given. 


| Pap 1t be propos'd to de- 
ſcribe a ſegment of a 
circle upon the line AB capa- 
ble of the angle C. Make the 
angl 

C, and draw AE perpendicu- 
lar to AD ; make alſo the angle 


B A 


Ft 


BAD equal to the angle 


ABF equal to the angle BAE: and in fine, 


from the point F, where BF and AE concur, 
at the diſtance BF or FA, deſcribe a circle. 


The ſegment BEA 1s capable of an angle e- | 


qual tothe angle C. 

x '  Demunſiration. | 
. The angles BAF and ABF being equal, 
the lines FA and FB are equal, (by zhe 6. 1.) 
and the circle, which 1s deſcrib'd from the 
center F, by A, -paſles by B: Now the angle 
DAE being a right angle, the line DA 
touches the circle in A, (by 7he 16.) there- 
fore the angle contain'd in the ſegment BEA, 
as the angle E, 1s equal to the angle DAB, 
that 1s the angle C, (by the preceding.) Butif 
the angle given be an obtuſe, we muſt take 
an acute, 1ts complement to 180 degrees. 


ROP. | 


y 


if 
FAY 
bi 
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PROPOSITION XXXIV. 


A PROBLEM. 


A circle being given, to cut a ſegment in it 
Capable of a certam angle. 


'0 cut a ſegment of the B D 
[ circle BCE capable of © y 
the angle A, draw (by 7he ex: | 


\ . T7.) the tangent BD, and \F, 
fd 


make the angle DBC equal 
to the angle A. 'Tis pid cam 
(by the32.) that the ſegment BEC 1s capa- 
ble of an angle equal. ro DBC, and conlſe- 
quently to the angle A. | 
 F& VSX 

©T have - made uſe of this Propoſition: to' 

© find Geomerrically the excentricity of the 


» © Annual circle of the Sun, and his Jpogeum, 


© having three obſervations given. Tis ujed 
© ikewiſe 1n Opricks, to find a point where 
* two unequal lines: propos'd may appear e- 
* qual, or under equal angles, by making 
© upon each line ſegments which wilt contain 
© equal angles, ES 


PROP. 
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PROPOSITION XXXV.! 


A THEOREM. 


If two lines cut each other within a circle, 
the reftangle contain'd under the parts of 
one is equal to the reffangle contain d under 
the parts of the other. | 


Irſt, if the two lines cut each other in 

the center, they will be both equal, and 

both equally divided ; ſo that in that caſe it- 

18 evident, the reftangle contain'd under the 

parts of one, will be equal to the retangle 
contain'd under the parts of the other. 

Secondly, if one of. the 
lines paſs through the cen- 
ter F, as AC, and @ivide the 
line BD into two equal parts 
7» At the point E:_ I ſay, the 
 reQtanglecontain'd under AE 

© - _ and EC is equal to the re&- 
angle contain'd under BE and ED, that is 
to ſay, to the ſquare of BE. The line AC 
1s perpendicular to BD, (by the.) 
| Demonſtration. 

Since the line AC 1s divided equally in F, 
and unequally in E, the —_— contain'd 
under AE, and EC, with the ſquare of FE, 

1s 


% 


| 
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is equal to the ſquare of FC or FB (by the 
5. 2.) Now the angle E being a right angle, 
the ſquare of FB 15s equal to the ſquares of 


* BEandFE ; therefore the re&angle under 


AE, EC, with the ſquare of FE, 1s equal to 
ſquares of BE ind EF : and taking away the 
ſquare of EF, there remains the reQangle 
under AE, EC, equal to the ſquare of BE. 

Thirdly, let the line paſs 
through the center F, and di- 
vide the line CD 1nto unequal 
parts at the point E : draw 
FG perpendicular to CD, and 
(by the 3.) the lines CG and 
GD will be equal. 

| Demonſtration. 

Since the line AB 1s divided equally in F 
and unequally in E,' the reQangle contain'd 
under AE, EB, with the ſquare of EF, 1s e- 


qual to the ſquare of FB, or. FC, (by rhe 5. 


2.) Inſtead of the ſquare of EF put the 
ſquares of FG and G&, which are equal to 


it, (by the 47.1.) 


In like manner the line CD being divided 
equally 1n G, and unequally in E ; the re&t- 
angle under CE, ED, with the ſquare of GE, 
1s equal to the ſquare of GC. Add phe ſquare 
of GF; the rectangle under CE, ED, with 
the ſquares of GE and GF, will be equal to 
the + noran of CG*and GF, that 1s to ſay, 
(by the 4-7. 1.) to the ſquare of: FC. There- 

| Tn - = fore 
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fore the re&angle under AE, EB, with the 


{quares of EG and GF, 1s equal to the reQ- 
angle under CE, ED, with the ſame ſquares : 


and conſequently taking away the ſame : 


ſquares from both, the re&angle AE, EB, 
w1ll be equal to the reCtangle CE, ED. 
Fourthly, if the lines CD and HI, cut 
each other in E, neither of the two 
paſſing through the center : I ſay, the re&- 
angle CE, ED 1s equal to the rectangle HE, 
EI. For drawing the line AFB, it 1s plain 


the rectangles CE, ED, and HE, EI, are both - : 


equal to the reangle AE, EB, (by the pre- 
ceding caſe ;) therefore they are equal be- 
rwixt themſelyes. 


The USE. 


We are taught by this Propoſition a me- 
© thod of finding a fourth proportional to 
© three lines given, or a third proportional 
*to two. 
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PROPOSITION XXXVI. 


A THEOREM. 


tf from a point taken without the circle a line 
be drawn to touch, and another to cut, the 
circle : the ſquare of the tangent will be 
equal to the refFangle contain'd under the 
whole ſecant, and the external line. 


0% the line AB to 
be drawn from the 
point A, taken withont the 
circle, to touch the circle 
in B; and the line AC, or 
AH cutting 1t. The ſquare 
of AB will be equal to the 
reftangle contain'd under 
AC and AO, as alſo the reQtanglegontain'd 
under AH and AF. If the ſecant paſs thro' 


[the center, as AC, draw the line EB. 


Demonſlration. 


Since the line OC 1s divided in the mid- 
dle at the point E, and the line AO added 
to 1t ; the reCtangle contain'd under AO and 
AC, with the ſquare of OE or EB, will be 
equal to the ſquare of AE, (by zhe 6. 2.) 
Now the line AB is ſuppos'd to toueh the 
the circle at thg point B: therefore (by 7he 
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18.) the angle B 1s a right angle, and (by 
the 471.x;) the ſquare of AE is equal to the 
ſquares of EB and AB; therefore the reft- | 
angle under AC and AO, with the ſquare of 
EB, is equal to the ſquares of EB and AB: 
and taking away the ſquare of EB from both, 
the re&angle under AC, AO will be equal to . 
the ſquare of AB. | 

Secondly, ſnppoſe the ſecant -AH not to 
paſs through the center; and draw the line 
EG perpendicular to FH, which will divide 
in the middle the line, FH at the point G ; 
draw alſo the line EF. | 

Demonſtration. 

The line FH being divided equally at the 
point G, and the line AF being added to it ; 
the reCtangle contain'd under AH, AF, with 
the ſquare of FG, will be equal to.the ſquare 
of AG. Add to both the ſquare of EG: the 
reQangle pnder AH, AF, with the ſquares of 
FG and GE, that 1s (by Zhe-47. 1.) the ſquare 
of FE, or EB, will be equal ro the ſquares of 
AG and GE, that 1s, (by the 47.1.) the ſquare 
of AE. :Further, the ſquare of AE (by the 
ſame) 18 equal to the ſquares of EB and AB: 
Therefore the reQtangle contain'd underAH, 
AF, with the ſquare of BE, 1s equal to the ' 


| ſquares of BE and AB : and taking away the 


ſquare of BE from both, the reQtangle \con- 
tain'd under AH, AF wall be equal to the 
ſquare of AB. | 

L Coro/l. 
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Coroll. 1. Tf you draw divers ſecants from 
the ſame point, as AC and AH, the reftangles 
under AC and AO, AH and AF, will be equal 
betwixt themſelves, ſince they are both e- 
qual to the ſquare of AB. 

Coro/ll. 2. If you draw two tangents from 
the ſame point, as AB, AI, they will be e- 
qual : becauſe the ſquares will be equal to 
the ſame re&angle under AC and AO, and 
conſequently betwixt themſelves ; as alſo 
the lines. | 


—=— 


PROPOSITION XXXVII. 


A THEOREM. 


1f the refangle contain'd under the ſecant and 
the external line be equal to. the ſquare of a 
line that falls upon the circle, that line will 
touch the circle. | 


QVopoſe the ſecant to be AC or AH, and 


the reQtangle AC, AO; or AH, AF, (ſee 


fig. preced.) to be equal to the ſquare of the . 
line AB; the line AB will touch the circle. 


Draw the tangent AI, (by the 17.) and the 
line TE. > | 
 Demonſiration. 
Since the line AI touches the circle, the 
rectangle AC, AO; or AH, AF, wall be equal 
| . tO 


- —— 


t F 
i 


ji 


DEP Col "en EI HEE wh. wt er LOI, Bo ns 
_ . 


182 The Elements of Euclid. 


to the ſquare of AT. But the ſquare of AB 
is ſuppos'd to be equal to either of thoſe 
reQangles; therefore the ſquares of AI and 
AB are equal, and conſequently the lines 
AI and AB. Therefore the triangles ABE 
and AIE, having all ſides equal, will be e- 
quiangular, (by zhe 8. 1.) and becauſe the 
angle AIE 1s a right angle, (by the 18.) the 
line AT being a tangent, the angle ABE will 
be a right angle, and the line AB a tangent, 
(#9 the 16.) | 
. The USE. 


© Mauryhcus makes uſe of this Propoſition 


| Eg find the diameter of the Earth. For 


© obſerving from the top of a mountain OA, 
© the ſuperficies of the Earth by the line BA, 
© he takes notice of the angle OAB, made by 
© the line AB and a perpendicular AC: and 
© by Trigonometry calculates the length of 


| ©the line AB. Then multiplying AB by AB 


© to have 1ts ſquare, he divides the produt 
* by AO the hejght of the mountain, which 
*s1ves the quotient AC, the diameter of the 
© Earth, with the height of the mountain ; 
© from which having ſubdued AO, there 
* will remain OC the diameter of the Earth. 
©This Propofition ſerves alſo to prove the 
* fifth of the third Book of Trjgonomerry. 
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THE FOUR TH BOOK 
OF THE 


ELEMENTS 


EUCLID: 


PF\HIS fourth Book is exceeding 
: | ' uſeful in 77jgonomerry.: For by 
, inſcribing Polygons in a Circle, 
© we learn the methods of compoſing the 
©Table of Subtendents, Tangents and Se- 
*cants ; a practice moſt neceſſary for taking 
© all forts of Dimenſions. 
© Again, by inſcribing Polygons in a circle, 
t we find the divers Aſpetts of the Stars, 
*which alſo take their names from thoſe 
© Polygons. | 
© Thirdly, the ſame operations give us 
© the Quadrature of the Circle, as exact as 1s 
© needful. And by them we alſo demonſtrate, 
* that Circles are 1n the duplicate proportion 
*of that of their Diameters. 
*Fourthly, Military ArchiteQure _ 
re- 
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'© frequently require to inſcribe Polygons in 
*acircle, to compole the deſigns and plat- 
© forms of regular Fortifications. | 


D EFINITIONS. 
'A A ReQlineal figure 1s 


inſcrib'd in a circle, 
or a circle is deſcrib'd about 
it, when all its angles are in 
the circumference of the ſame 
circle. 

.* As the triangle ABC is inſcrib'd in a 
© circle, and the circle is deſcrib'd about the 
© triangle ; becauſe its angles A, B, and C, 
© do all terminate at the circumference. The 

: © triangle DEF 1s not inſcrib'd in the circle, 
© becauſe the angle D does not terminate at 
< the circumference of the circle. | 

2. A re&ilineal figure 1s deſcrib'd about 
a Circle, and the circle inſcrib'd within 
| that figure, when all the ſides 

K__@& of the figure touch the cir- 

cumference of the circle. 

* As the triangle GHT 1s de- 

© {crib d about thecitrcleKLM 
© becauſe its ſides touch the 

© circumference of the circle in K, L; and M. 

3- A line 1s apylyd to, or inferib'd in a 

circle, 
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circle, when its two extreams touch the cir- 
cumference of the circle. © As the line NO. 
«But the line RP 1s not inſcrib'd in the 
&« circle. 


V 


PROPOSITION I. 


A PROBLEM. 


To inſcribe in a circle a line, that dies not ex- 
ceed its diameter. 


ET a line be propos'd D 
I, to be inſcrib'd in the N23 
circle AEBD, not exceed- 

ing its diameter. Take the VV / 
length of the line propos'd I 

upon the diameter ; for ex- 

ample, let it be BC. Place the foot of the 
compaſs upon the point B, and deſcribe a 
circle at the diſtance of BC, which may cut 
the circle AEBD in D and E. Then draw 


the line, BD or BE. "Tis evident on" are 
equal to BC, (by the definition of a circle.) 


Sp The USE. 


© This Propoſition is neceſſary for the per- 
© formance of what 1s requir'd in the fol- 
© lowang. | 


PROP. 


yy 
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PROPOSITION UI. 


A PROBLEM. 


To inſcribe in acircle a triangle *equiqngular to 
| another iriangle. 


EF —D ET the circlebe EGH, 
al in which a triangle 


1s to be inſcrib'd, equian- 
Ps. gular to the triangle ABC. 

Dxzaw the tangent FED, 
(by the 17. 3.) and at the point of «contaQt E 
make the angle DEH equal tothe angle B, 
and the angle FEG equal to the angle C, (by 
the 23. 1.) and draw the line GH; the tri- 


angle EGH will be equiangular to the tri-. 


angle ABC. 
| _ -  "Demonſiration. 

The angleDEH 1s equal to the angle EGH 
of the alternate ſegment, (by 7he 32. 3.) But 
the angle DEH 1s equal to the angle B, and 
conſequently the angles B and G are equal. 
By the ſame reaſon the angles C and H are 
alſo equal, and (by Coroll 
the angles A and GEH will be equal. There- 


fore the triangles EGH and ABC are equi- | 


angular, 


PROP. 
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PROPOSITION III 


A PROBLEM. 


To deſcribe a triangle about a circle,equiangular 
to another triangle. | 


J* you would 


deſcribe a tri- - G 
angle equiangu- "ils, - 
lar to the trian- FC BD 


gle ABC «about N. 
the circle GKH. - 

Continue one of the ſides of the triangle 
given BC to D andF, and make the angle 
GIH equal to the angle .ABD, and HIK e- 


.» 


qual to the angle ACF : then draw the tan- 


gents EGM, LKN, and NHM, through the 
points G, K, and H. Theſe tangents will 
concur; becauſe the angles IKL and IGL 
being right angles, if you ſhould draw aliftte 


KG, the angles KGL and GKL would be lefs 


than two right angles : therefore the lines 
GL and KL muſt concur, (by the 1x. Axrom.) 
Demonſtration. 

All the angles of the quadrilateral GTHM 
are equal-to four right angles, becauſe it 
may be divided into two triangles. . The 
angles IGM- and IHM, which are made vy 
- the 
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the tangents, are right angles; therefore the 
angles'M and I are equal to two right angles, 
as are alſo the angles ABC and ABD. Bur 
the angle GIH 1s equal to the angle ABD, '. 
therefore the angle M wall be equal to the . 
angle ABC. By the ſame reaſon the angles ' 
N and ACB are equal, and therefore the tri- 
angles LMN and ABC are equiangular. 


[4 


PROPOSITION IV. 


—— —_— 


_ A PROBLEM. , 
To inſcribe axcircle in a triangle. 


A. F you would inſcribe a cir- 
A cle 1n the triangle ABC 
2 divide the. angles ABC and 

FAA ACB into two equal parts, (by *' 
B » F - C zhe 9. 1) drawing the lines {| 
| | BD and CD, which will con- © 
| cur at the point D. . This done, from the 
point D draw the perpendiculars DE, DF, 
and DG, which will be equal]; ſo that a circle 
deſcrib'd from the center D, at the diſtance 
DE, will paſs through F and G. 
Demonſtration. 
The triangles DEB and DFB have the 
angles DEB and DEB equal, being both righe 
angles : the angles DBE and DBF are alſo 


I equal, 


— _ 
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equal, the angle ABC having been divided 
into two equal parts; and the fide DB is 
; common: therefore (by 7he 26. 1.) the trian« 

* gles will be equal in all reſpects, and the 
ſides DE and DF will be equal, After the 
ſame manner might I demonſtrate the ſides 
DF and DG to be equal. *Tis pollible there- 
fore to deſcribe a circle which ſhall paſs 
through the points E, F, and G ; and becauſe 
the angles E, F, and G are right angles, the 
ſides AB, AC, and BC will touch the circle, 
which by conſequence is infſcrib'd in the 
triangle. EE, 


PROPOSITION Y. 


e A PROBLEM. 
To deſcribe a circle about a triangle. 


F you would deſcribe a cir- 
| cle about the triangle ABC, 
divide the ſides AB and BC 1n- 
to two equal parts, at the points 
D and E, drawing the perpen- 
diculars DF and EF,which will concur at the 
point F. Which done, 1f you deſcribe a cir- 
cle from the center F at the diſtance FB, it 
w1ll paſs through A and C; that 1s to ſay, the 
lines FA, FB, and FC, are equal. * 

Demonſtration. | 


The triangles ADF and BDF have the 
N fide 
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ſide DF common, and the fides AD and DB 
equal, the fide AB having been divided e- 
qually 1n D; and the angles at D are equal, 
being right angles. Therefore (by he 4. 1.) 
the baſes AF and BF are equal; as alſo the 
baſes BF and CF. | | 
The USE. 

©T have frequent occaſion to inſcribe a 
* triangle in a circle ; as, for inſtance, in the 
« firſt Propoſition of my third Book of Tri- 
© 2onometry. This pertormance alſo is ne- 
- ©cellary for the meaſuring the area of a tri- 
© angle ; and upon many other occaſions, 


PROPOSITION VI. 
A PROBLEM. 


To inſcribe a ſquare in a circle. 


| O inſcribe a ſquare in the 
4Y T /circle ACBD. draw the 
__—_ AB, and perpendicu- 

lar to it the line DC paſling 
DS B through the center E; then . 
draw the lines AC, CB, BD,DA, 
and you will have inſcrib'd in the circle the 

iquare ACBD. Demonſtration. 

, The triangles AEC and CEB have their 
iides equal, and the angles AEC and CEB -n | 
qual, 


A. 


_: ' Fourth Book. I9H 


- * qual, being both right angles : therefore 


their baſes AC and CB are equal, (by he 4. 
I.) Further, becauſe the ſides AE and EC are 
equa]l,the angles EAC and ECA will be equal : 


and the angle E being a right angle, they 


will be half-right angles, (by z7he 32. 1.) 
therefore the angle ECB 1s half a right 
angle, and conſequently the: angle ACB will 
be a right angle, And the ſame reaſon holds 
for all the reſt : therefore the figure ACBD 


1s a ſquare. : 


'PROPOSLTION VII 


A PROBLEM. 
To deſcribe a ſquare about a circle, 


Aving drawn the two dia- LA & 
meters AB and CD, which {c D 
cut each other perpendicularly ww 


at the center E, draw the tan- [1B 


"gents FG, GH, HI, and IF, by 


the points A, D, B, C, and you will have de- 
{crib'd the ſquare FGHI, about the circle 
ACBD. Demonſtration. 

The angles E and A are right angles, 
therefore (by 7he 27. 1.) the lines FG and 
CD are parallels. After the ſame manner L 
may prove, that CD and HI, FI and AB, 
AB and GH, are parallels. Therefore the 

N 2 figure 
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figure FCDG 1s a parallelogram, and (by 
the 24. I.) the lines FG and CD are equal, 
as alſo the lines CD and IH, FI and AB, AB 
and GH; and conſequently the ſides of the 
figure FG and HI are equal. Further, 
{ſince the lines FG and CD are parallels, and 
the angle CDG 1s a right angle, the angle 
G will alſo be a right angle (by he 29. 
I.) After the ſame manner I may demon- 
ſtrate the angles F, H, and JT, to be right 
angles. Therefore the figure FGHI is a 
ſquare, whoſe {ſides touch the circle. 


PROPOSITION VIIL 


A PROBLEM. 
To inſcribe a circle mm a ſquare. 


F you would inſcribe a circle in the 
iquare FGHI, [ſee fg. precea.] divide the 
ſlides FG, GH, HIT, IF, 1n the middles at the 
.* points A, D,*B, C, and draw the lines AB 
*and CD, which may cut each other at the 


point F. I demonſtrate that the lines EA, 


ED, EB, and EC are equal], and the angles 
A, D, B, C, right angles : and that therefore 
you may deſcribe a circle from the center 
E, which will paſs through A, D, B, and C, 

and touch the ſides of the ſquare FGHI. 
| _ Demuon- . 
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Demonſtration. | 
Since the lines AB and GH do conjoyn the 
lines AG and BH, which are parallel and - 


- , equal, they alſo will be parallel and equal : 


therefore the figure AGDE 1s a parallelo- 
gram ; and the lines AE and GD, AG and ED 
are equa] : and AG.and GD being equal, AE 
and ED will be equal alſo.” Tis after the ſame 


- manner that the lines AE, EC, EB, are 


prov'd equal. Further, AG and CD being 
parallel, and the angte G a right angle, the 
angle D will be ſo likewiſe. Therefore the 
circle ADBC may be deſcrib'd from the 
center:F, which will paſs through the points 
A,D, B, C, and touch the ſides of the ſquare. 


PROPOSITION IS 


A PROBLEM. 
To deſcribe a circle about a ſquare. 


O deſcribe a circle about the ſquare 
'E ACBD, [ ſee jig. in _ 6.] draw the 
diagonals AB and CD, which will cut each 
other at the point E; the point E will be 
the center of the circle, which will paſs 
through the points A, C, B, D. Tt ought 
therefore to be demonſtrated, that the lines 
AE, EB, CE, and ED are equal. 

| N 3 Demons 
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Demonſtration. 

The ſides AC and CB are equal, and the + 
angle C is a right angle ; therefore the an- | 
gles BAC and ABC are equal, (by 7he x5. 1.) . 
and half right angles, (by the 32. 1.) ; 

Aﬀter the ſame manner I demonſtrate, that | 
the angles ACD, ADC, BDC, and BCD, are *' 
half right angles. Therefore the triangleAEC * 
having the angles EAC and ECA half right : 
angles, and conſequently equal, will have : 
alſo (by the 6. 1.) its fides AE and EC equal. + 
The ſame may be prov'd of the lines ECand : 
EB, EB and ED, that they likewiſe are e- 


qual. | | 
The USE. 
©We ſhow in the 12. Book, that Polygons . 


* Einſcrib'd in a circle, degenerate into cir- 


© cles : and as theſe Polygons are always in # 
©the duplicate proportion of that of their * 


.< diameters, ſo likewiſe are circles. Inpra-, * 


« Etical Geometry we have frequent occaſion 
© to inſcribe a ſquare and other Polygons in 
©acircle, or to deſcribe them about it, to 
* r:duce Fl circle to a ſquare. 


« PROF. 
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PROPOSITION K&X. 


A A PROBLEM. f 


To deſeribe an Tſoſceles (or eguicrural) triangle 
having its angles at the baſe, each of them 
double to the third angle. 


TO deſcribe an Tſoſceles A 


ABD, having each of its 
angles ABD and ADB, double , 
theangle A; divide the line AB © 


(by the 11. 2.) ſo that the ſquare by 7 
of AC may be equal to the rect- 
angle under AB.and BC; and from the cen- 
ter A at the diſtance AB deſcribe the circle 
BD, in which inſcribe BD equal to AC; and 
drawing the line DC, deſcribe a circle about 
the triangle ACD, (by zhe 5.) 
| Demonſtration. | 
Since the ſquare of AC or BD is equal to 
the reangle contain'd under AB and BC, the * 
line BD will touch the circle ACD at the 
point D, (by 7he_37. 3.) therefore the angle 
BDC wall be equal to the angle A, being in 
the alternate ſegment CAD, (by z2he 32. 3.) 
Now the angle BCD, being an external angle 
in reſpect of the triangle ACD, is equal to 
the angles A and CDA; therefore the angle 
"4 _ 


> & \ 
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BCD. 1s equa] to the angle BDA. Further, ; 


the angle ADB 1s equal to the angle ABD,) 
(by the 5. 1.) therefore DCB and DBC are e- 
qual, and (by he 6. 1.) the ſides BD and DC 
w1ll be equal : and fince BD 1s equal to AC, 
the ſides AC and CD will be equal; and fo 


likewiſe the angles A'and CDA. Therefore 


the angle ADB gs double the angle A. 


CO —_—— —_— 


PROPOSITION XL. 


A PROBLEM. 


To mſcribe a regular Pentagon 11 a circle, 


Ho *O inſcribe a Re- 

gular Pentagon in 

"ag G a circle; deſcribe (by 
/ the To.) an J/ſoſteles 
ABC, having each of its 


S FRYE der baſe. deakiic the 


* angle A. Infcribe in the circle the triangle 
DEF equiangular to: ABC: then divide the + 


angles DEF and DFE into two equal parts, 
drawing the lines EG-and FH. Laſtly, joyn 
the lines DH, DG, GF, EH, and you will 
have defcrib'd a regular Pentagon ; that is to 
ſay, a Pentagon haying equzl ſides, and e- 


_ qual angles. 


angles ABC, ACB, at 


Demon. 
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Demonſtration. ng 

The angles DEG, GEF, DFH, and HFE, 
being the halves of the angles DEF and 
DFE, each of which 1s double to the angle 
EDF, are equal to the angle EDF: and con- 
ſequently the five arches, which are their _ 
baſes, are equal, (by 7he 26.3.) and the lines 
DH, HE, EF, FG, and GD, are equal, (4y the 
29. 3.) Secondly, the angles DGF, GFE, and 
ſo of the reſt, having each three of thoſe 
equal arches for its baſe, will be alſo equal, 
(by the 27. 3.) 'Therefore the fides and angles 
of the Pentagon DHEFG are equal. 


———— 


- PROPOSITION XI. 


A PROBLEM. 
To deſcribe a Pentagon about a Circle, 


Nſcribe a regular Penta- @__ A __T 
gon ABCDE in the 
circle, (by the. 1x.) and E B. 
having drawn - tangents E 
through the points A, B, jj 


C, D, E, (by the 17. 3.) « 

you will ho deſcrib'd IE, 

a regular pentagon about the circle. Draw 

the lines FA, FG, FE, FE, FD. * 
Demonſtration. 

The tangents GE and GA are equal, (4 


5 C0- 
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coroll 2. of the 36. 3.) as alſo FH and HD: 
the lines FA and FE are alfo equal (by the 
definit. of a circle ;) therefore (by the 8. 1.) 
the triangles FGA and FGE are equal in all 
reſpedts; and the angles AFG and EFG are 

. equal, as alſo the angles EFH and DFH. 
And becauſe (by the 27. 3.) the angles EFA 
and EFD are equa], their halves EFH and 

+ EFG will be equal; and (by the 26. 1.) the 
triangles EFH and EFG will be equal in all 
reſpeQs, and the ſides EG and EH will be 
alſo equal. After the ſame manner | can de- 
monſ\trate all the {ſides to be divided into * 
two equal parts ; and conſequently, fince the. ? 
lines GE and GA are equal, GH and GI will 
be alſo equal. Further, the angles G and H 
being double the angles FGE and FHE, are 
alſo equal. Therefore we have deſcrib'd a 
regular Pentagon about the circle. 
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PROPOSITION XIIL 


A PROBLEM. 
To inſcribe a Circle in a regular Pentagon. 


| O inſeribe a circle in 

the regular Pentagon 
- ABCDE, divide the an- 
/2 gles A and B into two e- 
3X qual parts. by the lines AF 
X> and BF, which concur = 
the 


"CEL IO 


_ 
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the point F. Then drawing the line FG per- 
pendicular to AB, deſcribe a circle from the 
center F at the diſtance FG. TI fay it will 
touch all the other ſides ; that 1s to ſay, ha- 
ving drawn FH perpendicular to BC, FH 
and FG w1ll be equal. | | 
Demonſtration. | 

Since the equal angles A and B were di- 
vided into two equal parts,their halves GAF 
and GBF will be equal : and ſince the angles 
at G are right angles, the triangles AFG 


2H and BFG will be equal in all reſpes, (by 


the 26. 1.) therefore the lines AG. and GB 
are equal. 

Further, I may prove the lines BG and 
BH, as alſo the lines FG and FH, to be e- 
qual; and the fides AB and BC of a regular 
Pentagon being equal, the lines BH and HC 
will be equal ; and conſequently, the angles 
at the point H being alſo right angles, and 
equal, the triangles BFH and HFC will be 
equal in all reſpe&s, and the angles FBH and 
FCH will be equal. And ſince the angles B - 
and C are ___ the angle FCH will be half 
the angle C. So paſling. from one to the . 
other,I will demonſtrate, that all the perpen- 
diculars FG and FH, and the reſt, are equal. 


PROP. 
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. PROPOSITION XIV, 


A PROBLEM. | 
To deſcribe a circle about a regular Pentagon, 


A. O deſcribe a circle about 

po L the regular Pentagon 

B A ABCDE; divide equally two of 
its ſides AB and BC at G and 

H, and draw the perpendicu- 

lars GF and HF. The cirele 


CR” 


—, 


drawn front the center F, at : 


the diſtance FA, will paſs through B, C, D, E. 
Demonſtration. FEE 

Suppoſe the circle deſcrib'd, it 1s evident 
(by the 1. 3.) that having divided the line AB 
In the middle in G, and drawn the perpendi- 
cular GF, the center of the circle muſt be in 
that perpendicular : it 1s alſo in HF : there- 
fore 1t 1s at the point F. 

The USE. 

©'Theſe Propofitions are ſolely uſeful for 

© the compoſing the table of Sines, and draw- 


ing the platforms of Cittadels, for their | 


© ordinary figures are pentagons. Obſerve 
* alſo that theſe methods of deſcribing pen- 
© tagons about a circle, may be apply'd like- 
*wiſeto other Polygons. But in my book E 
| M1lt- 
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* Military ArchiteQure,]T have ſhown another 
© way of inſcribing a regular Pentagon in a 
f circle. 


PROPOSITION XY. 
A PROBLEM. 
To inſcribe a regular Hexagon in a Circle. 


Ei inſcribe a regular 
Hexagon in the-circle 
ABCDEEF; draw the diame- 
ter AD, and fixing the foot 
of the compaſs at the point 
D deſcribe a circle at the 
diſtance of DG: then draw 
the diameters EGB, and CGF ; and the lines 


AB, AF, FE, and the reſt. 


Demonſtration. 

'Tis ef1dent, that the triangles CDG, and 
DGE,. are equilateral; therefore the angles 
CGD, DGE, and thoſe oppos'd to them at the 
top, BGA, and AGF, are each of them the 
third partof two right angles ; that is to ſay, 
contain 6o degrees. Now all the angles that 
can be made about the ſame point are equal 
to four right angles, that is to ſay, 360 de- . 


- grees. Therefore taking away four times 60, 
. that 1s 240, from 360, there will remain 120 


tor BGCand FGE ; which therefore each con- 


tain 
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tain 6o degrees. Therefore all the angles 
at the center being equal, all the arches and 
all the ſides will be equal ; and every angle 
as A, B, C, gc. will be compounded of two 
angles of 6o degrees each, that is, 120 de- 
grees, and therefore will be equal. 

Coroll. The ſide of a Hexagon 1s equal to 


the ſemidiameter. 


| * The USE. 
© Becauſe the ſide of a Hexagon is the baſe 
* of an arch of 6o degrees, and 1s qual to the 
© {emidiameter, its half will be the line of 30; 
© by which ſine we begin the table of Sines. 
© Euclid treats of Hexagons in the laſt Book 


. © of his Elements. 


PROPOSITION XVI. _ 


A PROBLEM. 


To inſcribe a regular Pentedecagon mn a circle. 


- A Nſcribe in the circle 
an equilateral triangle 
H ABC, (by 7he 2.) and a re- 
gular Pentagon, (by 7be 11.) 
ſo that the angles may 
meet at the point A. The 


P— lines BF, BI, and IE, will - 


be the ſides of a Pentedecagon : and if. you 
1%- 
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inſcribe in the other arches lines _ to 
BF and BI, you will compleat the Polygon. 


Demonſtration, 


#- Since the line AB is the fide of an equila- 


teral triangle, the arch AEB will be the third 
part 'of the whole circle, that 1s, five fif- 
teenths. But the arch AE being the fifth 
part, will contain three fiiteenths ; there- 


fore the arch EB contains two : and if you 


divide 1t in the middle at the point I, each 
part will be a fifteenth. 


The USE. 


*'This Propoſition ſerves only to open the 
© way to other Polygons. We have in the 
© Compaſs of Proportion -ſome molt eafſie me- 
\* thods of tnſcribing all ordinary  Polygons, 
* but they are grounded on this here. For it 
* would be 1mpoſſible to mark Polygons upon 
©that inſtrument, if their ſides were not 
« firſt found by this, or other like Propo- 


' ©ſitions. 


THE. 


p 


\ 


THE FIFTH BOOK 
OF THE 


EK OF 
FEUCLID. 
6 His fifth Book is abſolutely ne- 
: ceſlary to demonſtrate the Propo- 
« ſitions of the fixth. The do&rine 


Cit contains 1s of univerſal uſe; and its 
© manner of argumentation by Proportion, 
©the moſt ſubti], ſolid and brief. Inſomuch 
©that all thoſe Treatiſes, that are grounded 
* on Proportions, are obligd to make uſe 
© thereof, as a kind of Mathematical Logick. 
© Geometry, Arithmetick, Muſick, Aſtronomy, 
« Staticks, and in a word all parts of «Ma- 
© thematicks, are conſtrain'd to borrow ſome 
* of their demonſtrations from the Propo- 
* {itions of this Book. The greateſt part of 
© Meaſurings in Pratzical Geometry is done 


by 
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© by Proportion. All the Rules of 4i7hme. 
* 7:ch are demonſtrable by the Theorems thar. 
© occur here; 1o that there is no neceſfity 
© of having recourſe to the ſeventh, eighth, 
© or ninth Books for that purpoſe. The 
* Muſick of the Ancients is ſcarce any thing 
© elſe but the doQtrine of Proportions apply'd 
*to Sounds. The ſame may be ſaid of S7g- 
© 7ichs, which conſiders the vrojordien of 
© Weights. In fine*'tis moſt certain, that if 
© the knowledge of gies comes. which this 
© Book affords, was taken away from the 
©, Mathematicks, what remain'd would be 
© very inconſiderable. 
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DEFINITIONS. 


Small quantity E 
compar'd with |A——[——B 
a greater, 1s calld a,- 
Part. © As for example, jC—D 
* 1f the line CD of twb 2 
© foot long be compar'd 
*with AB 'of 6, it will be call'd its par. 
© Which name alſo it obtains, though indeed | 
© it be not contain'd in AB, provided AE, a | 
* [1ne-equal to CD, be therein found. £0 
©The whole is anſwerable to the part,' 
*and thereforew1ll be the greater quantity 
O com- 
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*compar'd with the leſs ; whether it do 
« really contain the leſs, or not. 

* A Part taken in general 1s ordinarily di- 
© vided into {that xy TY 1s call'd) an A/:guot 
«part, and an A/zguanz part. | . 

i. An Aliquot part (which alone Zachd 
defines 1n this book) 15 a magnitude of a mag- 
nitude, a leſs of a greater, when it exaQly - 
meaſures the greater. * That isto ſay, 'Tis 
©a leſſer quantity compar'd with a greater, 
© which preciſely meaſures the greater. As 
©2 line two foot long taken three times, 1s 
©equal to a line of fix feet 1n length. 

2. A Multiple 1s a magnitude of a magni- - 
tude, a greater of a leſs, when 1t 1s exaQly 
ogy 5". by the leſs. * That is to fay, A 
© Multiple 1s a greater quantity compar'd 
*with a leſs, which it contains exattly 10 
© many times. For example, a line ſix foot 
© long is triple a line two foot long. 

An Al:quant part, 1s a lefler quantity com- 
par'd with a greater, which 1t does not exaCt- 
ly meaſure. As a line of four feet in length 
is an aliquant part of a line ten foot long. 
*Ina word, An aliquot part ſo many times 
© repeated will equal the whole : but an Alt- 
© quant part, though it contains ſuch a quan- 
© tity of the whole, yet repeated as you pleaſe 
*w1ll never exattly equa]; but either come 
* ſhort of, or exceed, the whole. 
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Eqnmulliples are magni- FOE 
tudes which equally contain | 2,4 0, 2. 
their aliquot parts. - © That is |A, B; CD. 
©*to ſay, lo many times. As | ge 
© for example, if A contains B as many times 
fas Ccontains D, Aand C will be equimultz- 
© ples of B and D. 

3. * Proportion 1s a reſpe& of one magni- 
tude to anoiher of the ſame kind. 

* Grec. x6y&. Gall. Raiſon. 
4.Auantities are ſaid to have a certain pro- 
portion to each other, when being multiply'd 


. they can exceed each other. «For which 


© reaſon thay ought to be of the ſame kind. 


_ *© For indeed a line has no proportion to a ſu- 


* perficies ; becauſe a line taken Mathemati- 
* cally is confider'd without any breadth at 
tall ; and therefore multiply'd as much as 
© you pleaſe will never give any breadth, 
© which yet a ſuperticies contains. 

*For as much as Proportion 1s a-refpe& or 
© relation founded upon quantity, 1t ought to 
' have two terms. That which ſome Philo- 
© ſophers would call the Fundamenium, or 
* Foundation, Mathematicians name the An- 
* Zecedent, and the Term 1s call'd by them the 
© Conſeguent. As 1f we were to compare the 
* quantity A with the quantity B, that re- 
* ſpect or proportion would have for the An- 
* tecedent the quantity A, and for the Conſe- 
© quent the quantity B. On the contrary, 

| | O 2 "20 
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*if Bbe compar'd with A, that proportion of 
*Bro A would have B for the antecedent, and 
* A for the conſequent. | 
© Proportion, or reſpe& of one quantity 
© to another, 1s divided into Rational Propor- 
* tion, and Irrational. | 
© Rational Proportion is the reſpe& of one 
" ©quantity to another, which is commenſu- 
© rable tot; that 1s, when both the quanti- 
© ties have the ſame common meaſure, by 
© which both may be exaatly meaſur'd. As 
*the proportion of a line four foot long to 
© another that 1s fix, 1s rational, becauſe a 
© line two foot long may exaQly meaſure 
© both. And when this happens theſe quan- 
©tities have the ſame proportion as one 
*number to another. For example, ſince the 
© line two foot long, which 1s their common 
© meaſure, is found twice in the four-foot 
© line, and thrice 1n that which 1s fix foot 
*long ; the firſt has the ſame proportion to 
© the ſecond, as 2 to 3. 
* Irrational Propertion is betwixt two 
« quantities of the Hae kind, which are in- 
© commenſurable, z. e. have no common mea- 
© ſure. As the proportion of the fide of a 
* ſquare toits diagonal. For there 1s no mea- 
© ſure ſo ſmall, as wiil preciſely meaſure both. 
Four quantities will be propoftionals, 
© when the proportion of the farlt to the ſe- 
©cond, is the ſame with, or like to, that - : 
©the 
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* the third to the fourth; ſo that, to ſpeak 


© properly, Proportionality is a fſimilitude 


© of proportions. But 1t 1s no eaſie matter to 
* underſtand 1n what conſiſts this ſimilitude 
© of proportions ; that 1s to ſay, how two 
© reſpects. or relations may be alike. For 
© Euchd has not given us a juſt definition 


 *©thereof, or ſuch an one as might explain 


© the nature of the thing, but contented him- 
© ſelf to ſet down ſome marks or ſigns, by 


 *which it may be known, whether or no 


© quantities have the ſame proportion. And 
©tis the obſcurity of this definition, which 
© has render'd the whole Book ſo difficult to 
© be underſtood ; which defte& therefore T 
© ſhall endeavour to ſupply. | 

5. Euclid makes four magnitudes to have 
*the ſame proportion, when taking the E- 
* quimultiples of the firſt and the third, and ' 
© likewiſe the Equimultiples -of the ſecond 
© and the fourth, according to any multipl1i- 


' ©cation whatſoever : if the multiple of the 


© firſt exceed that of the ſecond, the multiple 
*of the third will alſo exceed that of the 
fourth; and if 1t be equal to, or leſs than 
# the ſecond, the third will be equal to or + 
© leſs than the fourth. In ſuch acaſe the firſt - 
© has the ſame proportion to the ſecond, as 
*the third to the | ag 


O 3 As 
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A Þ :: C, Dj *As for example, if four 
2, 4 :: 2, 6.|. © magnitudes were propos d, 
E,F :: G, H| ©AB,C,D; having taken the 
10,8 ::15,12| © Equimultiples of A and C, 
K.L:: M,N fas theirguintuples E and G; 
28 + 12 12] © and FandH the doubles of | 
O.P :: Q R | ©Band D; In like manner ta- - 
© alloy 9,24.| * king K and M the quadru- 
, *ples of AandC, and L and 
*N the doubles of B and D; Again taking 
*OandQ the triples of A and C, andPand. 
©R the quadruples of Band D; Becauſe E 
© being greater _ F, G 1s wreater than 
<H; and K being '\equal to L, M is equal to 


«*N; and laſtly, O being leſs than P, Q is 


© leſs than R: therefore A will have the 
© ſame proportion toB, as C to.D. But me- 
thinks Zuchd ought to have'demonitrated 
© this Propoſition, 1t being too perplex'd and 
© obſcure to pals for a Principle. 

* To explain aright what Proportionality 
© 1s, or how four magnitudes may be in the 
© {ame proportion ; though 1t may be ſuffici-._ 


.*ent to ſay in general,” that the firſt ought 


* to be a like part, ora like whole 1n reſpect 
© of the ſecond; as the third is, compar'd 
<with the fgurth: yet becauſe .'this- de- 
* finition agrees not to the proportion of E- 
© quality, I ſhall give a more general one ; 
* and to make 1t the more intell1gible,explain 
* fir{t what 1s a ſimilar or like Aliquot part.. 

| | Similar 
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<Similac Ajiquot parts, then are ſuch as 
tare contain'd 1n their wholes as many times. 
© one as the other : as 3 in reſpe& of 9, and 
t 21n reſpect of 6, are ſimilar aliquor parts; 
© becauſe they are each contain'd three times 
© in their reſpeftive wholes. ES” 

© The firſt quantity will have the ſame pro- 
© portiqn to the ſecond, as the third to the 
© fourth, if the firſt contains ſo many times 
* ſuch aliquot parts of the {econd,as the third 
* contains the like aliquot parts 
*of the fourth. As if A contains |A,B,C,D. 
©the hundredth, thouſandth or 
©handred-thouſandth part of B, as oft as 
©C contains the hundredth, thouſandth or 
© hundred-thouſandth part of D; (and the 
© like may be faid of all other aliquot parts 
© imaginable :) there will be the ſame pro- 
©portion of A to B, as of CtoD. 

To render this Definition {till more clear, 
*T will prove firſt that, if A hgs the ſame 
©proportion to B, as C to D, A will contain 
* the aliquot parts of B, as oft as C does the 
©likeof D; and ſecondly, if A contain the 
© aliquot parts of Bas oft as C does the like 
*of D, then there will be the ſame propor- 
© tion of A to B, as of C to -D. BEES. | 

* The firſt point ſeems ſufficiently Evident 
*from the very notion of the terms : for if 
*A contains the tenth part of B once more 
© than an hundred times, and C contains the 

O 4 tenth 
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*renth partof D an hundred times only ; the 
© quantity A will be a greater Whole compar'd 
©to B, than C compar'd to D; therefore it 
© cannot be compar'd after the ſame manner, 
© the reſpect or relation being not the ſame. 

©The ſecond point ſeems more difficult, 
© 12. 1f a quantity, ſuppoſe AB, contain the 
© al:quot parts of another, CD, as oft as a 
© third, E, contains the like of a fourth, F : 
© there will be the ſame proportion of AB 


\ 


FD 


©to CD, as of E to F. 


G * Burt if -1t be other- 

A— 1——B] © wiſe, let us ſuppoſe 
| H IK © ABto have a greater 

©proportion to CD, 


(than E. has to F; 


F- © that is to ſay, that 
| © AB 1s too great to 
© have the ſame proportion to CD, that E. 
Chas to F. ' Therefore a quantity leſs than _ 
© AB, as AG, will have the fame proportion 
*to CD, as Eto F. Divide therefore CD in 
©the middle in H, and HD in the middle in 
<1, and ID an the middle in K; continuing 
© the like diviſion till you arrive at an ali- 
* quot part of CD lefs than GB, which I will 
© {uppoſe to be KD. 
Demonſtration. 
© Since there 1s the ſame proportion of AG 
<©toCD, asof EtoF; AG will contain KD, 
*an aliquot part of CD, as oft as E ——_— 
| the 
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© the like aliquot part of F. Now AB will 
*contain KD once more than E contains the 
© like aliquot part of F; which is contrary 
*to the fropeticion. | 
6.' The firſt Quantity is ſaid to have a 
greater proportion to the ſecorfd, than the 
third to the fourth, when the firſt contains a 
certain aliquot.part of the ſecond oftner than 
the third contains the like aliquot part of 
the fourth: * As 1or has a greater propor- 
*tzon to Io than 200 to 20, becauſe 101 con- 
© tains the tenth part of 10, that 1s, 1, once a- 
© bove a hundred times ; and 200 contains the 
*tenth part of 20,4e. 2, a hundred times only. 
7. Magnitudes or Quantities having the 
ſame proportion, are called Proportionals. 
8. * Proportionality, or Analogy, is a fi- 
militude of Proportions or Reſpects. | 
* *AvzAoy/a. £UCl. | 
9. In each' proportionality are required 
at the leaſt three terms. * For that there may 
*bea finulitude of proportions, there mult 
© be two of them : and every proportion ha- 
©ving two terms, an Antecedent and a Con- 
* ſequent, there ſeems to be a neceſlity of 
© four terms ; as when we ſay, that A has the 
* ſame proportion to Bas Cto D; but becauſe 
*the conſequent of the firſt proportion may 
© be the, antecedent of the ſecond, three 
* terms may ſuffice; as when A is ſaid to 
* have the 7 the proportion to B as B to C. 
10. Mag- 


= 
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to. Magnitudes are faid to be continually | 


proportionals, when the intermediate terms 
are taken twice, 7.e. both as antecedents and 
conſequents. As if there be the ſame propor- 


©tion of A to B, as of B to C, and of C to D. | 
IT. In that caſe A will have the duplicate | 
proportion to C, and the triplicate to D, of 


what it has to B. 


© But here it 1s to be obſerv'd, that there 1s 


©a great deal of difference between double 
* proportion, and duplicate. We ſay that the 


© proportion of four to two 1s double, becauſe 


* four 1s the double of two ; the number two 
*o1ving the name to the proportion, or ra- 
| © ther to the antecedent thereof. Accordingly 
© double, triple, quadruple, quintuple, gc. 
*are denominations drawn from the numbers 


© two, three, four, five, gc. compar'd with 


© unity; which I inſtance in, becauſe we more 
© ealily conceive the proportion, the leſs are 
*1t terms. But, as I ſaid, theſe denominati- 
* ons do rather affeC& the antecedents, than 
*the proportions themſelves; for we call 
* that double or triple proportion, whoſe an- 
© tecedent is double or triple its conſequent. 
© But by duplicate proportion we underſtand 


* ſuch an one, as 1s componnded of two ſimi- - 


Clar proportions. As, if there be the ſame 
* proportion,of two to four,as of four to eight : 
* the proportion of two to eight being com- 
* pounded of the proportion of two to _ 
an 
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* and that of four to eight, which are ſimilar 
*and equal, will be the duplicate of each of 
*them. So three to twenty ſeven 1s the du- 
© plicate proportion of that of three to nine. 
© The proportion of two to four 1s call'd the 
© {ub-double, becauſe two is the halfof four; 
©but that of two to eight 1s the duplicate of 
* the ſub-double ; which 1s as much as to ſay, 
© that two is the half of the half of eighr, as 
© three is the third part of the thard. part of 
*twenty ſeven ; where you may obſerve, that 
© the denominators £ and 5 are taken twice. 
©In like manner the proportion of e1ght to 
© two 1s a duplicate proportion of that of 


- **eight to four, becauſe exght is the double of 


© four,but it 1s thedouble of the double of two. 
© If there be four terms in continual propor- 
© tion, the proportion of the fir{t to the laſt 
©1s a triplicate of that of the firſt to the ſe- 
*cond; as in theſe fonr numbers, Two, Four, 
* Etght, Sixteen; the proportion of two to 
©{ixreen 1s a triplicate of that of two to four, 
© becauſe two 1s the half of the half of the 
* half of ſixteem. So alfo the proportion of 
* fixteen- to two 15 a triplicate of that of {ix- 
* teen to eight, becauſe fixteen 15 the double 
* of the double of the double of two. 

2, Antecedents to antecedents, and conſe- 
* quents to conſequents, are' call'd Homolo- 
* gous magnitudes. As if there be the ſame 
* proportion of A to B, as of C to D; Aand C, 
*B and D, are homologous, The 
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© The following Definitions explain the 


© divers manners of arguing from proporti- | 


* onals : for the demonſtration of which this 
* Book was principally compos'd. | 
I3. Alternate proportion 1s when we com. 


© pare the antecedent of the one with the an- | 


© recedent of the other, and the conſequent 


© of the one with the conſequent of the other. 


© As for example, if becauſe there is the 
© ſame proportion of A to B, asof C to D, I 


© infer, that there 1s the ſame porportion of ' 


*AtoC, as of B to D. This manner of ar- 


©gumentation holds only when all the four. 
© terms are of the ſame ſpecies or kind; ze. 


*either all lines, or all ſuperficies's, or all 
© ſolids. "Tis demonſtrated Prop. 16. 


I4. *Inverted Proportion is the comparing 


© of the conſequents with the antecedents. 
* ' Avamzencr Zucl, Converſe. Gall. 

© As, if becauſe there 1s the ſame propor- 
©tion of A to Basof C to D, I conclude that 
© there is the ſame proportion of B to A, as 
*of Dto C. Coroll. of Prop. 16s 

15. Compoſition of Proportion is the com- 
paring of the antecedent and the conſequent 
taken together, wit the conſequent alone. 
© As if, becauſe there is the ſame proportion 
fof A to B, as of C to D, I conclude that 
* there 1s the ſame proportion'of Aand B to 
*B, as of CandD to D, Trop. 18, 


6 16. Di- 
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16. Diviſion of Proportion is the compa- 
ring of the Exceſs of the antecedent above 
the conſequent to the ſame conſequent. * As, 
© if there be the ſame proportion of AB to 
©B, asof CD to D; from thence I infer, that 
* there is the ſame proportion of A to B, as 
*of Cto D. Prop. 17. 

7. Converſion of Proportion 1s the com- 
paring of the antecedent with the difference 
of the Terms: * As, if there be the ſame 
© proportion of AB to B, as of CDto D; I 
© thence conclude, that there is the ſame 
© proportion of AB toA,as of CD to C. Coro/.. 
of Prep. 18. ©... - : 

18. Proportion of Equality is the compa. 
ring of the extreme magnitudes, and omit- 


© if, there being the ſame pro- 
© portion of A to B, as of E EF-GH| 
*toF;andof B toC, asof FtoG; and of 
©C toD, asof G to H; I infer, that there is 
he ſame proportion of A to D,as of E to H. 

I9. Proportionality of Equality orderly 
plac'd, 1s that in which the terms are com- 


ting thoſe in the, middle. © As ee 


| par'd together in the ſame order, * As in 


© the foregoing example. Prop. 2.2. 

20. Proportionality of Equality diſorder- 
ly plac'd, 1s-that in which the terms are com- 
par'd in a different order. * As if, there be- 
*1ng the ſame proportion of A to B, as of 
*GtoH; andofBro C,as of F toG; and 

| of 
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of C toD, asof E toF; I conclude that * 
© there is the ſame proportion of A to D, 
eas of E-to H. Prop. 23. 

© See 1n ſhort all the different manners of ! 
*argumentarion by Proportion, 


tAs AtoB, ſoCtoD; therefore : 
*Byglternate proportion : as AtoC, ſoB | 
©to D. WW 
©Tnverted. As Bto A, foD toC. 
© Compolition. AS ABtoB, ſo CD to D. 
<Divition. If as AB toB, ſo CD to D: 
then as A to B, ſfoC to D. 
©Converſion, As AB to A, ſo CD to C. 
_-Oxderly Equality. Itas AtoB,ſoCtoD ; and 
/ as BroE, loDtoF: then * 
; as AtoE, ſo C toPF. 
Diſorderly Equality.If as A to B,ſoD to F,and 
as Bto E, ſoCto D: then 
asA'toE, foCtoF. 


e Fuclid's fifth Book contains but 25 Pro- 
* poſitions, to which nine more have ſince 
© been added,and are commonly receiv'd. And \ 
< the firſt fix in Zauc/id, ſerving only for the 
© proof of thofe that follow by the method 
© of Eqguimultzples, ſince I intend not to 
© make yfe of that method, T ſhall wholly o- 
© mir; beginning with the Seventh, without 
© changing either the order or number of the . 
© Propolitions. 
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Demands, or Suppoſitions. 


Three quintities A, B, C, being propos'd, ' 
3t is required to be granted, that there 1s a 
fourth poſſible, to which the quantity C has 
the ſame proportion, as A to B. 


PROPOSITION VII. 


A THEOREM. 


Equal quantities have the ſame proportion to 
another quantity, and another quantity has 
the ſame proportion to quantities that are 
equal. 


J* the quantities A and B be e- |F0" 

qua], they will have the ſame | %6 , 

proportion to the third C. B. 8 | 
Demonſtration. _—_ 

If one of the two, ſuppoſe A, had a great- 


er proportion toC than B : A would contain 


pots CEE 


any al1quot yu of C, oftner than B could 
contain the {ame ; and conſequently A-would 
be greater than B, which 1s contrary to what 


' was ſuppos'd, 


Again, I ſay, it the quantities A and B be 
equal, the quantity C will have the ſame pro- 
portion to A as to B. 

Demon- 
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R:1Q4F! Demonſtration. ; 
[Ek If the quantity C had a greater proportion? 
A 6 to A, than to B, it would contain a certain: - 
Wb aliquot part of A, oftner than the like part} 
$10 of B; which part therefore of A muſt be; 
104 leſs than the like aliquot part of B, and con.: 
" ſequently the quantity A would be leſs than! 


i , B, which 1s contrary to the ſuppoſition. 
8 

i | Ms 

1 PROPOSITION VIE 


A THEOREM. 


The greater of two quantities has a great! 
proportion to the ſame, than the leſs ; and 
the ſame quantity has a lkefjer proportion t 
the greater, than to the leſs. 


A————Þ} Uppoſe - the | 
: D quantities AB! 
C_—— and C be com-: 


Ei - / GI | pard with the: 
| E———----|-[---F! ſame EF, and that? 
þ' | AB exceeds C. I” 
| ſay, that AB will have a greater proportion | 
1 to EF, than C will have to the ſame. Cut AD * 
equal to C, and divide EF in the middle,and 
| again one half in the middle, and ſo on, till 
| you come to an aliquot part of EF leſs than * 


Demon- 
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| Demonſtration. 

' ADand C being equal, AD has the ſame 
proportion to EF, as C to EF, (by the 75.) and 
therefore AD will contain GF an —_— parT 
of EF, as oft as C will contain the ſame, (by 
defin. 5.) But AB contains the ſame aliquot 
part once more than AD, DB being greater 
than GF ; therefore (by defin. 6.) the pro- 
portion of AB to EF 1s greater than that of 
C to the ſame EF. 

Secondly, I ſay, that EF has aleſs propor- 
tion to AB, than to C. Take a certain ali- 
quot part, as the fourth, of C, as oft as you 
can in EF, which ſuppoſe to be five times ; 
either there will remain ſomething of the 
quantity EF,or nothing ;1f nothing remaan, it 
1s evident, thart five times the. fourth part of 
AB making a greater line than ſo many times 
the:fourth part of C, the fourth part of AB 
could not be five times contain'd in EF. But 
if the fourth part of C taken five times reach. 
no farther than G, the fourth part of AB 
taken ſo many times will proceed either as 
far as F, or toT ſomething ſhort of F. If it 
reach as far as F, EF will have the ſame pro- 
portion to AB as EG to C. But (by 7he pre- 
ceding part) FF has a greater proportion to 
C, than EG to the ſame C; therefore EF 
has greater proportion to C, than to AB, But 
if the fourth part of AB reach no farther 
than I, EI will have the ſame proportion . 

= A 
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portion to C, than EG to C; therefore EF, 
greater than EI, has a greater proportion to 
C, than the ſame EF to AB. 

| * 


PROPOSITION, IX. 


A THEOREM. 


Quantities that bave the ſame proportion to 
another quantity, or to whom another guan- 
tity has the ſame proportion, are equal. 


F the quantities A and B have 


A. BC, 


12. 12.6 


quantity C, I fay, A and B are 
equal. 


Demonſtration. 

Tf one of the two, v.'g. A were greater 
than B, it would have a greater proportion 
to the quantity C, (by 7he 8.) which is con- 
trary to the ſuppoſition. 

Secondly, if the quantity C has the ſame 
proportion to the quantities A and B; I fay A 
and B are equal. For if A were greater than 
B, C would have a greater proportion to the 
quantity B, than to A, (by zhe 8.) which is 
alſo contrary to the ſuppoſition. 


the ſame proportion to a third. 


PROP. 


AB as EG toC. But EI has a greater pro- $ 


4 


_ 


70 


{4 
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PROPOSITION X. 


A THEOREM. 


The quantity that has the greater proportion 
Zo another, 2s the greater quantity ; and that 
the leſſer, to which that other quantity has 
the greater proportion. 


FF the quantity A has a greater 
proportion' to the quantity C, 
than B to the ſame C; I ſay, A 
1s greater than B. For if A and B were e- 
qual, they would have.both the ſame pro- 
portiontoC; and if A were leſs than B, B 
would have a greater proportion to C, than 
A to the ' ſame C; both which are con- 
trary to the ſuppoſition. | 
Secondly, if C has a greater proportion to 
B than to A, I ſay that A will be greater 
than B. Forif A and B were equal, C would 
have the ſame proportion to both, (by the 7.) 
And if A were leſs than B, C would have 
a leſs proportion to B than to A, (4 the 8.) 


[A. B. C, 


© both which are contrary to what was ſup- 


pos d, 


P 2 ==: 
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PROPOSITION KXI. 


A THEOREM. 


Proportions that are equal to another, are alſo 
equal amongſt themſehues. 


\ 

F A has the ſame 

: EF, . proportion to B, as 

47 et" CtoD ; andC the ſame 

+5 2, ©, +4 9» 3+ - 

proportion toD, as E to 

 F; I fay, A will have 
the ſame proportion to B, as E to PF. 


Demonſtration. 


Since A has the ſame proportion to B, as 
CtoD; A will contain any certain aliquot 
part of B, as oft as C contains the like ali- 
quot part of D, (by defin. 5.) And in like 
manner, as oft as C contains that aliquot part 
of D, ſo oft will E contain the like aliquot 
part of F. So that as'oft as A contains an 
certain aliquot part of B, ſo many times alſo 
will E contain the. like aliquot part of F. 
Therefore A has the. ſame proportion to B, 
as EtoF. Wo gs 


ED So EN PROP. 
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PROPOSITION KI. 


A THEOREM. 


1f many quantities be proportional, | one Ante- 
cedent will have the ſame proportion to his 


Conſequent, as all the Antecedents 
gether to all the Conſequents. 


FF A has the ſame proportion to 
B, as CtoD; I fay that A and 
C taken together will have the 
ſame proportion to Band D, as A 
toB. | 
Demonſtration. 


Since A has the ſame proportion 


taken 10- 


A, B 
[a By 
C, D, 


2 


F 


0 


to B, as 


C to D; the quantity A will contain any 


certain aliquot part of B, as oft as C 


contains 


the like aliquot part of D, (by defen. 5.) ſup- 

ſe the frank ooach Noe fark bs 
of B and the fourth part of D, make the 
fourth part of BD ; and accordingly AC will 
contain the fourth part of BD, as oft as A 


contains the fourth part of B; and 


the like 


may be ſaid of any other aliquot parts. 
"Therefore A has the fame proportion to B, 


as AC to BD. 
5 
P3 


PROP. 


[ " 
j 
s 
g 
4 
| 


' tion to D, than E to F, (by defin. 6.) 
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le 


PROPOSITION KXIIL. 


A THEOREM. 


Tf of two equal proportions one is greater than 
a third, the other will be ſo hikewiſe. 


F A has the ſame 
[A, B:C,D: E,F ] proportion to B, as 
| CtoD; but a greater 
Proportion to B, than FE. to F : I ſay, that C 
alſo will have a greater proportion to D, 
than E to F, 


Demonſtration. 


Since A has a greater proportion to B than 
E to F, A will contain a certain aliquot 


part of B, oftner than E contains the like 


aliquot part of F, (by defir. 6.) But C con- 


tains a like aliquot part of D, as oft as A: | 


contains that of B; becauſe A has the ſame 
Proportion to B,\as CtoD: and therefore C 
contains a certain )aliquot part of D, oftner 
than E contains the like aliquot part of F; 
and conſequently, C has a greater propor- 


PROP, 


4 - - OO nn ” I eee tr REDS nar 
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- PROPOSITION XIV. 


A THEOREM. 


tf the firſt quantity has the ſame proportion to 
the ſecond, as the third to the fourth ; accor- 
ding as the firſt 2s greater, or equal, or leſs, 
than the third, the ſecond will be greater, or 
equal, or leſs, than the fourth. | 


F A has the fame propor- - ____ 

tion to B, agC toD; I ſay [A,B G D.| 

nrlt, zf Abe geater than C, TT 
B will be alſo greater than D. 
Demonſtration. 

Since A is greater than C, A wall havea 
greater proportion to B, thanC to the ſame 
B, (by 7he 8.) But there 1s the ſame propor- 
tion of AtoB, as of C toD: therefore C 
has a greater proportion to D, than C to B, 
and conſequently (by the 10.) B 1s greater : 


_ than D. 


Secondly, if A be equal to C, B will be 
alſo equal toD. Demonſtration. : 
Since A and C are equal, there will be the 
ſame proportion of A to B, as of C to the 
ſame B, (by the 7.) Butas AtoB,ſoCtoD; 
therefore C has the ſame proportion to B, as 


the ſame C to D, and conſequently B and D 
are equal, (by 7he 9.) : 
: P 4 Third- 
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Thirdly, if A beleſs than C, B will alſo be © 


leſs than D. Demonſtration. 


Since A 1s leſs than C, A will have a leſs þ 


proportion to B, than C to the ſame B, (by 


Zhe 8.) But as A1stoB, ſoCtoD: therefore ; 
C will have a leſs proportion to D, than the : 


fame C to B, and conſequently B will be leſ; 
than D, (by 7he 10.) 


PROPOSITION XV, 
A. THEOREM. 


Egquimultiples, and ſimilar aliquot parts, are 
zn the ſame proportion, | 


PATE St IRON : \ RY 
LAB: | FFF the quantities C and D be 
= y; = || the Equimultiples of A and 
E 2 H B, their aliquot parts; A wall 
921 T1,3, 
have the ſame proportion to B, 


F.,z:;1 - P | 
Wy K:3. as Cto D. Divide the quantity 
——-—=1 C into parts equal to A, v.g. E, 


F, G, and the quantity D into parts equal 
toB. Becauſe C and D are the equimultiples 
of A and B, there will be as many parts of 
one, as of the othe?. Let the parts of N 
therefore be H, I, K. | 
Demonſtration. 


E has the ſame proportion to H, and F to . 


1, andG to K, as A to B, becaylſe they ary 
. : 


© 


_ 
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' all equal. Therefore (by 7he 12.) as A to B, 
' foE,F,G,toH,1,K, z.c.foCtoD. 


Coro/!. The ſame numbers of the aliquot 


- parts of two quantities are in the ſame pro- 


portion that the quantities are. For ſince E 
has the ſame proportion to H, as C to D; 
and F toI, as CtoD; E and F will have the 


* ſame proportion toH and1I, as C to D. 


oe”... mm died 


*> 
L - 
, 


be 
=, 
| 


PROPOSITION XVI: 
A THEOREM, 


Alternate Proportion. 


1f four magnitudes of the ſame kind be propor - 
tional, they will be alſo alternatively ſo. 


F A has the ſame propor- A 
I tion to B as C to D,and all ]A, B; C,D, 
the four quantities are of the 112,8 ; 9, 6. 
ſame kind, that 1s, either all 
Lines, or all Superficies's, or all Solids : A 
will have the ſame proportion to C, as BtoD. 
For if not, ſuppoſe A to have a greater pro- 


| Portion to C, than B to D. 


Demonſtration. 

Since 'tis ſuppos'd, that A has a greater 
proportion to C:than B to D, the quantity A 
will contain a certain aliquot part-of C v. g. 
a third part, oftner than B contains a third 

part 


_ = 
£ 
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. 
\ 
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part of D. Let A therefore contain a third ] 
part of C four times, but B the third part tc 
of D only three times ; having then divided 

A into four parts, each will contain one 
third part of C ; but B being divided into tt 
four parts,they will not contain each of them + © 
a third part of D; therefore three fourthz  p 
of A will contain three thirds of C, that is, t 
the whole quantity of C; but three. fourths © c 
of B will not contain three thirds, or thee t 
whole quantity of ' BD. But on the con. c 
trary, {ince there 1s the -ſame proportion * « 
of A to B, as of CtoD, there will be alſo | 
the ſame proportion of three fourths of A 
to three fourths of B, as of C to D, (by zhe+ 
coroll. of the 15.) and (by the 14.) if three 
fourths of A be equal to C, three fourths of : 

B will be equal to D; therefore A cannot - 
have a greater proportion to C, than BtoD. | 


# 


A LEMMA. 
Tf" the firſt have the ſame proportion to the 


3 
[= 
oy 


ſecond, as the third to the fom th ; any aliquit | 


part of the firſt will have the ſame proportion 
to the ſecond, as the like aliquot part of the 
third tq the fourth. 


Tf A has the ſame propor- 
tion toB, as C to D; and E 


5 


- 
t 
\ 


hirg 
Part | 
1ded : 


2 to D, E woul , 
> of B, oftner than F contains the like aliquot 


- quot part of B oftner than F 
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I ſay, that E will have the ſame proportion 
to B, as F toD. | 

Demonſtration. | 
If E had a | a proportion to B than F 
contain a certain aliquot part 


part of D; and conſequently, E taken twice, 


thrice, or four times, would contain an alt- 
ken twice, 


thrice, or four times contain'd te” like alt- 


' quot part of D. But E taken four times 1s 


equal to A; and likewiſe F taken four times 
1s equal to C; therefore A would contain 


| an aliquot part of B oftner than C' con- 
- tain'd the like aliquot part of D, and by con- 


ſequence A would have a greater proportion 
to B, than C toD; which 1s contrary to the 


| ſuppoſition. 


A COROLLARY, 
{© which-Zachd' places after his 4.7 Propofit, 


Inverted Proportion. 


1f the firſt has the ſame proportion to the ſe- 
cond, as the third to the fourth ; the ſecond 
wil have the ſame proportion tothe firſt, as 
the fourth to the third. s, ET 

A,B;C,D, JF _ A has the ſame propor- 

448; 12,24, tion to B, as CtoD; B will 

WH: « have the ſame proportion to 

"Hes * | A, as D to C. 

i MONET. MRS; \- 
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Demonſtration. | a, 
| Tf B had a greater proportion to A thar'« 
DtoC, B would contain an aliquot part of « 
A, ſuppoſe a fourth E, oftner than D con © 
tain'd F the fourth part of C. Let us ſup! « 
poſe then that B contains eight times thi" © 
y_y E; D muſt contain but ſeven time; * 
the quantity F. Now fince A has the ſane © 
proportion to Bas C to D, E will have the © 
ſame proportion to B as F to D, (by the pre. © 
cediftg Lemma,) and (by the 15.) E taken 
eight times will have the ſame proportion 
to B, as F taken eight times to D; but E 
taken eight. times 1s contain'd in B, there- 
fore F taken eight times muſt be contain!” 
in D, notwithſtanding what was ſhown to. 


the contrary ; therefore B cannot have 


greater proportion to A, than D toC. 

The USE. | ; 

©'The Followers of Ayerroes feem to have 

© made uſe of a manner of argumentation} 
*not much unlike this, to prove, that z&! 
* world had exiſted from eternity ; urging! 
©that there is the ſame proportion betweel } 
© an eternal a& of the will of God, and. the ' 

eternal produQion of the world, as between 
*a temporal a&, and a temporal effeq; there 
* fore by a kind of Alternation, there 1s the : 
* ſame proportion of a temporal a& of the 
*wall, z.e. an a& beginning an time, to an't- | 

© ternal effe&t; as of an eternal will to a tem- 
Es poral 


Fn 


The Fifth Book. 23} 


« poral effe&t. Now 'tis evident, that the will, 


thay ©or an aft of the wall that ao__ in time, 


art of: 
Þ up.” 


's the' 
21me; 
ſame 
> the 
g Pre- 
aken 
Hon 
ut F 
ere. 
Try 
I to- 
re 1 


© cannot produce an eternal effe 


- therefore 
© the eternal a& of God could not produce 
© an effe&t in time. But this argument is faul- 
ity in two reſpedts ; firſt, in that x ſuppoſes 
+ it poſlible for an a& of the Divine wall to 
© to begin in time, and ſecondly, in that it 
<;5 drawn from Alternate proportion,though 
© the terms be of a different kind or ſpeczes. 


| mn —_— 


PROPOSITION XVII. 
A THEOREM. D 


The Diviſion of Proportion. 


1] comm ounded quantities be proportional, they 
of Loy be ſo likewiſe being divided. ; 


F AB has the ſame pro- ABB ODD. 
portion toB as CD to D, 8; 2 = 6, 6, 


A will have the ſame pro- |a'p. c.D 
portion to B, as C to D. I, 2: I0. & 
Demonſtration. 2 Dn 


Since AB is ſuppos'd to have the ſame pro- - 
portion to Bas CD to D, AB will contain 4 
certain aliquot part of B, as oft as CD con- 
tains the like al:Juot part of D. Now that 


* aliquot part muſt be found as oft in B, as the 


like 
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ih like al1quot part is found in D. Therefore 
! taking away B from AB,"and D from CD, 4 
will contain as many aliquot parts of B, az 
C contains the like of D; and conſequent., 
1y A will have the ſame proportion to B, a; 
C to D. | - 


RT — 


' PROPOSITION XVII. 


A THEOREM. 
The Compoſition of Proportion, 


1f quantities, being divided, be proportional, : 
they wilt be ſo likewiſe when compounded. 


Yn mmm IR. 2 4, -272 WE xz ww NM = SE £= Y 5 = 7 - 
Þ——————————_—..— n_ _ a : hogs 
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"Ws Pf F A has the ſame propor." 
ha > _ D,] Il tion to B as C to D, oe : 
AB, B: Do, alſo will have the ſame pro. | 
8, 3 ae" 6.| portion to B as CD toD. | 
——- Demonſtration, © | 
Since A 1s ſuppos'd to have the ſame pro. | 
portion to B as C to D, A will contain any /* 
aliquot part of B, as oft as C contains the \ 
like aliquot part of D. Now the quantity ! 
contains any of its own aliquot parts,as oft * 
as D contains the like of his ; therefore add 
ing Bto A, and D to C, AB will contain any | 
aliquot part of B as oft as CD contains the 
ike aliquor part of D, and conſequently 
(by defin. 5.) AB will haye the ſame propor- 
tion to B as CD toD. A 


The Fifth Book. 235 


Y A COROLLARY. 
2 
Y ay ' The Converſion of Proportion, 


nt., | 
B, xy Tf AB has the ſame proportion to B as CD 
to D, then AB will have the ſame proportion 
" toAas CDtoC. For (by the preceding) A 
has the ſame proportion to B, as Cto D: and 
(by the Coroll. of the 16.) B will have the ſame 
: proportion to A, as D to C; and therefore 
: compounding them, AB will have the ſame 
proportion to A, as CD to C. 


—_ + 7 4 


al, © We have frequent uſe of this manner of 

-d,* argumentation 1n almoſt all parts of the 
 *«eMathematicks. 

Or- © SEE 

AB: 


to PROPOSITION XIX. 


| A THEOREM. 
ny 's Lf the Wholes be inthe ſame proportion, as the 


Ne parts that are taken away from them, the Re- 
| mainders will be alſo in the ſame proportion. 


F the quantity AB has RB. D 
[| the ſame proportion to [aB, rake D] | 


6,8 3 4 
CD, as the part B to the Op AF cp/| 
part D; I fay, A will |, 6: x6, 8] | 


have 
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have the ſame proportion to C, as AB to CD. F 
Demonſtration. 


ABis ſuppos'd to have the ſame proportion - 
to CD, as B to D: therefore alternatively” 
(according 70 the 16.) AB has the ſame pro; 
portion to B, as CD to D ; and by converſion. 
of proportion, AB will have the ſame propor. 
tion to A, as CD to C; and again alterna-./ 
tively, there will be the ſame proportion of 
AB to CD, as of A to C. 


The USE. 


*This Propoſition 1s commonly made uſe 
«of in the rule of Fellowſhip. For inſtead of * 
* working by the rule of Three for every par: 
© ticular Afﬀociate or Partner, having done - 
<it for the reſt, tothe laſt they aſſign the * 
© Remainder of the Gain ; ſuppoſing that if | 
* there be the ſame proportion of the whole | 
«<ſumme of all the Principals to the whole | 
© Gain, as of the Principal of one Aﬀociate to 
© his part of the Gain; there will be alſo the 
ſame proportion of the Principal that re- 
© mains to the Remainder of the Gain. 

* The 20 and 21 Propoſitions are not ne- * 
© ceſlary. | 


PROP, - 
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PROPOSITION XXII 


A. THEOREM, 
The proportion of Equality orderly plac'd. 


1f divers terms be propos d,and an equal number 
of others compar'd with them, ſo that thoſe 
which anſwer to each other in the ſame o1 der 
be proportional; the firſts and the laſts will be 
alſo proportional. 


F the quantties ABC, CC TERS 
and the quantitiesD,E,F, AF C: Dep 
be proportional ; that 1s, 
if there be the ſame proportion of AtoB as: 
of DtoE, andofB to Cas of Eto F; A will 
alſo have the ſame proportion to C, as D 


to F. 


Demonſtration, | 
If A has a greater proportion to C than D 


. toF, A will contain an aliquot part, v.g. the 


half of C, oftner than D can contain the 
half of F. , Let us ſuppoſe then the -half of 
C to be contain'd twelve times in. A, and the 
half of F only eleven times in D. Now be- 
cauſe B has the ſame proportion to C as E to 
F, the quantity B will contain the, half 
of C, as oft as E contains the half of F ; Sup- 


Q pole 
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poſe 'then thoſe halves to be contain'd fix | 
times in each, Band E. A, which containg // 
the halfof Ctwelve times, will have a grea. © 
ter proportion to B, which contains the ſame - 
halt of C ſix times ; than D, which contain : 
the half of F eleven times only, to E, 
which contains the ſame half of F fix times; 
and conſequently A will have a greater pro... 
portion.to B, than Dto E, whichis contrary | 
to what was ſuppos'd, $ 


IR 


- PROPOSITION KXXIIL 


'A THEOREM. 


The proportion of Equality diforderly 
plac'd. 5 

1f two Orders of terms, be in the ſame propur. | 
tion, diſorderly plac'd : the firſt and laſt of: 
both Orders will be proportional. 'z 


IncDOrr eG | IF the quantities A, B, > 
RT Ren gl I G and he others, | 

To men E, F, equal in.number, be |: 
in the ſame proportion, diſorderly plac'd, ': 
that 1s, 1f A has the ſarfte proportion to Bas | 
E toF, and B troCasD toE: A will hare : 
the ſame proportion to C,as D to F. Suppoſe + 
B to have the ſame proportion to C, as F to G. 

: | Demon- 
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Demonſtration. 

Since there is the {ame proportion of A to 
Bas of Eto F, andof B to C as of F to 
G; A has the ſame proportion to C, as E to 
G, (by the 22.) Further, fince B has the ſame 

roportion to Cas Dto E, and allo as F to 
G; D will have the ſame proportion to E, - 
as F to G, (by the 11.) and alternatively, 
(according to = 16.) D will have the ſame 
proportion to F, as E toG. Now we have 
before prov'd, that as E to G, ſa A to C; 


therefore, as AtoC, ſoDtoF. 


— 


PROPOSITION XXIV. 


: A THEOREM. . 
tf the firſt quantity has the ſame proportion to 
þ-+ fx as tbe third t0 pron 9 ; and 
alſo the fifth to the ſecond, as the ſixth to 
the fourth : the firſt with the fifth will have 
the pare gry to the ſecond, as the 
third with the ſixth to the fourth. 


| ]F A has the ſame proportion BE] 
6. 


toBas CtoD, andE toB|,*? 

as F to D; AE will have the 
ſame proportion to B, as CF 
? | | 


z 
6, 2; 9, | 
to D. . 


A,B; C,D 


| Demonſtration. 
Since A has the ſame proportion to Bas C 
. Q 2- to. 
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to D, A will contain any aliquor part of B, : 
as oft as C contains the like aliquot part of ; 
D, (by defin.'s;) In like manner, E will con.” 
rain the fame aliquot part of B,as oft as F con. * 
tains the like. of D; ſo that AandE will | 
contain any aliquot part of B, as oft as Cand 
F contain the hike aliquot part of D : there- 

tore AF will have the ſame proportion'to B, 
as CF to D. | 


—_ 


PROPOSITION XXV. 


A T HEOR FEM. I 
1f four magnitndes be proportional, the greateſt 
and the leaſt will exceed the other 1wo. \, 
3D Tf the four magnitudes AB, 7 
3 6. CD, E, F, be proportional, *. 

th 4, 2.1 and AB the greateſt and F the | 
Þ 35 31 Jeaſt; AB and F wall exceed | 
[222 CD and E. Since AB has the & 
ſame proportion to CDasE to F, and AB is © 
ſappos'd greater than E; CD will be alſo & 
greater than F, (by the 14.) Divide there- * 
fore AB ſo, that the magnitude A may be : 
equal to E.; and CD ſo, that the magnitude 
C may be equal to F. X 
Demonſtration. 
Since AB has the fame proportion to CD as 
A to C, B will alfo have the ſame proportion 
to 
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of B, * toD as AB to CD, (4y the 19.) And AB be- 
rt of ; ing ſuppos'd greater than CD, B will be 
con.'* greater than D. Now if to A andFE, which 
con-* are equal, be added F and C, which are alſo 
will -* - equal, A and F wall be equal to C andE; 
and and adding to the two firſt B, which 1s the 
ere. greater, and to the two laſt D, which 1s the 
OB, . leſs, ABand F will be greater than CD and E. 
| The USE. 
©By. this . Propoſition 1s demonſtrated a 
— = propriety of Geomerzrical proportionality, 
- < whereby it is diſtinguiſh'd from that which 
* © 1s call'd Arithmetical. For in this latter the 
©two middle terms are Sn to the two Cx- 


; = ©treams; but in the former, (as has been / 
oft} *prov'd,) the greateſt and the leaſt exceed 


's © the two others. | G 


© Tho' the nine following Propoſitions are 
* not Zuclid's ; yet, becauſe many make uſe 
* of them, and quote them as if they were 
© his, I thought I ought not to omit them. 


PROP. 
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PROPOSITION KXXVI. 


A THEOREM. 


If the firſt has a greater proportion to the ſe. © 
Ts the third to the fourth, the yo & 
awill have a greater proportion to the third 
than the ſecond to the firſt. | : 
9, 4; G, 3] IF A has a greater proportion}: 
AB: CD I to B than C to D,D will have}: 
E. a greater proportion to C than”: 
8. | BtoA. Suppoſe E to have the” 
| ſame proportion to Bas C toÞD, 
A will be greater than E, (by rhe 10.) 


Demonſtration. 


There 1s the ſame proportion of E to B, a | 
of Cto D : therefore (by the coroll. of the 16.) 
D has the ſame proportion to C, as BtoE+ 
But B has a greater proportion to E than to; 
A, (by the 8.) therefore D has a greater pro- | 
tion to C, than B to A. -j 
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PROPOSITION XXVII 


A THEOREM. 


If the firſt has a greater proportion to the ſe. 
Fa than the third to, the fourth, the firſt 

will alſo have a greater from to the 
third than the ſecond to the fourth. 


F A has a greater proportion [g, 4. : 

to Bthan CtoD, I ſay, that |AÞB: 
A will have a greater propor- |F. 
tion to C than Bto D. LetE 1g. 
have the ſame proportion to B, 
as CtoD; in that caſe A mult be greater 
than E. 

Demonſtration. . 

E has the ſame proportion to B, as C to 
D: therefore (by the 16.) E has the ſame pro. - 
portion to C, as Bto D. And becauſe A 1s 
| qa thanE, the proportion of A to C will 

greater than that of E to C. Therefore 
the proportion of A to C, is greater than 
that of B to D. 


Q 4 PROP. 
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"339954. Fur rey 


PROPOSITION XXVIIL 


A THEOREM. . 


Hf the firſt has a greater proportion to the fe. 
cond than the third to the fourth, the firſt 
and the ſecond will have a greater proportion 


Zo the ſecond, than the third and the fourth \ 


to the fourth." 


9,436, 3, 


EF. ? 22] to D, the proportion of AB to 
[3 : | B will alſo be greater than that. © 
—_ of CD to D. Suppole E to have 


the ſame proportion to B, as C to D. 


Demonſlration. 
E. has the ſame proportion to B, as C to 
D: therefore (by 7he 18.) EB has the ſame 
proportion to B, as CD to D. And ABbeing 


greater than EB, AB will have a greater pro- 


portion to B, than EB to the ſame B, and 
conſequently than CD to D, a6 


PROP. 


JF the proportion of A to B 
be greater than that of C + 


Sd A.» 1 A» 


Oe As 
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PROPOSITION XXIX. 


A THEOREM. 


If the firſt with the ſecond has a greater pro- + 
portion to the ſecond, than the third with 
the fourth to the fourth ; the firſt will have 
a greater proportion to the ſecond, than the 
third to the fourth. 


F the proportion of AB to B [TT 
be _ than the propor- [9-4 56, 3: 
t10n of CD to D, the proportion | * | 
of A to B will be allo greater |o. 

than that of C to D. Suppoſe |— 
EB to have the ſame proportion to B, as CD 
to D: EB will be leſs than AB, and E leſs 


than A. 


+2. 


Demonſtration, 


Since EB has the ſame proportion to B, as 
CD to D; , dividing them, E will have the 
ſame proportion to B as C to D, (by the 17.) 


' And A being greater than E, the proportion 


of A to B will be greater.than that of E to 
= ſame B, and conſequently than that of 
to D. | 


PROP. 
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PROPOSITION XXX. 
A THEOREM. 


rey dowry of the firſt with the ſecond. 


the ſecond, be greater than that of the thirl 
with the fourth to the fourth ; the propm... 
Zion of the firſt with the ſecond to the firh,. 
avril] be leſs than that of the third with th 


% 
% 
» 


s 
by 
8 
on 


A, B, C, D; [ F the proportion of AB to I 
» 43 6, 3. be greater than that of CI 


to D, the proportion of AB tw; 
A will beleſs than that of CD to C. ; 


Demonſtration. | b- 

The proportion of AB to B is ſuppos'd to}: 
be greater than that of. CD to D : therefore} 
(by the 29.) the proportion of A to B willbe# 
greater than that of C to D; and (by zhe 26.) 
the proportion of D to C will be greater than? 
that of B to A : therefore being compounded 
(by the 2.8.) the proportion of CD to C, wil | 
be greater than that of AB to A. 


[ 


PROP. - 


> 92> aa." pe ” + 
T\. "rs STIR CY I ER 


The Fifth Book. &— 247 


PROPOSITION RXXXL. 


A THEOREM. 


If many quantities are in a greater proportion 
or - onkabes than an equal _ of 
other quantities, plac'd after the ſame man- 
ner ; the firſt of the firſt order will be in a 
greater proportion to the laſt of that order, 
than the firſt of the ſecond oxder to the loft - 
of that. | 


TIF A has a greater pro- .|A, B, C,|D,EF,] 

portion to B, than D I6,10, 3,l9, 6, 2. 
to E; and B a greater ' ITE 
proportion to C, than Eto F; A will have 
a greater proportion to GC, than D to F. 


Demonſtration. 


Since A has a greater proportion to B than 
D toE, A will alſo have a greater propor- 
tion to D than BroE; and becauſe B has a 
greater proportion to C than E. to F, B will 
alſo have a greater proportion to E than C 
to F, Therefore A will have a greater pro- 
pony to D thanC to F: and Alternative- 
iy (by the 27.) A will have a greater propor- 
tion to'C, thanD'to F. 


PROP. 
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PROPOSITION XXXIL 


A THEOREM. 


1f many quantities are ingreater propor t10n a- 
mmong themſelu?s, than an equal nun- 
ber of other quantities, plac'd after a aiffe.. 
rent manner ; the firſt of the firſt order will 


have a greater proportion ts the laſt of that - 
order, than the firſt of the ſecond order 1 
i: 


, 
9 


the laſt of that. : 

"| 12.6 F A hasa greater pro- E 
"Xx I portion to C than T: 
hn to K;, and C a greater 


proportion to E than H' 


F[H, LK, 


, 
| 12, 3 [4 2, IT. 


B to have the ſame proportion to C asT to 
K, and C the ſame proportion to F as H to]; 


then A will be greater than B, and F than E. |} 


Demonſtration. 

Since 'tis ſuppos'd that B has the ſame pro: 
portion toC as I toK, and CtoF as Hto]1; | 
B will have the ſame proportion to F, as H 
to K, (by the 23.) But A has a greater propor- 


toI;. A will have a grea- |: 
ter proportion to E, than H to K. Suppoſe ” 


) 


# 


58 


ve, ALONE Ted OW -, ba \ 
ot POPE F IEP oat TIS.» vr I" 0 


tion to F, than B to the ſame F, (by 7he 8.) 
and the proportion of A to FE is greater than 
that of A toF, becauſe F is greater than E: 
therefore the proportion of A to E, 1s greater 
than that of H to K. PROP. 


PATHS T OF 


- CHOI 4 
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PROPOSITION XXXIIT. 


A THEOREM. 


Tf the Whole has a greater proportion to the 
Hhole than the part taken away to the part 
taken away, the Remainder will have a 
greater proportion to the Remainder than the 
H hole to the Whole. 


F AB has a greater propor- |13,4.; 0, 2,1 
tion to CD than BtoD, A A,B; cD! 
w1ll haveagreater proportion 
to C than AB to CD. 
Demunſtration. 
We ſuppoſe that the proportion of AB to 
CD 1s greater than that of Bto D; there- 
fore (by the 27.) the proportion of AB to B 
15 greater than that of CD toD: and (by zhe 
30.) the proportion of AB to A, 1s lefs than 
that of CD to C; therefore. alternatively, 
the proportion of AB to CD is leſs than that 
of AtoC. 


PROP. 


2 
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PROPOSITION XXXIV. 


A THEOREM. - 


If two orders of magnitudes be propos'd, and 
the proportion of the firſt of the firſt, to the 
firſt of the ſecond, be greater than that of 
the ſecond to the ſecond; and that greater 
than that of the third to the third, gyc. the 
whole firſt order will have a greater prepor- 
tion to the whole ſecond, than the whole firſt , 
order _ its firft magnitude, to the whole 
ſecond order except its firſt magnitude. But 
a leſs proportion than that of the firſt magni. 
tude of the firſt order,to the firſt magnitude of + 
the ſecond; and laſtly, a greater proportion | 
that that of the laſt magnitude of the firſt 
order, 70 the laſt of the ſecond. 


$3, & obs I» 2 FF the ty 9pm of 
A, B, C,|E,F,G. A to E be greater 
AA — thanthatof BtoF, and 
the proportion of B to F greater than that of 
C to G: 1 ſay, that A, B, C, will have a 
greater proportion to E,F, G, than the pro- 
portion of BC to FG. + 4 


Demonſtration. 


'Tis ſuppos'd the proportion of A toE 1s 
greater than that of B tro F; and Ml HI" 
| " oh 
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alternatively, the proportion of A to B is 
greater than that of E toF; and by compoun- 
ding them, the proportion of AB to B grea- 
ter than that of EF to F; and again alterna. 
tively, the proportion of AB to EF grea- 
ter than thatof BtoF. And becauſe the pro- 
portion of the whole AB to EF 1s greater 
than that of the part B to the part F, the 
proportion of the Remainder A to the Re- 
mainder  E will be greater than that of the 
whole AB to the whole EF. In like manner, 
IT may prove the proportion of B to F greater 
than that of BC ro FG, and conſequently that 
of A to E much greater than that of BC to 
FG. Therefore alternatively, the propor- 
tion of A to BC 1s greater than that 
of E toF'G; and compounding them, the 
Proportion of A, B, C, - to BC, greater than 
that of E,F,G, to FG: therefore the pro- 
portion of A,B, C, to E, F,G, will be grea- 
ter than-that of BC to FG. 

Secondly, the proportion of A to E, is 
greater than that of A, B,C, to E, F, G. 

Demonſtration. 

T have demonſtrated, that the proportion 
of the whole A, B, C, to the whole E, F, G, 1s 
greater than that of the part BC to the 
part FG: therefore the proportion of the 
Remainder A to the Remainder E, will be 
greater than that of the whole A, B, C, to 
- the whole E, F, G, (by the 33.) 

| Third- 


252 The Elements of Euclid. 


Thirdly, the proportion of A, B, C, to E, 
E, G, 1s greater than that of CtoG. - 


Demonſtration. 


The proportion of A to E is greater than | 
that of Bto F; and therefore alternatively, : 
that of A to B is greater than that of E to F; + 
and compounding them, the proportion of :- 
AB to B will be greater than that of -EF to + 
F; and again alternatively, that of AB to EF | 
greater than that of B to F. But the propor. | 
tion of B to F 1s greater than that of Cto G, | 
therefore the proportion of AB to EF is 
greater than that of C to G; and that 
of AB to C greater than that of FF two G;_ 
and therefore by compounding them, the 
proportion of A,B, C, to G, will be greater _ 
than that of E, F, G, to Gy and that of A, | 
B,C, to E, F, G, greater than thatof CtoG. | 
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ELEMENTS 
EUCLID. 


y His Book begins to apply the do- 
p &rine of Proportions, explain'd 
: in general in the preceding, to 
* particular matters; and taking 1ts riſe from 
*the moſt ſimple figures, z.e. Triangles, it 
* gives Rules to determine, not only the pro- 
« portion of their ſides, but alſo that of their 
* capacity, Area or ſuperficics. In the next 
*place we learn from it, how to find out pro- 
© portional lines, and to augment or diminiſh 
* any figure, according to any -proportion 
© allign'd. Here alſo is demonſtrated the moſt 
*uſeful Rule of Three ; and the Forty-ſe- 
* venth of the Firſt extended to any figure 
© whatſoever, Laſtly, it lays down the moſt 
* facile and moſt certain principles to con- 
*dnCt us 1n taking any manner of Dimenſions. 
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DEFINITIONS. 


AN I.TY Ectilineal figures are 
F*. ſimilar, when their 
OE | angles are equal, and the 


C 


*, 


I 


” 2 | fides, that form thoſe angles, 
FX proportional. © As the tri- 
D 


F © angles ABC, DEF, will be 
; . *fimilar, if the angles A and 
«D, BandF, Cand F, be equal; and ABhas 


«the ſame proportion to AC as DE to DF, . 


<and AB to BG as DE to EF. © 
| 2. Figures are reciprocal, 
A when they may be ſo com- 
| C par'd, that the antecedent of 


- one proportion and the con- 
| ſequent of another are both 


B E Þ += found in the ſame figure. 


©That 1s, when the Analogy begins and ends 
© in the ſame figure. As 1f AB has the ſame 
< proportion to CD, as DE to BF.. 


3. Aline 1s divided according to the ex- - 


treme and middle proportion, when the 
whole line has the ſame 

———— Proportion to the greater 

A C B part, as the greater part to 
the leſs. * As if AB has 


© the lame proportion to AC, as AC to "_ 
the 


© Wo, 09 YO WW 3 
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© the line AB is divided according to the ex- 
*treme and middle proportion. 

'4- The heightof any ft. _. pq 
gure 1s a perpendicular 
drawn from its ſummity fo \ T 
its baſe. * As in the tr1- . 
© angles ABC, EFG,the per- —— 
# mines AD and EH, = Ny 
© whether they fall within or without the 
© triangles, are their heights. Hence it fol- 
lows, that all triangles and parallelograms, 
*that have equal heights, may be plac'd 
* within the ſame parallels. For having ſer 
© their baſes upon the line HC, 1t the per- 
* pendiculars DA and HE be equal, the lines 
*EA and HC will be parallels. | 

5. A Proportion 1s {aid to be compounded 

of many others, when the * quantities of 
thoſe proportions being multiply'd, make 
another. * To underſtand the true intent of 
© this definition, 1t muſt be obſery'd, that 
«every Proportion, at leaſt, every f rational 
© Proportion, . takes its Denomination from 
*a certain number, denoting that reſpe@ or 
* relation that the antecedent of the propor- 
*tzon bears to the conſequent. As if two 
* magnitudes were propos'd, one of twelve 
* foot in length, and the other of fix; we - 
* ſhould call that proportion of 12 to 6 the 


* Denominators. | Exprefible by true numbers, 


R 2 double 
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© double proportion. In like manner if 4 
©and 12 were propos d, we ſhould give that 
«©the name of ſubtriple proportion, 4 being 
< its Denominator ; importing as much as 
+« that the proportion of 4. to 12, 1s the ſame 
«as that of + to unity, or as one to three. 
© This Denominator 1s call'd the guanzizy of 
© the Proportion. Suppoſe therefore three 
©terms were given, 12, G, and 2; the firſt 
« proportion of 12 to 6 being double, its 
< Denominator 1s two; the ſecond of 6 to 
'©2 being triple, its Denominator 1s three; 
[© the proportion therefore of 12 to 2 1s ſaid 
'©to be compounded of that of x2 to 6, and 
cof 6 to 2, the double and the triple pro- 
© portion. To find therefore the Denomina- 
© tor of the proportion of 12 to 2, multiply 
© three by two, and the product 6 will ſhow 
©the proportion of 12 to 2. to be ſextuple, 
© 7.6. as one to ſix This -1s that which 
© eMathematicians commonly underſtand by 
*compounded Proportion, though methinks 
©jt might more properly have been call'd 
* Proportion multiply'd. 


PROP. 
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PROPOSITION TI. 
\ 


\ A THEOREM. 


Parallehgrams, and triangles, of the ſame hight, 
are in the ſame proportion as their baſes. 


Uppoſe the triangles A ÞD 
g AGC, and DEM, to © \ | 
have the ſame hight, 
and to beplac'd between 
the ſame parallels, AD, & KLBC EF HM 
and GM: I fay, they 

will have the ſame proportion as their baſes 
GC, and EM. Divide the baſe EM into as 
many equal parts as you pleaſe, and draw lines 
from the point D to each diviſion, as DF, 
DH, DL. In like manner divide the line CG 
into parts equal-to thoſe of the line EM, and 
draw lines from its ſummity A to thoſe di- 
viſions, as AB, AI, gyc. All thoſe little tri- 
angles, being inclos'd within the ſame paral- 
lels, and having equal baſes, are equal, (y 
the 38. 1.) 


=_— 


Demonſtration. 

The baſe GC contains ſo many aliquot 
parts of EM, as there are parts found in it 
equal to EF ; but as many parts equal to EF 
as are found in the baſe GC, ſo many little 
triangles are contain'd in the triangle AGC, 

R 2 | C- 
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equal to thoſe contain'd in DEM ; which be. 
ing equal among themſelves are the aliquot 
parts of the triangle DEM. As oft there- 
fore as the baſe GC contains thoſe aliquot | 
parts of EM, fo oft does the triangle AGC © 
contain thealiquot parts of the triangle DEM; 
which alſo will happen in every diviſion 
whatſoever : therefore the triangle AGC has 


. the ſame proportion to the triangle DEM, as 


the baſe GC to the baſe EM. 

Now Parallelograms, deſcrib'd upon the 
{ame baſes, and inclos'd between the ſame 
parallels, are double the triangles, (by Zhe 
41. I.) therefore they are in the ſame propor- 
tion as the triangles, z e. as their baſes. 


The USE. 


*ThisPropoſition 1s not only ſerviceable in 
© demonſtrating thoſe that follow, but alſo of 
© oreat uſe in dividing large fields, or plains, 
* As for example, ſuppoſe you were to take 

* the third part of the 7rape- 
ND « ſaurm ABCD, having the 


Id T. © ſides AD and BC parallel ; 


* © produce the line BCt6 E, fo 
©that CE may be equal to 


DB GC @-g AD; and taking BG the 


* third part of BE, draw AG: I fay the tri- 
* angle ABG 1s the third part of the Trape/tum 


* ABCD. 
Demons 


1 be. 
quot 
ere. 
Juot 
\GC 
"M; 
ſton 
has 
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Demonſiration. 

© The triangles ADF, and FCE, are equi- 
© angular, becauſe the lines AD and CE. are 
© parallels ; and their ſides AD and CE are 
© equal : therefore (by z7he 26. I.) the trian- 
© ples are equal, and conſequently the trian- 
*gle ABE 1s equal to the irapefnnn ABCD. 
© But the triangle ABG is the third part of 
© the triangle ABE, (+y the preceding,) there- 
© fore the'triangle ABG is the third part of 
* the /rape/ium ABCD. 


es 


PROPOSITION IL 


A THEOREM. 


A line drawn in a triangle parallel to its baſe 

divides its fades proportionally ; and the line 

that divides the ſides of a triangle proporti- 
onally, will be parallel to zts baſe. 


line DE. be parallel to the 
baſe BC, the ſides AB and AC 
will be divided proportionally, 
z. e, AD will have the ſame 
proportion to DB, as AE to £<. 
EC. Draw the lines DC' and Þ - 
BE. The triangles DBE, and DEC, having 


the ſame baſe DE, and being enclos'd with- 
R 4 in 


J Fin the triangle ABC the, / A 
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in the ſame parallels DE and BC, are eaqul, 


(by the 37.1.) 
| Demonſtration. 

The triangles ADE and DBE havf the 
ſame hight E, and taking AD and DB for 
their baſes, and therefore may be plac'd_ 
within the line AB and another parallel to 
1t drawn through the point E, and conſe- 
quently have the ſame proportion as their 
baſes, (by z7he 1.) 2.6. the triangle ADE has 
the ſame proportion to- the triangle DBE, 
or 1ts equal CED, as AD to DB. But the 
triangle ADE has likewiſe the ſame propor- 
tion to the triangle CED, as AE to EC; and 
therefore AD has the ſame proportion to - 
DB, as AE to EC. 

Secondly, ſuppoſe AE to have the ſame | 
proportion to EC, as AD to DB : I ſay the 
lines DE and BC will be parallels. 

| Demonſtration. 

AD has the ſame proportion to DB, as | 
the triangle ADE to the triangle DEB, (by 
the 1.) and AE has the ſame proportion to ' 
EC, as the triangle. ADE to the triangle | 
CED; and conſequently the triangle ADE | 
has the ſame proportion to the triangle DEB, 
as the ſame ADE to the triangle CED. 
Therefore (by 7he 9..5.) the triangles BDE 
and CED, are equal, and (by the 39. 1.). be- 
tween the ſame parallels. - Therefore the 
lines DE and BC are parallels. Th 
| e 


qul, 


the 
for 
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The USE. 

'©This Propoſition is abſolutely neceſſary 
© for the demonſtration of thoſe that follow. 
<Tt may alſo be ſerviceable 1n taking Dimen- 
' ſions. As, in the following figure, if you 
t were to meaſure the hight of BE; having 
© erected a ſtaff or pole DA, there will be 
© the ſame proportion of CD to DA, as of 


©BC to BE. 


PROPOSITION HIIL 


A THEOREM. 


A line that divides an angle-of a triangle into 
two equal parts, divides its baſe inta two 
parts which have the ſame ay a1 as the 
ſides. And if it divide the baſe into two 
parts proportional to the fides, it will divide 
the angle into two equal parts. - 


]* the line AD divide the angle E 
BAC into two equal parts, AB A 
w1ll have the ſame proportion to X 
AC as BD to DC. Produce the fide F— > 
CA, and take AE equal to AB ; 
then draw the line EB. 
Demonſtration. | 

The external angle CAB 1s equal to th 

two- internal angles AEB and ABE: which 


being equal, (Sy zhe x. 1.) becauſe the ſides 
AE 


= 
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AE and AB are equal ; the angle. BAD, 
which is the half of BAC, will be equal to 
one of them, ſuppoſe ABE ; therefore (by 
Zhe 27. 1.) the lines AD and EB are paral- 
lel, and (4 zhe 2.) there is the ſame pro- 
portion of EA or AB to AC, as of BD to DC. 

Secondly, 1t AB has the ſame proportion 
to AC as BD to DC, the angle BAC will be 
divided into two equal parts. 


Demonſiration. 


AB or EA has the ſame proportion to 
AC, as BD to DC: therefore EB and AD are 
parallel; and (by zhe 29. 1.) the. alternate 
angles EBA and BAD, the internal BEA and 
the external DAC, will be equal: and the 
angles BEA and EBA being equal, the angles 
BAD and DAC will be alſo equal. There- 
fore the angle BAC will be divided into two 


equal parts. . 
The USE. 


©We make uſe of this Propoſition chiefly 
to find the proportion of the ſides of a tri- 
* angle. 


PROP. 
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PROPOSITION IV. 


A THEOREM. 


The ſides of equiangular triangles are pr o- 
portional. 


JF_the triangles ABC and - 
DCE, be equiangular, 2z.e. 
it the angles ABC and DCE, /, WP 
BAC and CDE be equal, AB /\ 
will have the ſame propor- 
tion to BC as DC to CE,and go E 
alſo AC wall have the ſame 
proportion to CB as DE to EC. Joyn the 
triangles after ſuch a manner, that the baſes 
BC and CE may be upon the fame line, and 
produce the ſides BA and ED till they meet 
in F ; ſince the angles ACB and DEC are 
equa], the lines AC and FE are parallels, 
(by the 28. x.) and by the ſame reaſon CD 


and BF are parallels, and therefore AFDC 


a Parallelogram. 
Demonſtration. 

In the triangle BFE, AC is parallel to 
FE, therefore (by 7he 2.) AB has the ſame 
proportion to AF, or, which is equal to at, 
CD, as BC to CE: and alternatively, AB has 


the ſame_ proportion to BC, as CD to on 
; n 
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8 
P 


In like manner in the ſame triangle, CD * 


being. parallel to BF, FD or AC has the + 


ſame proportion *to DE, as BC to- CE, (by 


the 2.) and alternatively, AC has the ſame E 


proportion to BC, as DE to CE. 


The USE. 


© This Propoſition 1s of ſo general uſe, 

© that it may paſs for a moſt univerſal prin+ 
© ciple in ah all manner of Dimenſions. 
*For 1n the firſt place all the methods of 
© meaſuring inacceſſible lines, by deſcribing 
©a ſmall triangle ſimilar to that which 1s 
© torm*d upon the ground, 1s founded upon 
tit; as alſo the greateſt part of thoſe cMa- 
© thematical Inſtruments, upon which are de- 
* ſcrib'd triangles, ſimilar to thoſe of which 
Ewe deſire to take the dimenſions, as the 
6 Geometrical Square, the Pantometer, the 
© Arbaleſt or Croſilaff, &c. Nor could we 
©know how to raiſe the Plane of any place, 
* but by the help thereof. So that 1n fine, 
© to unfold all the uſes of this Propoſition, 
©it would be neceflary to tranſcribe the 
- © whole firſt Book of Practical Geomernry. 


PROP. 
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PROPOSITION V. 


ATHEOREM. 
Triangles, which have p__—_ ides, are 


equiangular. 


IF the triangles ABG A = 


and DEF have pro- 
ortional ſides, z. ce. if AB / | 
the ſame proportion B CE E 
G 


to BC as DE toEF, and 


alſo AB the ſame propor- 
tion to AC as DE to DF ; the angles ABC 
and DEF, A andD, C and F, will be equal. 
Make the angle FEG equal to the angle B, 
and EFG equal to the angle C. - 
Demonſtration. | 
The trimgles ABC and EFG have two 
angles equal, therefore (by Corofl. 2. of the 
32. 1.) they are equiangular ; and (by 7he 4) 
AB has the ſame proportion to BC as GE. to 
EF. Now tis ſuppos'd, that' DE has the 
ſame proportion to EF as AB to BC, there- 
fore DE has the ſame proportion to EF as 
EG to EF; and conſequently (by the g. 5.) 
DE and EG are equal. After the ſame wan- 
ner DF may be prov'd equal to FG, and con- 
ſequently (by the 8. 1.) the triangles -DEF 
and GEF are equiangular, But the angle GEF 
was 
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was made equal to B, therefore the angle 
DEF 1s equal to the angle B, and the angle 


DFE to the angle C; and conſequently, the 


triangles ABC and DEF are equiangular. 


PROPOSITION VI. 


A THEOREM. 
Triangles, which have each one of their angles 


equal to one of the other,and the ſides contains *. 


zng that angle proportional, are equiangular. 
r 


reced.] have the angles B and E equal, 


P, 
- the triangles ABC and DEF [ſee fip. 
P 


and the fide AB has the ſame proportion to 


BC as DE to EF, the triangles ABC and DEF - 


will be equiangular. Make the angle FEG + 


equal to the angle B, and the afigle EFG e- 
qual to the angle C. | 


Demonſtration. 
The triangles ABC and GEF are equian- 


gular, (by Coro/ll. >. of the 32.1.) therefore | 
AB has the ſame proportion to BC as GE to | 


EF, (4p 7he 4.) But as AB to BC, 1o 1s DE 
to EF; therefore DE has the ſame propor- 
tion to EF as GE to the ſame EF ; and there- 
fore (by the 9. 5.) DE and EG are equal; 
and the triangles DEF and GFE, having the 
angles DEF and GEF, each equal to the 


angle 


yk 


a 
Aa 
Of 
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angle B, and the fides DE and EG equal, 
with the fide EF common to both, will be 
equal in all reſpes, (by 7he 4. 1.) therefore 
they will be equiangular; and the triangle 
EGF being equiangular to ABC, the triangles 
ABC and DEF are equiangular. 

\ The Seventh Propoſition is of no uſe. 


-——— 


PROPOSITION VII. 


A THEOREM, 


A perpendicular, drawn from the right angle of 
a reftangular triangle to the oppoſite fide, dt- 
vides the triangle into zwo others ſimilar tot. 


F the perpendicular BD be B 
drawn from the right angle 
ABC to the oppoſite {ide AC, 
1t will divide the retangular AÞ C 
triangle ABC into two trian- ; 
gles ADB and BDC, which will be ſimilar, 
or equiangular to the triangle ABC. 


Demonſtration. 

The triangles ABC and ADB have the 
ſame angle A, and the angles ABC and ADB 
right angles, therefore they are equiangu- 
lar, (by Coroll. 2. of the 32. 1.) In like man- 
ner the triangles BDC and ABC have the 
angle C common to both, and the angles 
ABC and BDC right angles ; \therefore _ 
| alſo 
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alſoare equiangular. Therefore the triangles | 
ABC, BDC, and ADB, are ſimilar triangles, 
The USE. "| 
© By the help of this Propoſition inacceſli. ' 
© ble diſtances may be meaſfur'd by a Carpen. - 
©ter's ſquare.. As for example, if I were to 
© meaſure the diſtance DC ; having drawn 
© the perpendicular BD, and plac'd my ſquare | 
©apon the point B 1n ſuch a manner, that 
©by-one of its ſides BC I could obſerve the * 
© point C, and by the other the point A: 
©*tis evident, there would be the Cos pro- | 
"© portion of AD to DB, as of DB to DC. 
© Therefore multiplying DB by its ſelf, and 
© dividing the produdct by AD, the Quotient 
* would be DC. 


PROPOSITION IX. 


A PROBLEM. | 
Of a line given to cut off what part you pleaſe. | 


E, Bob the line propos'd ! 
be AB, from which: ' 

you deſire to take away 3 ! 

E FD Hfth parts. Make an' angle 
| - ECD, and upon one of ts 
A B fides CD take five equal 
parts, three of which ſhall be ET - 


G 


les CF: then taking CE equal to AB, draw the 


les. - 
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line DE, and another parallel to that FG: 
the line CG will contain three fatth parts of 
CE or AB. 

Demonſtration. 


In the triangle ECD, FG being parallel to 


- the baſe DE, CF will have the ſame propor- 


tion to FD as CG to GE, (by the 2.) and com- 
pounding them, (by zhe 18. 5.) CE will have 
the ſame proportion to CG as CD toCF ; and 
Wy the Coroll. ,of the'16. 5.) CG will have the 

ame proportion to CE as CF to CD. But 
CF contains three fifths of CD, therefore CG 
w1ll contain three fifchs of CE or AB. 


— 


PROPOSITION Xx. 
A PROBLEM. 


To divide a.line after the ſame manner as ano- 
; ther line given 1s divided. | 


TF you would divide H.. 
the line AB after the 7 
ſame manner as AC 1s "44 
divided, make with the Ai Re 
two lines the angle CAB " 
of what magnitude you D;.-L"L 
leaſe; then draw the | 
ine BC, and parallel to it the lines EO, F bt 
| . S an 


= 
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and the reſt. The line AB will be divided! 


after the ſame manner that AC 1s. : 


 _ Demonſtration. C 

Since in the triangle BAC, HX 1s drawn 
parallel] to the baſe BC, 1t will divide the: 
fides AB and AC proportionally, (by the 2, 
and the ſame may be Kid of all the reſt. 

To do this more eaſily, you may draw the: 
line BD paralleltoAC; and transferring the. 
diviſions of AC to BD, draw lines from on: 
to the other. 


{ 
/ 


——@C. 


PROPOSITION KX[T.. 
A PROBLEM. ; 
T wo lines being given to find a third proportional” 


A 


— — 
» 


-B JF you would find a thin: 
5 proportional to the line! 
go" DB AB and 6C, 7. e. that ther; 
= may be the ſame propor: 
tionof AB to BC, as of Bl; 

A B Cc to the line ſought ; mak! 
at pleaſure the angle EAC}| 

and upon one of its ſides rake the lines AB} 
and BC, one immedaatcly atter the other;* 
andppon the other ſide take AD equal to BC: 
then draw the line BD, and parallel to it the. 
line CE; and the line DE will be that which 
you leck, De- 


"ue 
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Demonſtration. 
In the triangle EAC the line DB 1s paral- 


+ lel to the baſe CE, therefore (by 7he 2.) there 


1s the ſame proportion of AB to BC, as of AD 
or BC to DE. 


PROPOSITION XI. 


A'PROBLEM. 


Three lines being given to find a fourth pro- 
portional. 


ET the three lines 4 

propos'd, to which you B—C 
are to find a fourth propor- D—E 
tional, be AB, BC, and DE. 
Make at pleaſure the angle £ B © 
FAC, ef | take upon AC the 
lines AB and BC, and upon AF the line AD 
equal to DE ; then draw the line DB, and 
parallel to it FC : I ſay, that DF is the line 


ſought, 7Z. e. there is the ſame proportion of 


AB to BC as of DE or AD to DF. 


Demonſtration. 

In the triangle FAC the line DB is paral- 
le] to the baſe FC: there is therefore the 
ſame proportion of AB to BC, as of AD to 
DF, (& the 2.) | 

S 2 Pe The 
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The USE. 


©The uſe of the Compaſs of proportion is | 
© grounded upon theſe four Propoſitions ; for * 
©that Inſtrument teaching us todividealine as : 
© we pleaſe; to make uſe of the Rale of T hree, \ 


© without the help of Arizhmetick ; to extra | 


© the Square, and Cubick roots ; to double the | 
©Cube; to meaſure all ſorts of Triangles; to ' 
© find the capacity of Superficies's, and the '. 
© ſolidity of bodies; and to augment or dim. | 
© niſh any figure, according to what propor: :: 


©tion we deſire; all theſe operations are de- | 


© mon{Erated by the preceding Propoſitions. 


——_—— 


PROPOSITION XII. 


A PROBLEM. 


Two. lines being given to aſſign a middle pro- 
portional, | 


= you defire a middle 


y 5 ; 
proportional between | 

| the. lines LV, and VR; 
By , having plac'd them fo, 


L —  V that they make bur one 
T——VYV right line LR, divide 
Nome Bl that line into two equal 


parts in M; and haying deſfcrib'd a ſemi- 
circle 


© 40 8g a RBI OR ie 
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circle LTR from the center M, draw th<© 
perpendicular VT, which will be a middle 
proportional between LV and VR. Draw 


: the lines LT, and TR. 


| Demonſtration. 

* The angle TR, being deſcrib'd' in a 
ſemicircle, is a right angle, (by the 31. 3.)and 
(by the 8.) the triangles LVT and TVR are 
Aras therefore there 1s the ſame propor- 
tion of LV to V'T in the triangle LVT, as of 
VT to VR an the triangle TVR, (by the 4.) 
therefore VT 1s a middle proportional be- 
tween LV and YR. I, 


The USE. 


n © By this Propoſition any reQangular Paral- 
\ *lelogram may be reduc'd to a Square. For 


* example, in the ReQtangle contain'd under 
©LV and VR, the ſquare of VT is equal to 
© the ReQangle under LV and YR ; as I ſhall 
© hereafter demonſtrate | 


S 3 PROP. 
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PROPOSITION XIV. 


+ 
4 
x: 
F; 
0 
Nt! 
: 
'Þ 
by 


A THEOREM. 


Equal equiangular Parallelograms bave their | 
fiaes reciprocal ; and equiangular Parallels / 
grams, that have their ſides reciprocal, ant | 


a 


equal. | | ; 
3; FF the parallelograms L : 

” cri I and M be equiangular and :. 
a D_]. equal, their ſides will be re- -, 


the ſame proportion to DE 
G £9) as FD to DB. Since they: 

have equal angles, they may + 
be ſo joyn'd together, that the fides CD and ' 
DE, þ D and DB, will concur in two right | 
lines, (by the corofl. of the 15. 1.) producing |; 
therefore the ſides AB and GE, you compleat : 
the parallelogram BDEH. | 


lf E]. ciprocal, 7. e. CD will have : 
M 


=k 


pop WIR. 


Demonſtration. | 

The parallelograms L and M being equal, ! 

will have the ſame proportion to the paral- : 
lelogram BDEH. But the proportion of L 

to BDEH, is as the baſe CD to the baſe DE; |; 
and that of M, or DFGE, to BDFH, 1s as 
the baſe FD to the baſe DB, (by zbe 1.) 
There-+ 


2, 


FW ec & + an” 
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Therefore CD has the ſame proportion to 


DE, as FD to DB. 


Secondly, if the parallelograms L and M 
be equiangular, and have their fides reci- 
procal, they will be equal, 


— 
The fides of the parMelograms are ſup- 
pos'd to be reciprocal, 2. e. that there 1s the 


ſame proportion of CD to DE, as of FD to 
DB : but as the baſe CD is to DE, ſo 1s the 
parallelogram L to the parallelogram BDEH 
(by the 1.) and as FD to DB, ſo 1s the paral- 


' lelogram M to BDEH ; therefore L has the 


ſame proportion to BDEH, as M to the ſame | 
BDEH ; therefore (by zhe 9. 5.) the paralle- 
lograms L and M are equal. 
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PROPOSITION XV. 


A THEOREM. 


nal triangles, that have one angle equal each - 
ts the other, have the ſides, that fo that. 
angle. reciprocal : and if thoſe ſides be reci. |: 
procal, they will be equal. |. 


F the triangles F andG, ; 
being equal, have the ' 
angles ACB and DCE <e- 7 
qual, their ſides that form * 
thoſe angles will be rect- © 
procal, z. e. BC will have ! 
; the ſame proportion to CE | 
as CD to CA. Place the triangles ſo, that * 
the ſides CD and CA may make one right line; * 
and then becauſe the angles ACB and */DCE ' 
are ſuppos'd to be equal, BC and CE will alſo ©. 
make one right line, (by Coro/.. of the 15.1.) | 
Draw the line AE. 1 
—= Demonſtration. f 
The triangle ABC has the ſame proportion 
to the triangle ACE, as the eriangle. ECD, 
equal to the former, to the ſame ACE,. (by 
Zhe 7. 5.) But as ABC to ACE, 1o 1s the baſe 
BC to the baſe CE, (4y 7he 1.) having both 
the ſame hight A; and as ECD to ACE, _ 
the 


bd Ee. 6. 3 0 


- 
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the baſe CD to CA, (by the ſame :) therefore 
BC has the ſame proportion to CE, as CD to 
CA. But if the fides be ſuppos'd reciprocal, 


- 4.e. that BC has the ſame proportion to CE 


as CD to CA, the triangles ABC and CDE 
w1ll be equal, becauſe they will both have- 
the ſame proportion to ACE: 


PROPOSITION XVI. 


A THEOREM. 


If four lines be proportional, the reftangle con- 
tain'd under the firſt and the fourth, will be 
equal to the reftangle contain'd under the 
ſecond and the third. ind if the reftangle 
contain'd under the extremes be equal to that 
contain'd under the middle termes, the four 
lines will be propor tional. 


TF the lines A, B, C, D, be | 

I proportional], ;. e. if as A | LA. 9 

to B, ſo C to D, the reCtan- C 

gle contain'd under the firſt A 

A, and the fourth D, will be E—< 

equal to the reftangle con- D 

tain'd under Band C. : 
Demonſtration, 

The re&tangles have one angle equal each 
to the other, . becauſe 'tis a right angle 1n 
both ; their ſides alfo are reciprocal; there- 
fore they are equal, (by 7he 14.) - In 
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In like manner, if they are equal, their. 
ſides will be reciprocal, #. e. A will have the" 
ſame proportion to B as C to D. ; 


\ 
-* 


—_— I —_—_— on. A ..4 


} 


PROPOSITION XVII. 


A THROREM. 


tf three lines be proportional, the reftangle cor + 
tain'd under the firſt and the third, will be. 
equal to the ſquare of the middle terme. Ani: 
of rhe Jouve of the middle terme be equal ti 
the rettangle under the extremes, the thre: 
lines are propor tional. | bs 


MW 


7 F the three lines A, B, D, be © 


(D proportional, the reftangle | 
A * contain'd under A and D will þ 


B | be equal to the ſquare of B.” 

7 Take C equal to B, and there | 
| will be the ſame proportion of | 

A to Bas of CtoD; therefore * 
the ſour lines are proportional. . 


OO Demonſtration. nl 

The reQangle under A and D yillbee-| 
qual to that under B and C, (by 7he preceding) 
but the laſt reQangle is a ſquare, the lines B 
and C being equal : therefore the refQtangle | 


contain'd under A and D js equal to the”: 
{quare of B. In 


c 
; 
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their. In like manner, if the re&angle under A 
'7e the and D be equal to the ſquare of B, A will 
- have the ſame proportion to B as CtoD: 
* and B and C being equal, A will have the 


—* ſame proportion to B, as B to D. 
The USE. 
© By theſe four. Propoſitions may be de- 
WS; monſtrated that Rule in Ar:/7bmetick, which 
T0 commonly call'd the Rule of Three; and 


- *conſequently, the Rules of FeHorw ſhip, of 
<ul 0 Falſe, and All thoſe others that Yd 
Are. © upon Proportion. For example, ſuppoſe 
#* «Three numbers given, A8, B,s, and C 4, 

»* *anditbe requir'd to find a fourth propor- 

, be © tional number; which taking as found, T 
gle © will call D. The reQangle > Fox contain'd 
vill © under A and D, 1s equal to that under B 
'B,) fandC, But I may have this latter reQ- 
ere angle by multiplying B by C, 2. e. ſix by 
of © *©four ; the produR will be twenty-four; 
re * therefore the refangle contain'd under A 
*and D 1s alfo twenty-four; .and therefore 
* dividing that number by A, which 1s 8, the 
* Quottent three will be the number ſought. 


| : PROP, 


Re of 
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PROPOSITION XVIII. 


\ 
| A PROBLEM. 


To deſcribe a Polygon ſimilar to another upon | 


a line gruen. 


G D |. ET AB be the line} 

H E, aſſign'd, upon; 
which you are requir'd 

B C_ + to deſcribe a Polygon} 

ſimilar to the Polygon | 

CFDE; and, having divided the Polygon 
CFDE into triangles,” upon the line AB? 
make a triangle ABH ſimilar to the triangle * 
CFE, z.e. make the angle ABH equal to the 7 
angle CFE, and BAH equal to FCE : for then ? 
' the triangles ABH and CFE will be equian- 
gular, (by Corofl. 2. of the 32. 1.) Make alfo 


upon the line BH a triangle equiangular to 
FDE. 


|B% Demonſtration. *s | 
Tl * Since the triangles, which are part of the 


polygons, are equiangular, the two poly- 
gons 'are equiangular. Further, ſince the 
triangles ABH and CFE are equiangular, 
AB will have the ſame proportion to BH as 
CF to FE, (by 7he 4.) In like manner, the 
triangles HBG and EFD being equiangular, 
BH will have the ſame proportion to BG - 


ThE 


as 1 KD Te 


qo 
o 
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' FE toFD: and by equality, (according 7o 


defin. 18. 5.) AB will have the ſame propor- 
tion to BG, as CF to FD. And the ſame may 
be ſaid of all the other ſides. Therefore (by 
defin. 1.) the polygons are ſimilar. 


The USE. 


© Upon this Propoſition 1s grounded the 
e oreateſt part of Praftical Geometry, that 
« relates to the raiſing the plane of any place, 
© as of a building, field; foreſt, or a whole 
*country. For having divided a line into 
© equal parts, to anſwer the feet or yards 
©contain'd in the plane, you may deſcribe a 
© figure ſimilar to, but leſs than, the Origi- 
© nal, in which you may ſee the proportion 
© of all its lines. And having by experience 
©found it much more eaſe to travel upon 
© paper, than to take a tedious journey ej- 
© ther by land or water, this Propoſition will 


© likewiſe afford us afliſtance in this reſpe&: 


© informing us in almoſt all -the parts of 
© Geodeſta, and Cherography ; and giving in- 
*{trutions how to compoſe Geographical 
* Charts, and Maps; which are nothing elſe 
©but methods of reducing great figures to 
*\mall. Further, the uſe of this Propoſition 
* extends it ſelf to almoſt all thoſe Arts, 
* that require the deſign and model of theis 
© works before-hand. FR 


PROP. 


\ 
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PROPOSITION XIX 


A THEOREM. 


Similar triangles are in the duplicate propmr.. 
tion of their homologous ſides. | 


F the triangles ABC and 
* || DEF be ſimilar or equi. 
On will bevat} 
the duplicate proportiol®: 
The np of has hens ſide: 
BC, EF, 7. e. the proportion of the triangh; 
ABC to the triangle DEF will be the dupli! 
cate of the proportion of BC to EF; ſo that A 
finding a third proportional HI to the lines! 
BC and EF, and making BC to have the} + 
ſame proportion to EF, as EF to HI, the} 
triangle ABC will have the ſame proportion |: 
to DEF as the line BC to the line HI ; which © 
1s to have to it a duplicate proportion, (dy |' 
fi. 11. 5.) Take BG equal to HI, and; 
draw the line AG. | ] 
Demonſtration. : | 
The angles B and E of the triangles ABG | 
and DEF are equal ; and beſides, ſince the | 
triangles AEC and DEF are fimilar, AB will | 
have the ſame proportion to DE as BC to 
EP, (&y the fourth.) But as BC to EF, foEF | 
t 


0 | 


—— 
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' toHIor BG; therefore as AB to DE, fo EF 


to BG; and conſequently, the ſides of the 
triangles ABG and DEF being reciprecal, 


' the triangles will be equal, (by the 15.) And 


(by the 1.) the triangle ABC has the ſame 
proportion to the triangle ABG, as BC to BG 
or HI : therefore the triangle ABC has the 
ſame proportion to the triangle DEF, as BC 


to HI. 
The USE. 


© Theſe Propoſitions may help to corre& 
©the error of thoſe, who are apt to imagine 
© ſimilar figures to have the ſame proportion 
© as their {ides. For 1f two ſquares, two 
© pentagons; two hexagons, or two circles, 
©be propos'd, and the ſide of the firſt be 
© double that of the ſecond, the firſt figure 
© will be quadruple the ſecond: if the fide of 


> Cthe firſt be triple that of the ſecond, the | 


«firſt figure will be nine times greater than 
© the ſecond. Therefore to make a ſquare 
©triple to another, you muſt ſeek a middle 
© yroportional between one and three, and 
*you ll find for the fide of your triple figure 


© almoſt 14. 


PROP. 
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PROPOSITION XX. 


- A THEOREM. 


Similar Polygons may be drvided into an equal 
number of triangles, and are in the duplicate © 


proportion of their homologous ſides. 


A & the Polygons | 
ABCDE and: 

n 7 GHILM be fimi-| 
H M- Jar, they may be# 
divided into an e: }. 

C D I L ry number of 7 

| imilar triangles, : 

which will be the ſimilar parts of their }: 
wholes. Draw the lines AC, AD, GI, GL. % 


Be 
[os 
2h 
z 
: 


Demonſtration. 4 

Since the Polygons are ſimilar, their | 
angles B and H wall be equal; and AB will ? 
have the ſame proportion to BG as GH to | 
HI, (by defin. 1.) therefore the triangles | 
ABC and GHT are ſimilar, (by zhe 6.) and | 
(zy the 4.) BC has the ſame proportion ro CA 
as HI toGI. Further, becauſe CD has the 
ſame proportion to BC as IL to IH, and BC 
the ſame to CA as HI to IG; by equality, 
CD will have the ſame proportion to CA as | 
IL to GI. Now the angles BCD and HIL | 
being 


F- 
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* being equal, if the angles ACB and GIH, 


which are equal, be taken from them, the 
angles ACD and GIL will remain equal. 
Therefore (by the6.) the triangles ACD and 


| GIL will be ſimilar. In hke manner, 'tis 


ealie to run over all the triangles of the 
Polygons, and to prove them fim1lar. 
I add further, that the triangles are in 


' the ſame proportion as the polygons. 


Demonſiration. 


Since all the triangles are ſimilar, their 


; ſides will be proportional, (4y zhe 4.) bur 
-* each triangle to its ſimilar 1s 1n the duplicate 
' proportion of the homologous {ides, (by 7he 


I9.) therefore every triangle of one poly- 

on to every triangle of the other 1s 1n the 
Colinnts proportion of its ſides ; which be- 
ing the ſame, the duplicate proportion muſt 
be the ſame; and there will be the ſame 
proportion of each triangle to its ſimilar, 


. as of all the triangles of one pelygon to all 


the triangles of the other polygon, (by zhe 
I2, 5.) 2.e. of one polygon to the other. 

Corofll. 1. Similar polygons are 1n the du- 
plicate proportion of their ſides. 

Coro/ll. 2, If three lines be 1n continual 
proportion, a polygon deſcribd upon the 
firſt will have the ſame proportion to a po-. 
lyzon' deſcrib'd upon the ſecond, as the firſt 

'T line 
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line to the third, 7z.e. it will be in the du- 


plicate proportion, of that of the firſt line 
to the ſecond. . | 


PROPOSITION, XXII. 


A THEOREM. 


Polygons, that are ſimilar to another polygon 
ate ſo alſo amongſt Maa” _”_ 


T* two polygons be {i- 
/N\ m1lar to a third, they 
> will be ſo alſo betwixt 
themſelves. For they may 

__ each be divided into as 
many ſimilar triangles, as 

are in the third, But triangles ſimilar to a 


A. 


third, are allo fimilar amongſt themſelves ; 


becauſe angles equal to a third, are equal 
amongſt themſelves; and the angles of the 
triangles being equal, thoſe of the polygons 
being compounded of them mult be ſo like- 
wiſe. 

I add, that the fides of the triangles be- 
ing proportiona], thoſe of the polygons muſt 
be 1o alſo, becauſe they are the ſame. 


a —— OY ————— = i "YE ET a nr RIA py EPI * 
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PROPOSITION KXXIL 


A THEOREM. 
Similar polygons deſcrib'd upon four proportio- 
#a/ fax alſo proportional. And if the 
polygons be proportional, the lines are ſo too. 


F BC has the ſame pro- A ©; a 
portion to EF as HI Wo 
to MN, the polygon ABC /. 


will alſo have the _ B C E ® 
proportion to the ſimilar L © 
polygon DEF, as HL, to |H__I be Oe 


its fimilar polygon MO. 
Seek a third proportional G to the lines BC 
andEF, and to the lines HI and MO another 
third proportional P, (by the 11.) Since BG 
has the ſame proportion to EF as HI to MN, 
and EF to Gas MN to P; by cquality, BG 
w1ll have the ſame proportion to G, as HI 
toP: and this proportion will be the double 
of that of BC to:EF, or HI to MN. 


Demonſiration. 


The pMlygon ABC to the polygon DEF is 
In the duplicate proportion of thatof BC to 


EF, (by the 20.) that is, as BC to -G; and 


the polygon HL has the ſame proportion to 


MO, as HI to P. Therefore ABC has the 
x e T 2 ſame. 


—_— 
_ 


—— : 
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ſame proportion to DEF, as HL to MO. . . 
And if the ſimilar polygons be proportio-  ? 

nal, the lines being 1n the ſubdeplicate pro- ' 

portion to them, will be alſo proportional. 

T he 4 SE. = 
vox ge ©'This Propoſition may be © 
<a - ps © eaſily wolys to mew if + 
9, 4:: 36,16, *the numbers A, B, C, D, be 
[= G_H | © proportional, their ſquares 
——=——-*E, F, G, H, will be ſo alſo; 
© which is very ſerviceable in 4ri#hmetick, 
©and more in Aſgebra. 
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PROPOSITION XXIIL 


A THEOREM. 


Equiangular Parallelograms are m the propor. |. 
os compounded of the proportions of their 
ſtates. | | 


FER. TIF the parallelograms L and | 
M be equaangular, the pro- 
C D_j portion of L to M will be 
compounded of that of AB 
to DE, and that of BD to DF. 
Joyn the paralleJograms ſo, 
that their ſides BD and DF 
may make but one right line, as alſo CD and 
DE another ; which, the parallelograms be- 


ing 
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' * . 1ng equiangular, may be done, (by the coroll. of 


the 15. 1.) and compleat the parallelogram 
BDEH. 


Demonſtration. 


The parallelogram L has the ſame pro- 
portion to the parallelogram BDEH, as the 
baſe AB to the' baſe BH or DE, (by the 1.) 
and the parallelogram BDEH has the ſame 
proportion to the parallelogram DFGE, z. e. 
M, as the baſe BD to DF. But the propor- 
tion of the parallelogram L to the parallelo- 
gram M 1s compounded of that of L to the 
parallelogram BDEH, and of that of BDEH 
to the parallelogram M. Therefore the pro- 
portion of L to M is compounded of that of 
AB to DE, and that of BD to DE. For ex- 
ample, let AB be 8, DE x, BD 4, DF 7; and 
make as 4. to 7, fo 5 to 8z; by which means 
you w1ll have three numbers, 8, 5, and 82, 
8 to 5 being the proportion of the pa- 
rallelogram L to- BDEH, which is that of 
AB to DE; and 5 to 8; that of the. pa- 
rallelogram BDEH to M. Taking away there- 
fore the middle term five, there will remain 
8 to 8; for the proportion compounded of 


the two. \. 


& 
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PROPOSITION XXIV. 


" A THEOREM. 


1n all parallelograms, thoſe through which the 
diameter paſſes, are ſimilar to the great one. 


A E BR 
&1__1 


0. lelogram AC. 


Demonſtration. 


C Tppore the diameter of the | 


ay they are ſimilar to the paral- * 


, 

$ 

x 
#5 


y 

(5d 
3s 

[4 


parallelogram AC paſs thro' | 
the parallelograms EF, GH : I ® 


£1 


The parallelograms AC and EF have the |. 
ſame angle B: and becauſe in the triangle * 
BCD, IF is parallel to the baſe DC, the tri- / 
angles BFI and BCD are equiangular. There- ' 


fore (by the fourth) BC has the ſame propor-. | 


tion to CD as BF to FI, and conſequently the 
ſides are 1n the ſame proportion. 


In like. | 


manner IH being parallel] to BC, DH wall | 
have the ſame proportion to. HI as DCto BC; | 


the angles arealfſo equal, all the fides being 
parallels: therefore (by defin. 1.) the paral- 
lelograms EF and GH are {1milar to the pa- 


. Tallelogram AC. 


The USE. 


© I have made uſe of this propoſition to de- 
© monſtrate the 10. Propoſition of my laſt __ 
© 


? ralle 
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* of Perſpectives ; where I have ſhown a way 
© to draw an Image fimilar to the Original, by 


= parallelogram compos'd of four Rules. 


—_ —_ 


PROPOSITION XXY. 


A PROBLEM. 
To deſcribe a Polygon, ſimilar to one Polygon 


given, and equal to another. 


F you delire to de- 
ſcribe a Polygon e- CA\ | 
qual to the rectilineal AT 
A, and ſimilar to the b— —_—_— 


Polygon B; make a pa- = 

Laram CE equal to the Polygon B, . (by 
7he 44- 1.) and upon the line DE make ano- 
ther parallelogram equal to the re&ilineal A, 
(by the 45. 1.) Then find a middle proportt- 
onal GH between CD and DF, (by zhe 13.) 
Laſtly, make upon GH a Polygon O, ſimilar 


to B, (by rhe 18.) which will be equal to the 


reailineal A. 
Demonſtration. 


Since CD, GH, and DF, are in a continual 
proportion, the re&ilineal B deſcrib'd upon 
the firſt, will have the ſame proportion to 
the reQilineal O deſcrib'd upon the ſecond, 
as CD to DF, (by Coroll. 2. of the 20.) But 
as CD to DF ſo is the parallelogram CE. to 
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. FE, or B to A, which are equal to them, | 
Therefore B has the ſame proportion to O as þ , 
B to A, and conſequently (by the 9. 5.) A and Þ-* 
O. are equal, | 

The USE. 7 
©This Propoſition teaches how to change | 
© one figure tor another, retaining ſtill 1ts | 
em equality.to a third ; which 1s very uſeful in } 
E praftical Geometry, for the reducing all fi- } 

*gures to ſquares. | | 


2 
14] 


PROPOSITION XxXvI. : 


A THEOREM. 


If in one angle of a parallelogram you deſcribe a 
leſs, ſimilar to the former, the diameter of | 
the greater will fall upon the angle of the leſs. 


A. of in the angle D of the pa- 

ar {= rallelogram AC youdeſcribe 
G& a lefſer parallelogrtm DG, 1i- 

{ mular to the other, the diame- | 

ahora! ter BD will paſs by the point G. 

For if 1t do not paſs by that point, ſuppoſe 

it then to paſs by the point I, and to 


make.the line BID. Draw the line IE paral- 
Jel to HD. | 


| | Demonſtration. 
The parallelogram DI wowld be ſimilar KG 
TO. the 


* "Wd I 


» 
+ £ t 
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parallelogram AG, (by the 24.) But the 
zziailelogram DG 1s alſo ſuppos'd ſimilar to 
therefore the parallelograms Dl and DG 
would be ſimilar, which 1s 1mpoflible ; for 
ſo HI would have the ſame proportion to IE 
or GF, as HG to the ſame GF ; and (by the 
9. 5.) the lines HI and HG would be equal. 


ws 


C—— 


PROPOSITION XXX. 
A PROBLEM. 


To divide a line according to the extreme and 
middle propor tion. 


| By" AB be the line pro- l— 
pos d to be divided accor- A , C B 
ding to the extreme and middle 

proportion, 72. e. ſo, that AB may have the 
ſame proportion to AC as AC to CB, Divide 
the line AB (by z7he 11. 2.) ſo, that the reCt- 


angle contain'd under AB and CB may be 


equal to the ſquare of AC. 
Demonſtration. | 
Since the reQtangle under AB and CB 1s e- 
qual to the ſquare of AC, AB will have the 
wo, proportion to AC as AC to CB, (by the 
I” 
” The USE. 


©'This pp_ is neceſſary in the Thir- 
of Euclid, for the finding the 
 - . ae 


* teenth boo 
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©fide of five regular bodies. And Friar Lucas) | 
© of the Holy Sepulcher, has compos'd a whole | 
© book concerning the properties of a line di- | 


© vided according to the extreme and middle | 
© preportion. 


PROPOSITION KXXXI. 


A THEOREM. 


A polygon deſcrib'd upon the baſe of a reftangu- | 
lar tr 1angle, ts equal ts the two ſimilar Poly- | 


gons deſcrib'd upon the other ſides of the ſame + 
triangle. | 


A F the angle BAC of the | 
triangle ABC be a right | 
angle, the polygon D, de- | 
© ſcribd upon its baſe BC, will 

be equal to the two ſimilar | 


Polygons F and E deſcrib'd | 
ppon the fides AB and AC. | 


Demonſtration. | 

The Polygons 'D, FE. and F, are amongſt ' 
themſelves in the duplicate proportion of | 
their homologous ſides BC, AC, and AB, (by 
the 20.) and if ſquares were deſcrib'd 
upon the ſame ſides, they alſo would among(t 
themſelves bein the duplicate proportion of 
their ſides; but (by the 47. 1.) the ſquare = 


" RO SR < 
_—— - - 
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BC would be equal to the ſquares of AC and 
AB: therefore the Polygon D deſcrib'd upon 
the baſe BC, will be equal to the ſimilar 
Polygons E, and F, deſcribd upon AB and AC. 


The USE. 

©This Propoſition is made uſe of to aug- 

© ment or diminiſh all: manner of figures, be- 
©ing more univerſal than the 47. i.-which 
<yet is exceeding uſeful, in as much as almoſt 
* all Geometry is grounded upon that principle. 
The 32. Propoſition 15 uſeleſs: 


PROPOSITION XXXALlI. 


A THEOREM. 


1n equal circles, the angles as well at the ceuter 
as circumference, as alſo the ſector, are m 
the ſame proportion as the arches upon which 
they ſtand. 


F the circles Ng 


' ANC and DOF 
are equal, the D 
angle ABC will D /| E 
INE XP 
& H KL 


have the ſame 

proportion tothe © _ 

angle DEF as the 2 

arch AC to the arch DF. Suppoſe AG, GH, 

and HC, to be equal arches, and conſequent- 

1y the aliquot parts of AC; and let DF - 
FE 


| 
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divided into as many parts, equal to AG, as 
It contains ; and draw the lines EI, EK, and. : 


the relt. | 
Demonſtration. 


All the angles, ABG, GBH, HBC, DET, | 


IEK, and the reſt, are equal, (by 7he 27. 3 ) 


ſo that AG, an aliquot part of the arch AC, 8 


will be contain'd in the arch DF, as oft as the 
angle ABG, an aliquot part of the angle ABC, 


; 2s contain'd 1n the angle DEF ; therefore the 


arch AC; will. have the ſame proportion to 
the arch DF, as the angle ABC to the angle 


DEF. And becauſe N and © are the halves 


of the angles ABC and DEF, they will be 1n 
the ſame-proportion as theſe : therefore the 
angle N has the ſame propartion to the angle 
O, as the arch AC to the arch DF. 

The ſaqe holds likewiſe of the SeQtors : 
forif you > i the lines AG, GH, HC, DI, IK, 
and the reſt, they will be equal, (by 7he 29. 3.) 
and each little ſetor will be divided 1nto a 
triangle, and a ſegment, But the triangles 
will be equal, (by 7he 8. 1.) and the little ſeg- 
ments will alſo be equal, (by the 24. 3.) there- 
fore the whole little ScQtors will be equal ; 
and conſequently, as many aliquot parts of 
the arch AC as are contain'd in the arch DF, 


ſo many aliquot parts of the ſeftor ALC will | 


be contain'd 1n the ſ{c&or DEF. Therefore 
the arch has the ſame proportion to the arch, 


as theſe Qtor to the ſeftor. 
- THE 
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ELEMENTS 
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Y His Book eſtabliſhes the firſt principles 
c relating to ſolid bodies; 1nfomuch 
<that 1t is 1mpollible to know any thing cer- 
© tainly concerning the third ſpeczes of quan- | 
<tity, without underſtanding what 1s herein 
« taught. Upon which account the knowledge 
© of it 1s abſolutely neceſlary to a through in- _ 
< ſight into the greateſt part of Mathematical 
© Treatiſes, [In the firſt place, the Doctrine 
© of the Sphere deliver'd by Thedoſius does 
* ſuppoſe a perfet knowledge of the whole. In 
like manner Spherical Trigonometry, the 
© third part of PradZical Geometry, divers Pro- 
© poſitions of Staticks and Geography are buiir 
© upon the principles of Solids. The main 
* difficulties in Gnomonicks, Conick Settions, 

and 
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*and the Tradts concerning the cutting of | 


© prectous Stones, ariſing chiefly from their 
© eminencies .and rgisd parts, not eaſily re- 


© preſented upon paper, and their being con- : 


*tain'd under many ſuperfictes, are render'd 
© inte]l1gible and eafie by the previous know- 
© ledge of the doQrine of So)ids. 

*I have omitted the ſeventh, eighth, 
ninth and tenth Books of the Z/ements of 
* Euclid, being of little or no uſe in any 
* part of the eMathematicks. And I have 
*oft wondred how they obtain'd a place 

. *amongſt the Elements, lince 'tis evident 
Euclid compil'd them for no other end but 
*to ſettle the doctrine of Incommenſurables ; 
* which being little better than a vain curio- 
©fity, ought not to be receiv'd into the 
* Books which treat of the Fir/# Principles 
"of the Science, but to make a particular 
© Treatiſe by it ſelf. The ſame may be 1aid 
© of the thirteenth Book, and thoſe that fol- 
©low 1t. And therefore 'tis my opinion, that 
*almoſt all parts of the « Mathematicks may 
* ſufficiently be underſtood by the help of 
*theſe Eight Books of the Zlements of 
* Euclid. 
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DEFINITIONS. 


I, Solid body 1s a O T 
quantity, that 
hath length, bredth, and N, 
depth, or thickneſs. * As 
« the figure LT, whoſe 27M 
*<length is NX, bredth NO, and thickneſs 
«* LN. | | 
2. The extremes or terms of a ſolid body 
are ſuperficies's. | 


3. A Line 1s right, or per- A 
pendicular toa plane, when 'tis « | = 
perpendicular to all the lines, 
which 1t meets in the plane, 


« As the line AB wall be right | 

& to the plane CD, if it be perpendicular to 
« the lines CD and FE, ' which being 
« drawn upon the plane CD, paſs by the point 
« B, ſo that the angles ABC, ABD, ABE, and 


" 


_ < ABF, are right angles. 


to the common ſefion,As alſo 
perpendicular to the other. | 
© We call the line that 15 common to 
© both the planes, the common ſettion DB 
cr fol 


4: One planets perpendicular _ 
to another, when a perpendicu- 
lar line drawn upon one of them 
C 
5 
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© the planes: As the line AB, which 1s as 
e well in the plane AC, as 1nthe other AD, 
© Tf therefore the line DE, drawn on the 
© plane AD, perpendicular to AB, be alſo 
© perpendicular to the plane AC, the plane 
£ AD will be right to the _ AC. 
2 S. If the line AB be not per- 
| FR pendicular to the plane CD, and 
from the point A a perpendicu- 
\Ea lar be drawn to 1t AE, and alſo 
D the line BE ; the angle ABE 
- ns Inclugation of the line AB to the plane 
6. The Inclination of one 
PE >> plane to another, is the acute 
V iN > angle form'd by the two per- 
"DG: pendiculars drawn upon each 
E plane to-their common ſeCti- 
on. © As the Inclination of the plane AB to 
© to the plane AD, 1s nothing elſe but the 
* angle BCD, form'd by the lines BC and 
* and CD, drawn upon the two planes, per- 
© pendicular to their common ſection AE. 
. 7. Planes are inclin'd after the ſame man- 
nerf their angles of Incliagtion be equal. 
8. Planes are paralle], if being continu'd 
as far as you pleaſe, they ſtill retain the ſame 
diſtance one trom the other. 
9. Solid figures are ſimilar, which are 
contain'd within, or terminated by, an equal 


number of ſimilar planes; as two Cubes. 
«This 
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©This definition does not agree to thoſe 
© figures, whoſe ſuperficies are crooked ; as 
* the Sphere, the Cylinder, and the Cone. 
Io, Equal and ſimilar ſolid figures are 
contain'd within, or terminated by, an equal 
number of equal and ſimilar planes. * Inſo- 
* much, that if they were ſuppos'd to pene- 
© trate each other, neither of them would ex- 
©ceed, having their ſides and angles equal. 
Ix. A ſolid angle 1s the con- A 
courſe, or inclination, of divers 
lines, in different planes. © As the 
*concourle of the lines AB, AC, 
*and AD,. which are in difterent P c 
* planes. BD 
' 12. A Pyramid 13 a ſolid figure, termina- 
ted by triangles, whoſe baſes are in the 


Tame plane. *© As the figure ABCD. 


13. A Parallelepipedon is a ſolid figure 
contain'd within fix quadrilateral planes, 
of which the oppoſites are parallel. 

14. A Priſme is a ſolid fi- 


. H 
gure, having two parallel 
planes ſimilar and equal; and 
the others, Parallelograms. As | 
* the figure AB. Its oppolite -þ 


© planes may be polygons. 

15. A Sphere is a ſolid figure, terminated 
by one only ſuperfictes; fromgwhich divers 
lines being.drawn to a point in the middle 
of the figure, they will be-all equal. *Some 

y -<  _— 
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© define a Sphere -by the motion of a ſemi. 
*circle, turn'd about upon its diameter, | 
© which remains 1mmoveable. j 

16. The Axis of a Sphere 1s that immove-. 
able line about which the ſemicircle is | 
turn'd. ? 

'I7. The Center of the Sphere, is the : 
ſame with that of the ſemicircle, by whoſe | 
motion it 15 made. EY 

18. The Diameter of a Sphere, is any line 
whatſoever palling through its center, and 
terminated at the ſuperficies. 

19. If a line, inmoveable at one ' 
of its points, taken above the plane * 
of a circle, be mov'd about the cir- | 
cumierence, it will deſcribe a Cone. * 
* As if the line AB, being fix'd art ? 
*the point A, be mov about the 
© circumference BED, it will deſcribe the'j 
©Cone ABED. The point A will be its ſum- } 
©mity or vertex, and the circle BED its | 
© baſe. "F 

20. The-AXis of a Cone, is the line drawn 
from the vertex to the center of the bale. 


heath 


21. If a line be moy'd about 
the circumference of two parallel 
circles, ſo that it remains always 
parallel to a line drawn from the 
center of one of the circles to 
that of the other, z. e. the Axis, it 
will deſcribe a Cylinder, 2.2, 


Y 


The Eleventh Book. 303 


22, Cones are ſaid to be right, when the 
axis, is perpendicular to the plane of the baſe. 
Alſo right cones are f{imilar, when their 
axis's and the diameters of their baſes are1n 


- the ſame proportion. But Inclin'd cones are 


not ſimilar, unleſs they have a third con- 


"dition; that their ax1s's be equally 1inclin'd 


to the planes of their baſes. 


hd. 


— 


PROPOSITION TI. 


A THEOREM. 


A right line cannot have one of its parts upon 
a plane, and the other above or below 7t. 


FF = line AB - _— the C Fo 
ane AD,it will not, bein 

— either riſe above 5 VE” A 

fall below ir, but all its parts 7 op, 

will lie upon the ſame. For if D 

it be poſlible that BC can be a part of AB 

continued, draw upon the ſame plane AD 


the line BD perpendicular to AB, and alſo 
BE perpendicular to BD upon the ſame. 


Demonſtration. 


The angles ABD and DBE are two right 
angles ; therefore (by 7he 14. 1.) AB and BE 
make bur one right line, and conſequently 

V I 
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BC 1s no -part of the line AB continued : 
otherwiſe two right lines CB and EB would ' 
have the ſame part AB in common, which | 
1s repugnant to the 13. Axiom of the firſt 


Book. 
The USE.. : 
© Upon this Propoſition 1s bolt a principle” 
© in Grnomonicks, by which we prove, that: 
© the ſhadow of the Szyle cannot fall out of: 
© the plane of a great circle, in whichis the}: 
©Sun. For the extremity of the Szylc being 
© taken for the center of the heavens, and} 
* conſequently of all the greater circles; and* 
«the ſhadow being always in a right line of * 
© a Ray drawn from the Sun to the opacous" 
© body, and this ray being in the no of 
*this great circle ; the ſhadow mult be ſo# 
© likew1le. | | : 


> 
"6 
- F 


PROPOSITION HI. 


; 
A THEOREM. j 
Lines that cut each other,are an the ſame plane, | 
as are alſo all the parts of a iriangle. \ 
: F the two lines BE and CD 
_ cut each other at the point / 
A; and a triangle be form'd by 
drawing the baſe BC; I ſay, 


© all the parts of the triangle 
' ABC 
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ARC are inthe ſame plane, and alſo the lines 


"> BE and CD. 


Demonſtration. 

Tt cannot be ſaid that any part of the tr1- 
angle ABC is 1n a plane, and another part 
of the ſame triangle not 1n the ſame, ym 
it mult be alſo afhrm'd, that one part of 2 
right line is in a plane, and another part of 
the ſame line 1s not'in the ſame plane; which 
1s contrary to Prop. 1. And becauſe the lides 
of the triangle muſt be in the ſame plane in 
which 1s the triangle, the lines BE and CD 
will be alſo in the ſame plane. 


The US E. 


©This Propoſition ſufficiently determines 
© a plane, by the concourſe of two right 
© lines, or by a triangle. I have alſo made 
*uſe of it in Opzicks, to prove that objeQive 
© parallel lines, which meet upon a Table, 
© ought to be repreſented by lines that con- 
* cur 1n a point. | 


AH CIT PP ITT 


——_— === 


0 Way —— EY" Ae APES Coe ens 


306 _. The Elements of Euclid. 


PROPOSITION BT. 


A THEOREM. 


T he common ſefion of two planes is one right 
line. 


A bo the planes AB and CD 
c< cut each other, their 
ER, common ſe&tion EF will be | 

| one right line. For if not, 


| take two Points common ! 
£0 both planes, as EandF; anddraw a right : 
iine from the point E to the point F upon | 
the plane AB, which ſuppoſe to be EHF. | 
Draw likewiſe upon the plane CD a right ! 


NE ITE +33 cmuroggee? 
- 


line from the ſame point E to F;: and it it © 


be not the ſame with the former, ſuppoſe it 
to be EGF. \ Demonſtration. | 
Theſelines drawn upon twoplanes are two 


difterent lines, and encloſe ſpace; which 1s | 


contrary to the 12. Axiom of the 1. There- 
fore they will make but one right line, which 
being 1n both the planes will be their com- 
mon 1eCtion. 

The USE. 

* This is a fundamental Propoſition, ſup- 
© pos'd in divers parts of the Hathematicks, 
* though it be not always quoted. Particu- 
flarly, it is taken for granted 1n Ginn, 

when 
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' ©when the hour-lines are repreſented upon 


© Dials, by marking only the common ſeCti- 
« on of their plane, and that of the wall. 


_— 


"PROPOSITION IV. 


A THEOREM. 


1f a line be perpendicular to two others that 
cut each other, it will alſo be perpendicular 
to the plane of the ſame lines. 


F the line AB be perpen- 
dicular to the lines CD 
and EF, which cut each o- 
ther at the point B, ſo that 
the angles ABC, ABD, ABE, 
and-ABF, be right angles, 
(which cannot conveniently be repreſented 
upon a plate, ) it will be alſo perpendicu- 
lar to the plane of the lines CD and EF, 7z. e. 
to all the lines that ſhall'be drawn upon the 
ſame plane through the point B, as, for ex- 
ample, the line GBH. Let the lines BC, 
BD, BE, and BF, be equal; and draw the 
lines EC, DF, AC, AD, AE, AF, AG and AH. 


Demonſtration. 
The four triangles ABC, ABD, ABE, and 


ABF, have each a right angle at the point 


B; and the ſides BC, BD, BE, and BF equal, 
V 4 with 
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with the fide AB common to all, Therefore [: 


. their baſes AC, AD, AE, and AF, are equa], | 


(by the 4.1.) ft 
2. The triangles EBC and DBF will be in F 


all reſpe&ts equal, having their ſides BC, BD, 2 
BE, and BE, equal ; and the angles CBE and {| 
DBF, being oppos'd at the top, equal : there- | 


fore the angles BCE, BDF, BEC, and BFD, | 


will be equal, (by 7he 4. 1.) and alſo the ba- # 
ſes EC and DF. | : | 

3. The triavgles GBC, and DBH, having | 
the oppoſite angles CBG and DBH, equal; | 
as alſo the angles BDH,,and BCG ; and the | 
ſides BC and BD; the ſides BG and BH, CG | 
and DH, will be alſo equal, (&y z7he 26.1.) | 

4- The triangles ACE and AFD, having | 
the ſides AC, AD, AE, and AF, equal; and | 
the baſes EC and PF alfo equal ; the angles 


 ADF and ACE will be equal, (by he 8. 1.) 


5. The triangles ACG and ADH have the 
ſides AC and AD, CG and DH equal, with 
the angles ADH and ACG ; therefore their 
baſes AG and AH are equal. 

Laſtly, the triangles ABH and ABG have 
all their fides equal ; therefore (by he 8. 1.) 
the angles ABG and ABH w1ll be equal, and 
rhe line AB perpendicular tro GH. Accor- 
dingly, the line AB will be perpendicular to 
any line drawn through the point B upon 
the' plane of the lines CD and EF, which 


I call being perpendicular to their plane. 
T he 
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ore | _. The USE. 

al,” © This Propoſition occurs very oft in the 
E * firſt Book of Theodo/ins : for example, to 
In *# © demonſtrate that the A4x:7s of the World is 
D, * *<perpendicular to the plane of the Zquz- 
nd | *nofial. Inlike manner in Gnomonichs, 'tis 
e- | * demonſtrated by this Propofition, that the 


D, | © Equinodtial line in Horizontal Dials 1s per- 
a- #® *pendicular to the Meridian. Nor is it leſs 
* *< uſeful in other Mathematical Treatiſes ; as 
©thoſe concerning 4ſtro/abes,and the cutting 
© of precious Stones. | 


\ —_ 


PROPOSITION V. 


A THEOREM. 


Tf a line be perpendicular to three others which 
cut each other at the ſame point, they will 
be all three in the ſame plane. 


| ad TP 


FF the line AB be perpendicu- A 
lar to three lines BC, BD, F 

and BE, which cut each other M2; 

at the ſame point B; the lines 

BC, BD, and BE are in the ſame 

plane. Suppoſe the plane AE > © 

to be that of the lines AB and BE, and CF 


* thatof the lines BC and BD. If BE be the 
common ſeQtion of both the planes, it _ 
c 


———_——— 


ho AE es 


- 
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be in the plane of the lines BC and BD, as © 


was aflerted : but if BE be not, let BG be 
their common ſe&tion. -—Y 


Demonſiration. ; 
AB 1s perpendicular to the lines BC and | 
BD, therefore it 1s perpendicular to their þ 
plane CF, (by zhe 4.) and (by defin. 3.) AB | 
w1ll be perpendicular to BG. But it is alfo 
ſuppos'd perpendicular to BE ; therefore the 
angles ABE and ABG are right angles, and 
conſequently equal, though. one be part of | 
the other. Therefore the two planes can 
have no other common ſeQion but BE. BE 
1s therefore in the plane CF. 


ont Ken dns EG rH 


PROPOSITION VI. 


A -T HEORFEM. | 


Lines that are perpenaicular to the ſame plane, 
: | are parallel. 


FF the lines AB and CD be 
perpendicular to the ſame 
plane EF, they will be parallel. 
'Tis evident, that the internal 
angles ABD and BDC are right 
angles ; but that is not enovgh ; it remains - 
to be prov'd, that AB and CD are 1n the ſame 
plane. Draw DG perpendicular to BD, and 
equal to AB; draw alſo the lincs. EG, AG, 
and AD. | De. 
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Demonſtration. 


The triangles ABD and BDG have the 
ſides AB and DG equal, and BD common to 
both : and the angles ABD and BDG are 
right angles,therefore their baſes ADand BG 
are equal, (by the 4.1.) Further, the triangles 
 ABG and ADG have all their ſides equal : 
therefore the angles ABG and ADG are equal ; 
and ABG being a right angle, becauſe AB 1s 
perpendicular to the plane, ADG 1s alſo a 
right angle. Therefore the line DG 1s per- 
pendicular to three lines CD, DA, and DB, 
which conſequently are in the ſame plane, 
(by the 5.) Burt the line AB 1s 1n the plane 
of the lines AD and DB, (by he 2.) therefore 

and CD are in the ſame plane. 
fre” Two parallel lines are in the ſame 
ane. 


PF The USE. 


© By this Propolition we demonſtrate, that 
*the hour-lines, in all planes that are parallel - 
©to the Ax:s of the World, as the Polars, 
* Meridional, and others, are parallel among 
*tacmlelves, 


PROP. 
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nm 


PROPOSITION VIL 


A THEORFM. 


A line drawn from one parallel to another, is in 
the ſame plane with them. 


© Þ HE line CB, being drawn 
: from the point B' of the 
— line AB to the point C of its pa- 


rallel CD, 1s (I fay) in the plane 
of the lines AB and CD. 


Demonſtration. 


The parallels AB and CD are in the ſame 
plane : in which if you draw a right line 
from the point B to the point C, it will be 
the ſame with CB; otherwiſe two right 
lines would encloſe ſpace, contrary to the 


, 


12. Axiom of the 1. 


PROPOSITION VIII: 


A THEOREM. 


Tf one of twwo parallel lines be perpendicular to 
a plane, the other will be fo alſo. 


FF of the two parallel lines AB and CD, 
[ ſee fig. prop. 6.] the one AB be perpen- 
dicular ro the plane EF, the,other CD wall 


be 


1, 


——_— I — 
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be ſo alſo. Draw the line DB : ſince the 
angle ABD is a right angle, and AB and CD 
are ſuppos'd: to be parallels, the angle CDB 
will be a right angle, (by Zhe 29. 1.) there. * 
fore if I can prove, that the angle CDG is 
alſo a right angle, it will follow (by zhe 4.) 
that CD is perpendicular to the plane EF. 


Make a right angle BDG, and take DG equal 


to AB; then draw the lines BG and AG. 


» Demonſtration. 


The triangles ABD and BDG have the 
ſides AB and DG equal, with the fide BD 
common to both; and the angles ABD and 
BDG are right angles : therefore (by 7he 4. 
I.) their baſes AD and BG are equal. The 


triangles ADG and ABG have all their ſides . 


equal ; therefore (by 7he 8. 1.) the angles 
ADG and ABG are <qual : but the latter is 
a right angle, becauſe AB 1s ſuppos'd to be 
perpendicular to the plane EF, therefore the 
angle ADG is a right angle; and the line 
DG being perpendicular to the lines DB and 
DA, will be perpendicular to the plane of te 
lines DB and DA, which 1s the ſame in 
which are the parallels AB and CD. There- 
fore the angle GDC 3s a right angle, (by de- 


fintt. }.) 
PROP. 
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PROPOSITION IX, 


A THEOREM. 


Lines that are parallel to a third, are alſo _ 
rallel among themſelves, though not all in 


the ſame plane. 


- 


parallel to the fine EF, they 
AF will be parallel to each other, 
though all the three lines be 

© I D not in theſame plane. Upon 
the plane of the lines AB and 

EF draw the line HG perpendicular to AB; 


_£E 


DE oo TY 9d ey RMS AS 


A. FF the lines AB and CD are | 


which will be alfo perpendicular to EF, (by 
the Lemma after the 26.1.) In like manner, 
upon the plane of the lines EF and CD draw 
the line HI perpendicular to EF and CD. 


Demonſtration. 

The line EH being perpendicular to the 
lines GH and HI, is ſoalfo to the planes of 
x lines HG and HI, (by 7he 4.) therefore 
(by rhe 8.) the lines AG andCI are perpen- 
dzcular to the plane of the lines HG and HI, 
and (by the 6.) parallel to each other. x 

| The USE. 

*'This Propoſition 1s frequently uſed in 
* Perſpe&ives,to determine the +” 

(P) 
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©of parallel lines upon a table ; as alſo in the 
cutting of precious Stones, to prove t 
© ſides of the Pannels to be parallel amo 

© themſelves, becauſe they are ſo to a line in 
© a different plane. In Gnomonicks likewiſe 
© we are ſometimes oblig'd to prove, that the 
Vertical circles ought to- be deſcrib'd on 
© walls by perpendicular lines; becauſe the 
© lines, that are the common ſeftions of them 
and the walls, are parallel to a line drawn 
© from the Zenith tothe Naarr. 


— — 


PROPOSITION KX. 


A THEOREM. 


1f two lines, which concar, are parallel to two 
others concurring, of a different plane, they 
will make equal angles. 


F the lines AB and CD, AE and 
. KL CF be parallel, though they be | 
not all four upon the ſame plane, 
yet the angles BAE and DCF wall 
be equal, Let the lines AB and 


* * CD, AE and CF be equa}, and D E 


draw the lines BE, DF, AC, BD, and EF. 
Demonſtration. 


The lines AB and CD are ſuppos'd to be 


oth parallelandequal, therefore (4 ihe 33.1.) 
- ' we 
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the lines AC and BD are parallel and equal, 

alſo ACand EF; and (by he preceding )|: 
"7 and EF are parallel, and equa], and con-| 
ſequently (by zhe 33. 1.) BE and DF will be} 
alſo parallel and equal. Therefore the tri-# 


- angles BAE and DCF have all their ſides e- 


qual : and (by the 8. 1.) the angles BAE and 


_ DCF will be equal. 


; Coro/ll. -Many the like Propofitions might | 
be made, which would not be altogether un. 
uſeful; as for example, if upon a parallel 

lane the line CD be drawn parallel to theF 
bins AB, and the angles BAE and DCF be e-þ 
qua], the lines AE and CF will be parallel. 


The USE. 


© By this Propoſition we demonſtrate, that F 


< the angles made by the planes of the hour- | 


* circles with a plane parallel to the Zqaator, | 
*are equal to the angles made by them with | 
*the ns of the Zquator, | 


PROP. | 
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PROPOSITION XI. 


A PROBLEM. 


| To draw a perpendicular to a plane from a 


pornt gruen out of the plane, 


FF you deſire todraw a per- 
pendicular from the point 
C to the plane AB, draw the 
line EF at pleaſure, and CF 
perpendicular to 1t, (by the 
I2, 1.) And again (by the 
I I. 1.) upon the plane AB draw FG perpen- 
dicular to ED, and CG perpendicular to FG. 
I ſay, CG will be perpendicular to the plane 
AB. Draw GH parallel to FE. \ 


Demonſtration: 


The line EF being perpendicular to the 
lines CF and FG, will be perpendicular to the 
plane CFG, (by the 4.) and HG being pa- 
rallel to EF, will be alſo perpendicular to 
the ſame plane, (by the 8.) And becauſe CG 
1s PO to the lines GF and GH, 1t 
will be perpendicular to the plane AB, (%; 
the 4.) | | 


X PROP. 
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PROPOSITION XII. 


A PROBLE M. 
To draw a perpendicular to a'plane through a 
" potnt of the ſame plane. 


Y : 
> E| TT: draw a perpendicular 
A. _ to the plane AB through 


pf \. the point C. Draw from the 
'. \ * point E, taken at pleaſure out 
B\— of the plane, the line ED per- 


pendicular to the ſame plane, (by zZhe x1.) 


Draw alſo (by the 31. 1.) CF parallel to DE. 
CF will be perpendicular to the plane AB, 
(by the 8.) - | 


as. 


PROPOSITION XIII. 


A THEOREM. 


T wo lines perpendicular to a plane catmot be 
drawn through the ſame point. 


F the two lines CE and CD, 
drawn through the ſame 
point C, were perpendicular to 


D . 


thoſe lines, with the plane AB; the angles 
| ECF 


the plane AB; and CF the com- | 
— mon ſe&ion of the planes of 


IO mT 0 A.” 
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ECF and DCF would be both right angles, 
which 1s 1mpoſlible. 

I add, that rwo perpendiculars DC and 
DF to the plane AF cannot be drawn from 
the ſame point D: for Having drawn the 
line CF, there would be two right angles, 
DCF and DFC, in the ſame triangle, con- 
trary tothe 32. 1. . 


The USE. 


*Thas Propoſition 1s neceſlary to ſhow, 
* that a perpendicular to a plane was ſuffici- 
*ently deſcrib'd, in as much as but one ſuch 
*can be drawn through the ſame point. 


PROPOSITION XIV. 


A THEOREM. 


Planes, to which the ſame line is perpendicular, 
; are parallel. 


F* the line AB be perpendicu- 0 
lar to the planes AC and 
BD, they will be parallel, z. e. T 
they will 1n all places be e- i Lt 
qually diſtant from each other. _ E 
Draw the line DC parallel to AB, (by 7he 31.1) 
and join the lines BD and AC. 

| R 2 De- 
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SR 23 


Demonſtration, . | 


AB is ſuppos'd-to be perpendicular to the} 
planes AC and BD, therefore the line CD, 
which 1s parallel to it, will be alſo perpen-| 
dicular to them, {by 7he 8.) and entre | 
Iy the angles B and D, A and C, will bef 
right angles ; and (by the 28. 1.) the lines AC| 
and BD will be parallels, and the figures 
ABDC a parallelogram. Therefore the line 
AB and CD are equal, (by the 34.1.) 2. e. the 
planes in the points A and C, B andD, are 
equally diſtant. Accordingly the line 'CD 
may be drawn through any other point 
whatſoever; therefore the planes AC and} 
BD are equally diſtant, in all places, the one 
from the other. | : ] 


The USE. 


© Theodoſius demonſtrates the circles, thatÞ 
* have the ſame poles, as the Zquaror, andf 
©the two Tropicks, to be parallel, becauſeh 
the Avzs of the world 1s perpendicular to 
© their planes. 


ent.Þ 
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PROPOSITION XV. 


A THEOREM, 


tf two lines, meeting aft a | cy be parallel to 
7wo «lines of another plane, the planes of 
thoſe Imes will be parallel. 


_ the lines AB and AC be 
parallel to the lines DE 


and DF, which are in another |; 
plane, the planes BC and FE . 

are parallel. Draw AI perpen- 
dicular to the plane BC, (by 
the 11.) and GI and IH, parallel to FD and 
DE: they will be allo parallel to the lines 
AB and AC, (#y the 9.) J 


Demonſtration. 


The lines AB and GI are parallel, and the 
angle TAB is a right angle, AI being perpen- 
dicular to the plane BC: therefore (by the 2.9. 
I.) the angle AIG is a right angle, as alfo 
the angle ATH. Therefore (by 7he 4.) the 


line AI is perpendicular to the plane GH ; 


and heing alſo perpendicular to the plane BC, 


the planes BC and GH, or FE, will be paral-' 


lel, (by rhe 14.) 
R 3 PROP. 


| 
' 
[1 
i} 
il 
" 


( 
| 
f 
| 
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PROPOSITION XVI. 


A THEOREM. 


1f a plane cut two others which are parallel, 
their common ſeetions will together with 
them be parallel. 
G F the plane AB cut two 6- 
ther parallel planes, AC and 
' BD; I ſay their; common ſeCti- 
ons AF and BE/will be parallel. 
B Por if not, being continu'd, they 
would at length concur, e g. at the point G. 
| Demonſtration. 
The lines AF and BE are upon the planes 
AC and BD; and therefore (by zhe 1.) can 
never be either above, or below it ; therefore 
1f they concur at the point G, the planes 
muſt do ſo likewiſe, and conſequently they 
would not be paralle], which is contrary to 
wuat was ſuppos'd. ; 


The USE. 
* *Bythis Propofition we demonſtrate,in the 
© Treatiſe of Conzcht and Cylindrick Seftions, - 
©that ifthe Cone or Cylinder be cut by a plane 
© parallel to 1ts baſe, the ſe&tions are circular. 
©By the ſame we deſcribe 4fro/abes; and 
* prove in Gnormomncks, that the angles, which 
| the 


ad TE 


— 


: 
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© the hour-circles make with a plane paralle} 
* to agreat circle, are equal to thoſe which 
© they make in the circle it ſelf; and again 
© in PerſpeFzves, that the Images of the obje- 
© ive lines perpendicular to the table, con- 
cur at the point of {ight. 


PROPOSITION XVI. 


A THEOREM. 


Two Ines. are divided proportionally by parallel 
planes. 


#- the lines AB and CD 
be divided by parallel 
planes, I ſay, AE will have 
the ſame proportion to EB-| 
as CF to FD. Draw the line | 
AD, paſling through the plane EF at the 
point G : Draw alſo AC, BD, FG, and GE. 


Demonſtration. | 
The plane of the triangle ABD cuts the 

three planes, therefore (by 7he 16.) the ſefti- 
ons BD and EG are parallel ; and (by he 2. 
6.) AE has the ſame proportion to EB, as AG 
to GD. | In like manner the plane of the tri- 
angle ADC cuts the planes EF and AC, there- 
fore the ſeions AC and FG are parallel ; and 
FC has the ſame proportion to FD: as.'AG to 
to GD, 2.ce. as AE to EB. PROP. 


& 


324 The Elements of Euclid. 


— 


PROPOS ITION XVII 


A THEOREM, 


Tf a line be perpendicular to a plane, all the 
Planes, in which that line 1s found, are per. 
penaicular to the ſame plane. 


FF the line AB be perpendi- 
cular to the plane ED, all 
\ the planes in which it is found 


E will be perpendicular to the 
Coy plane ED. Suppoſe AB to he 1n 


the plane AE, having for a common ſeQion 
with the plane ED the line BE ; to which 
draw a perpendicular FI. 


Demonſtration. 

The angles ABI and BIF are right angles, 
therefore the lines AB and FI are parallel; 
and (by the 8.) FI will be perpendicular to 
the plane ED. Therefore the plane AE wall 
be perpendicular to the plane ED, (by defin.g.) 

© The ſame may be prov'd of the plane AD. 

The USE. 

©The firſt Propoſition in Gnomonicks , 
© which may paſs ba fundamental one, 1s 
© built upon this Propoſition ; whach is alſo 
* frequently made uſe of, in Spherical 7rigone- 
F metry, in Perſpettrives, and —_ - 

; thoſe 


— 
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© thoſe Treatiſes which are oblig'd to confider 
* divers planes. 


Cm— 


PROPOSITION XIX 
A THEOREM. 
1} two planes cutting each other be [ue a 


lar to another, their common ſeetiou will be 
perpendicular to the ſame. | 


FF the planes AB and 
ED, which cut —_ 
each other, be perpen- H/GC | K 
dicular to the plane 

IK; their commonn ſe- = 

Rien EF 1s alſo per- I/_Dl/ 
pendicular to the plane 


IK, 
Demonſtration. 

If EF be not perpendicular to the plane 
IK, upon the plane AB draw the line GF 
perpendicular to the common ſeQion BF : and 
the plane AB being perpendicular to the plane 


- < 


TK, the line GF wall be perpendicular to the 


ſame plane. Draw likewiſe FH perpendicu- 
lar to the common ſection DF ; it will be 
alſo perpendicular to the plane. IK. We ſhall 
have therefore two perpendiculars to the 
{ame plane drawn through the ſame point 

2 


AD and AE-equal, and: the fide AC com- 
. mon | 
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F, (contrary to the 13. Propoſ.) 1t mult there. | 


fore be granted that EF+ 1s perpendicular to 


the plane IK. 
_ The USE. 
* By this Propoſition we demonſtrate, that 
*the circle which paſſes through the Poles 
© of the world and the Zenth, is the Meridian, 


es Ea To Rnd FY 


©2nd cuts all the diurnal arches into two | 


©equal parts; and that the Stars ſpend as | 
© much time'in their motions from their ri- | 


* ſings to this circle, as from the circle to 
© their ſettings. . 


Py 
h—— 


PROPOSITION XX. 


A THEOREM. 


7f three plain angles make one ſolid one, any t4u0 
of them ought to be greater thaw the third, 


D | | $. the angles BAC, BAD, and 
CAD, make the ſolid angle A, 
A and the angle BAC be the great- 


I 'eft angle ; the two others, taken 

E * together, are greater than BAC. 
Suppoſe the angle CAE to be equa]' to the 
angle CAD, and the lines AD and AE to be 


equal; and draw the lines CEB, CD and BD. 


Demonſtration. © 
The triangles CAE and CAD have the ſides 
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mon to both, and the angles CAD and CAE 
equal: therefore (by zhe 4. 1.) their baſes 
CD and CE are equal. But the fides CD and 
DB are greater than the fide CB alone, (by 
the 20. 1.) therefore taking away the equal 
lines CD and CE, the line BD 

than BE. Further, the triangles BE and 
BAD have the ſides AE and AD equal, and 
the fide BA common, and the baſe BD gret- 
ter than the baſe BE: therefore 'by 7he 18, 


w1ll be greater - 


1.) the angle BAD 1s greater than the angle ' 


BAE; adding therefore the equal angles 
CAD and CAE, the angles BAD and CAD 
will be greater than the angles CAE and 
BAE, 7. e. the angle BAC. 


—————— 


PROPOSITION XXL. 


A THEOREM, 


AII the plain angles, that make one ſolid angle, 
are leſs than four right angles. 


JF theplain angles BAC,BAD, D 


and CAD, make the ſolid an- 
gle A, they will be leſs than 
four right angles. Draw the £< 


lines BC, BD, and CD, and you © B 
will have a pyramid, whoſe baſe 1s the tri- 
angle BCD Demonſtration. 


The 1olid angle at the point B, has the an- 


gles ABC and ABD greater than that of the 
baſe 


®. 
= 
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baſe alone CBD. In like manner ACB and | 
ACD are greater than BCD alone, and the | 
angles ADC and ADB are greater than CDB | 
alone. But all the angles of the baſe are equal | 
to two right angles, therefore the angles | 
ABC, ABD, ACB, ACD, ADC, and ADB, are | 
greater than two right angles. And becauſe 
all the angles of the three triangles BAC, 
BAD, and CAD, are equal to fix right angles; | 
taking away more than two right angles, 
there will remain leſs than four, for the an- 
gles made at the point A. But if the ſolid 
angle A confiſt of more than three plain 
angles , ſo that the baſe of the pyramid be a 
a polygon, it may be divided into triangles ; 
and the computation being made, you wall 
find, that all the plain angles, which make 
up the ſolid- one, are always leſs than four 
Tight angles. 


The USE. 
© Theſe two Propoſitions ſhow when many 
*plam angles may make up one ſolid one, 
©*which is often neceſfary in the treatiſes of 
©cutting of Stones, and in the following 
« Propolitions. 


T he 222, and 23. Propoſitions are of no uſe. 


PROP. 
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PROPOSITION XXIV. 


If a ſolid boay be terminated by parallel planes, 
the oppoſite ſides will be /imilar and equal 


parallelograms. 


TF the ſolid AB be terminited x QA 
by parallel planes, the oppo- 
ſite ſuperficies's will be ſimilar 

and equal parallelograms. 
Demonſtration. | 
The parallel planes AC an 
BE are cut by the plane FE: therefore their 


* common ſections are parallel, (by the 16.) 


and fo likewiſe DF and AE ; therefore AD 
will be a parallelogram. After the ſame 
manner I may demonſtrate, that AG, FB,CG, 
and the reſt, are parallelograms. I add, that 
the oppoſite parallelograms, e.g. AG and FB, 
are ſimilar and equal. The lines AE and EG 
are parallel to the lines FD and DB: there- 
fore the angles AEG and FDB are equal, 
(by the 10.) Accordingly I may demonltrate 
all the fides and all the angles of the oppoſite 
paralleJÞgrams to be _ therefore the pa- 
rallelograms are {milar and equal. * 


PROP. 
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PROPOSITION KXXV. 


A THEOREM. 


1f a Parallelepipedon be divided by a plane pa- 
rallel to one of its planes, the two ſolid bo. 
aies which ariſe by that diviſion, will have 
the ſame proportion as their baſes, 


ne "RO F the parallelepipedon AB 
be divided by the plane 


I 1v1di 
STE FA] CD, which 1s parallel to the 
SLA planes \AF and BE, the ſolid 
A D—E AC will have the ſame pro- 


| portion to BD as the baſe AI 
to the baſe DG. Suppole the line AH, which 
ſhows the hight of the figure to be divided 
Into as many equal parts as you pleaſe; for 
example, ten thouſand ; which we may take 
as indivilibles, 2. e. without reflecting upon 
the pollibility of their being further ſubd1- 
vided. Suppoſe alſo ſo many ſuperticies's pa- 
 rallel to the baſe AI, as there are parts 1n 
the line AH; T have deſcrib'd only one OS: 
ſo that the ſolid AB be compounded of all 
thoſe ſuperficies's of the ſame. thickneſs, as 
a Ream of paper is compounded of all its 
ſheets and quires laid one upon another. "Tis 


evident that ſo the ſolid AC will be com- 
pounded 


—— OG SS. 
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pounded of ten thouſand ſuperficies's equal 
to the baſe AT, (by zhe preceding,) and the 
ſolid DB will contain ten thouſand ſuper- 
ficies's equal to the baſe DG. 


Demonſtration. 
Every ſuperficies of the ſolid AC has the < 


ſame proportion to any of the ſuperficies's 
of the ſolid DB, as the baſe AI to the baſe 
DG ; becauſe they are every one of them e- 
qua] to their baſes : . therefore (by the 12.5.) 
all the ſuperficies's cf the ſolid AC, taken to- 
gether, will have the ſame proportion to all 
thoſe of the ſolid DB, as- the baſe AI to the 
baſe DG. Bur all the ſuperficics's of the ſo- 
lid AC make up the ſolid AC, which has no 
other parts but thoſe ſuperficies's : and all 
the ſuperficies's of the ſolid DB are nothing 

Ilſe but the ſolid DB ; therefore the ſolid 

C has the ſame proportion to the folid DB, 
as the baſe AI to the baſe DG. 


The USE. 


©This 1s Cavaler:us's demonſtration ; which 
©1s very clear, provided it be uſed as it ought; 
*and that the line, by which 1s meaſur'd the 
thickneſs of the ſuperficies's, be taken in 


| ©the ſame reſpe& in both the terms. I ſhall 


* make uſe of it hereafter, to render ſome - 
*1ntricate and perplex'd demonſtrations more 


t facile and clear. 
PROP 
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PROPOSITION XXV. 
A THEOREM. 


1f a Parallelepipedon be divided by a plane pa- 
rallel to one of its planes, the two ſolid bo- 
dies which ariſe by that diviſion, will have 
the ſame proportion as their baſes, 


FCC B FF the parallelepipedon AB 
T7! -be divided by the plane 
7F& [x] CD, which is parallel to the 


1x [7 

SESSJPN planes AF and BE, the ſolid 
A— DE AC will have the ſame pro- 

portion to BD as the baſe AI 
to the baſe DG. Suppole the line AH, which 
ſhows the hight of the figure to be divided 
into as many equal parts as you pleaſe; for 
example, ten thouſand ; which we may take 
as indivilibles, z. e. without reflefting upon 
the poſlibility of their being further ſubdi- 
vided. Suppole alſo ſo many ſuperficies's pa- 
ralle] to the baſe AI, as there are parts in 
the line AH; T have deſcrib'd only one OS: 
ſo that the ſolid AB be compounded of all 
thoſe ſuperficies's of the ſame. thickneſs, as 
a Ream of paper is compounded of all its 
ſheers and quires laid one upon another. Tis 
evident that ſo the ſolid AC will be4om- 
pounded 


a 
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pounded of ten thouſand ſuperficies's equal 
to the baſe AT, (by the preceding,) and the 
ſolid DB will contain ten thouſand ſuper- 
ficies's equal to the baſe DG. | 


Demonſtration. 


Every ſuperficies of the ſolid AC has the +. 
ſame proportion to any of the ſuperficies's 
of the ſolid DB, as the baſe AI to the baſe 
DG ; becauſe they are every one of them e- 
qual to their baſes : . therefore (by the 12.5.) 
all the ſuperficies's cf the ſolid AC, taken to- 
gether, will have the ſame proportion to all 
thoſe of the ſolid DB, as- the baſe AI to the 
baſe DG. Bur all the ſuperficics's of the 1ſo- 
lid AC make up the ſolid AC, which has no 
other parts but thoſe ſuperficies's : and all 
the ſuperficies's of the ſolid DB are nothing 
elſe but the ſolid DB ; therefore the ſolid 
AC has the ſame proportion to the folid DB, 
as the baſe AI to the baſe DG. 


The USE. 


©This 1s Cavalerius's demonſtration ; which 
©1s very clear, provided it be uſed as it ought; 
* "*and that the line, by which 1s meaſur'd the 
©thickneſs of the ſuperficies's, be taken in 
©the ſame reſpe& in both the terms. - I ſhall 
* make uſe of it hereafter, to render ſome 
*1ntricate and perplex'd demonſtrations more 


* facile and clear. 
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PROPOSITION XXVI. ' 


A THEOREM, 


A Parallelepipedon 1s divided. into two equal 
parts by the diagonal plane. 


B___H ,' C'Uppole the parallelepipe- 
g don AB to be divided by 
D TE theplane CD, drawn from one 
E - angle to another : -I ſay it will 
be divided into two equal 
& A parts.'Divide the line AE into | 
as many parts as you pleaſe, and draw 10 
many planes parallel to the baſe AF ; each 
of thoſe planes 1s a parallelogram equal to 
the baſe AF, (by the 24-) 
Demonſtration. | 
All the parallelograms that can be drawn 
- paralle] to the baſe AF, are divided into two 
equal. parts by the plane CD : for the eri- 
angles which are form'd on both ſides the 
plane CD, have their baſe common, in each 
equal to CD, and-.their fides equal, being 
thoſe of a parallelogram. But *'t1s evident, . 
that the paralleJepipedon 1s nothing elſe but | 
thoſe parallelograms, which are each divided 
into two equal triangles : therefore the pa- 
rallelepipedon 1s divided into two equal 
parts by the plane CD. 
©The 
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The 27. and 28. Propoſitions are of no uſe 


: | according to this way of demonſtrating. 


——_— 


PR OPOS. XXIX, XXX, XXXI. 


A THEOREM. 
Parallelepipedons of the ſame hight, having the 


ſame or equal baſes, are equal. 


F the Parallele- B D 
pipedons AB |\-+ Þ 
and CD be of the & FT I 
ſame hight ac- | > - R Q W.__\ 
cording tothe per- H N 
pendiculars AE 
and FG, and have A G6 C 
the ſame or equal baſes AH and CI, they will 


/ be equal. Suppoſe the two baſes to be {et up- 


on the ſame plane ; fince their perpendiculars 
are equal, the baſes EB and FD will be 1n 


the ſame plane, which wall be parallel to the 


plane of the baſes AH and CT. Suppoſe then 
the line AE or FG to be divided into as many 
equal parts as you pleaſe, e.g. ten thou- 
land, and according to them 10 many ſuper- 
ficies's or planes drawn of the ſame thickneſs : 
I have deſcrib'd only one for all, as K or M. 
Each fſuperficies wall form in theſe ſolids a 
parallel plane, ſimilar and equal to the baſe, 
(by the 24.) as KL, OM; and there will be as 
7 : 
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many In one ſolid as in the other ; beczuſe 
ther thickneſs, which I take perpendicularly 
according to their reſpe7ve hights, is equal. 


Demonſtration. 


The baſe AH has the ſame proportion to 
the baſe CI, as each plane KL to OM. But 
they being equal] 1n number 1n both, all the an- 
tecedenis { by the 1x. 5.) will have the ſame 
proportion to all the conſequents, 72. e. the 
whole ſolid AB to the whole ſolid CD, as the 
baſe AH to the baſe Cl. But *tts ſuppos'd 
that the bales are equa], therefore the ſolids 
are equal. 

Coroll. To find the ſolidity of a parallele- 
plpedon, 'ts uſual to multiply the baſe by 
the hight taken perpendicularly, becauſe 
that perpendicular ſhows how many ſuper- 
ficres's equal to the baſe are contain'd 1n 1t. 
As for example, if. I take a foot for my indi- 
vilible meaſure, z. e. which IT will not after- 
wards ſubdivide ; 1t the baſe contain twelve 
feet ſquare, and the perpendicular hight ten, 
I ſhall have an hundred and twenty cubick 
feet for the ſolidity of the body AB. For 
the hight containing ten feet, I may make 
ten parallelograms equal to the baſe, having 
each a foot jn thickneſs ; but the baſe with 
one foot in thickneſs makes twelve cubick 
feet : the whole therefore will make an hun- 


dred and twenty,if the hight contain ten feet. 
PROP. 


TOO EY 
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PROPOSITION XXXZIE. 


A THEOREM. 


Parallelepipedons of the ſame hight are in th 
ſame proportion as their baſes. - 


Have proy'd this Propoſition 1n the pre- 

ceding, demonitrating, that the parallele- 
pipedon AB has the fame proportion to the 
parallelepipedon CD, as the bale AH to the 
baſe CI. (Ste fie. preced.) 

Coroll. Parallclepipedons that have equal 
baſes ,/are in the {ame proportion as their 
hights. As the paralleiepipedons AB and AL, 
whoſe perpendicular hights are AK and AE. 
For if you divide'the hight AK into as many 
aliquot parts as you pealſe, and AE. into as 
many as 1t contains equal to the former, and 
draw, according to each part, planes parallel 
to the baſe ; as many as AF. contains of the 
aliquot parts of AK, ſo many will the ſolid 
AB contain of the {uperficies's equal to the 
baſe, which are the al1quot parts of the ſolid 
AL ; therefore (by defin. 5. 5.) the folid AB 
will have the ſame proportion to the ſolid 
AL, as the hight AE to the hight AK. - 


T 2 | The 
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| The USE. 

*The three preceding Propoſitions contain 
* almoſt all the ways of meaſuring parallele- 
* pipedons, and may be eſteem'd as firſt prin- 
© ciples for that purpoſe. *Tis after the ſame 
© manner alſo that we take the dimenſions of 
* the ſolidity of Walls, by multiplying their 
© baſes by their hights. ; 


—— 


PROPOSITION KXXXIII. 


A THEOREM. 


Similar parallelepipedons are in the triplicate 
proportion of their homologous ſides. 


L IF the parallelepipe- 
dons AB and CD be 
/S"; T7 ſimilar, z. e. If all the 
- Ex Planes of one be like 
thoſe of the other ; and 


N that they may be plac'd 
in a right line, 2z, e. that AE and EF, HE and 
EI, GE. and EC, may make right lines ; and 
AE has the {ame proportion to EF, as HE to 
ETI,and as GE to EC: I ſay, that here are four 
ſolids 1n continual proportion according to 
the proportion of the {ide EA to that, which 
1s homologous to it, EF or DI. 

De- 


PIT” OR HOC 7, 


all their angles equa], ſo, 


8 tans Noah; 


pS WT FTC 


"o 
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Demonſtration. © 
The parallelepipedon AB has the ſame 
proportion to EL, of the ſame hight, as the 
baſe AH to the baſe EO, (by 7he 32.) But the 


| | baſe AH has the ſame proportion to the baſe 


EO, as AE to EF, (by 7he 1.6.) In I'ke man- 
ner, the proportion of the ſolid EL to the 
ſolid EK, is\the fame with that of the baſe 
EO to the bake ED, z.e. that of HE to ET. 
And laſtly, the ſolid EK has the ſame pro- 
portion to the ſolid EN, as the hight GE to 
the hight EC, (by 7he corel. of the 32.) or 
(taking the line EF for their common hight) 


' as the baſe GI to the baſe CI, z.e. as GE to 


EC. But the proportion of AE to EF, of HE 
to ET, andof GE to EC, was ſuppos'd to be 
the ſame; and conſequently, the ſolid AB 
has the fame proportion to EL as EL to EK, 
and as EK to CD. Therefore (by defin.11.s.) 
the proportion of AB to CD will be the tri- 
plicate proportion of that of AB to EL, or 
di AE to its homologous fide EF. 
Coro/ll. Tf four lineszbe in continual pro- 
portion, the parallelepipedon deſcrib'd upon ' 
the firſt, has the ſame proportion to another 
{imilar parallelepipedon deſcrib'd upon the 


ſecond, as the firlt to the fourth ; for the pro- 


portion of the firlt to the fourth,is the tripli- 
cate proportion of that of the firſt to the 

ſecond. The USE. 
©You may perceive by this Propoſition 
nA 2 that 
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© that that famous Problem of the duplication 
© of the Cube, propos'd by the Oracle, confiſts 
©in finding two middle terms 1n continual 
*proportion. For it you make the {ide of the 
© firſt cube the firſt term, and the double of 
© that the fourth; having found two middle 
© proportionals, the cube deſcrib'd upon the 
< firſt line will have the ſame- proportion to 
<rhat deſcerib'd upon the ſecond, as the firit 
< line to the ſourth, 7. ec. as one to two. By 
© this Propoſition alio may be correced their 
eerror, who fancy ſimilar folids to have the 
© ſame proportion as their ſides; as 1t a cube 
*of one foot in Jength was the half of a cube 
«two foot long ; when indeed it 1s but the 
« eighth part thereof. This is Likewiſe the 
« foundation of the Rule concerning the lize 
eof the bores of Canons ; and 1s applicable 
«not only to bullets, bur to all ſorts of {imi- 
c Jar bodie$For example ; ſhould a man, a- 
c bout to build a Navy, and reſolving to re- 
« tain the ſame pronortion 1n all his veſſels, 
creaſon thus with himſelf ; 1f a Ship of an 
chnadred tun require fifty foot in Keel, an- 
ccther of two hundred runs ought to have an 
: hundred foot in Keel ; he would be guilty 
cofa great miſtake: for inſtead of making 
ca velle] twice as large as the former, he 
« would make one eight times fo much. He 
c ovght to allign to the ſecond veſle] ſomewhat 


clets than fixry three feer. 
PROP, 
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PROPOSITION KXXXIV. 


A THEOREM. 


Equal parallelepipedons have their baſes and 
hights reciprocal, and thoſe that. have their 
baſes and hights reciprocal are equal. 


TF the paralle- 2 
lepipedons AB 
- and CD be equal, ©#F-- 


FAR <0 
Wab'z5, 
their baſes and - 


hights will be re- - wk oof padl 


ciprocal, z.e. the 

baſe AE will have the ſame proportion to 
the baſe CF, as the hight CH to the hight 
AG. Having made CI equal to AG, draw the 
plane IK parallel to the baſe CF. 


Demonſtration. 

The parallelepipedon AB has the ſame pro- 
portion to CK, being of the ſame hight, as 
the baſe AE to the baſe CF, (y 7he 32.) But 
as AB to CK, ſo is CD to the ſame CK, be- 
cauſe AB and CD are equal ; and as CD to 
CK, which have. both the ſame baſe; ſo 1s 
the hight CH to the hight CI, (by zhe coro/. 
of the 32.) therefore as the baſe AE. to the 
baſe CF, ſo 1s the hight CH to the hight 
Cl or AG. 


Y 4 T add, 
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T add, that if the baſe AE has the ſame 


proportion to the baſe CF as the hight CH 
to the hight AG, the ſolids AB and CD will 
be equal. 

Q Demonſtration. 

AB has the ſame proportion to CK, being 
of the ſame hight, as the baſe AE to the baſe 
CF, (by zhe 32.) Alſo the hight CH has the 
ſame proportion to the hight CI or AG, as 
CD to CK : bur we ſuppoſe that AE has the 
ſame proportion to CF, as CH to CI or AG; 
therefore the ſolid AB has the ſame propor- 
tion to the ſolid CK as the ſolid CD to the 
ſame CK, and conſequently the ſolids AB 
and CD are equal, (by 7he g. 5.) 


The USE. 


© This Reciprocation of the baſes and 
© hights makes the ſolid very eaſy to be mea- 
<ſfurd. And the Propoſition ſeems to bear 
© ſome analogy to the 14-Prop. 6f the 6..which 
© afferts, That equiangular and equal- paral- 
<lelogranis have their ſides reciprocal ;- and 
© the practice of the Rule of Three may be 


£ demonſtrated from both. 


The 35. Prop. may be omitted. 


PROP. 
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PROPOSITION XXXVI. 


A THEOREM. 


1f three lines be in continual proportion, a pa- 
rallelepipedon made of thoſe three lines 1s 
equal to an equiangular parallelepipedon, 
omg has all its ſides equal to the middle 
me. 


& E P ABC K Q@ 


F the lines A, B, C, be 1n continual pro- 
portion, the parallelepipedon EF made of 
thoſe three lines, the fide FI being equal to 
the line A, HE equal to B, and HI equal to 
C, 1s equal to the equiangular parallelepipe- 
don KL, whoſe ſides LM, MN, and KN, 
are each of them equal to the line B, From 
the points H and N draw the lines HP and 
NQ perpendicular to the planes of the baſes ; 
which lines will be equal, becauſe the ſolid 
angles E and K are ſuppss'd equal, (fo that 
if they could penetrate, neither would a, 
CEC 
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ceed the other,) and the lines EH and KN 

are alſo ſuppos'd equal. Therefore the hights 

HP and NQ are equal. : 
Demonſtration. 

There is the ſame proportion of A to B, 
orof FI to LM, asof BtoC, or LM to HI: 
therefore the parallelogram FH containd 
under FI and IH 1s equal to the parallelo. 
gram LN contain'd under LM and MN, both 
equal to B, (by the 16. 6.) therefore the ba- 
ſes are equal. But the hights HP and NQ are 
alſo equal ; therefore (by zhe 31.) the paral- 
lelepipedons are equal. 


PROPOSITION XXXVIL 


A THEOREM. 


tf four Imes be proportional, the parallekeprpe- 
. dons deſcrib'd upon thoſe lines are propor tio- 
nal : and if the ſimilar parallelepipedons be 
proportional, their homologous /ides will be 
alſo proportional. 


A B FF the line A has the ſame 

| | proportion to B as C to 

E —D_ D, the ſimilar parallelepi- 

pedons, whoſe homologous fides are the lines 

A,B, C,D, w1ll be in the ſame proportion. 
Demonſtration. 

The parallelepipedon A 1s 1n the triplicate 

proportion to the parallelepipedon. is Fol 

MI that 
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that of the line A to the line B, or that of 
the line C to the line D. But the parallele- 
pipedon C to the parallelepipedon D is alfo 
in the triplicate proportion of that of the 
line C to the line D, (by zZhe 33.) Therefore 
the parallelepipedon A has the ſame propor- 
tion to the parallelepipedon B, as the paral- 
lclepipedon C to the parallelepipedon D. 


PROPOSITION XXXVIIL 


A THEOREM. 


Tf two planes be perpenaicular to each other, a 
perpendicular' drawn from a point in one 
of the planes to the other will fall upon the 
common. ſef710n. 


J* , the planes AB and CD being 
perpendicular to each other, \ D 
you draw from the point Ein \ 
the plane AB a line perpendicu- \& &'& 
lar to the plane CD, it will fall Noted 
upon the common ſection of the 
planes. Draw EF perpendicular to the com- 
mon ſection AG. 

Demonſtration. 

The line EF, perpendicular to AG, the 
common ſection of the planes, which are 
ſappos'd to be perpendicular, will be per- 
pendicular to the plane CD, (2y defin. 3.) and 

becauſe 


£3 
to 
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becauſe two lines cannot be drawn from the 
point E perpendicular to the plane CD, (by 
the 13.) every perpendicular will fall upon 
the common ſeion AG. 
The USE. 
©This Propoſition ought to have follow'd 


© next after the 174. becauſe it reſpetts ſo- 


© Treatiſe © rolabes, to prove that in the 
© Analemma allthe circles, perpendicular to 


© the Meridian, ought to be markt by right 


© lids 1n gh "Tis of uſe to us in the 


© lines. 


PROPOSITION XXXIX 


A THEOREM. 
1f m a parallelepipedon be drawn two planes, 
which divide the oppoſite ſides into two equal 
parts, their common ſett1on and the diame- 
ter will alſo divide each other into two equal 
parts. 


|, RT NG Coe the oppoſite ſides 
F 


—_1 of the parallelepipedon 

{ [RY] AB to be divided into two 
A? |x,| | equal parts by the planes 

E CD and EF, their common 

1 ns ſe&tion GH and the diame- 


, ter BA will equally divide 
each other at the point O. Draw the lines 


BG, GK, AH and HL. TI ſhall prove firſt, 


that 


* ww Þ > $5 $a. 
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that the two firſt of theſe, BG and GK, (and 
ſo ikewiſe AH and HL,) make but one right, 
line. For the triangles DGB and KMG have 
their ſides DB and KM equal, becauſe they 
are the halves of equal fides ; as alſo GD and 
GM. Fuxther, DB and. KM being parallel, 
the alternate angles BDG and GMK will be 
equal, (by the 29. 1.) and therefore (by the 
4- I. ) the triangles DBG and KGM will be 
equal 1n all reſpe&s/and conſequently the 
angles BED and KGM; and (%y zhe coroll. of 
7he 15.1.) BG and GK make but one right 
line, as alſo LH and HA : therefore ALBK 
1s one plane, in which are found both. the 
diameter AB, and the common ſeQtion of the 
planes GH, - The plane ALBK cutting the 
parallel planes AN and CD, their common 
ſetions GH and AK wall be parallel : and 
(by the 2.6.) BG will have the ſame propor- 
tion to GK, as BO to OA; and therefore 
(by the 18. 5.) as BK to GK, ſo BA to BO; 


| and (by zhe 4. 6.) ſoGH or AK to OG. But 


BK is double to BG, therefore BA is double 
to BO, and AK, equal to GH, double to GO. 
Therefore the lines GH and AB divide each 
_ other equally at the point O. | 

Coroll. 1. Albthe diameters are diyided at 
the point O. 

Coroll. 2, Here we may add ſome Corolla- 
ries, which depend upon divers Propoſitions. 
As for example, - that triangular priſms of 


the 


a5 > 


- - 
>. 


om CG —_ 
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the ſame hight are 1n the ſame proportion as 
their baſes : for the parallelepipedons, of 
which they are the halves, are (4y 7he 32.) 
in the ſame proportion as their bales : there. 
fore the halves of their baſes, and the halves 


of - the parallelepipedons, 7. e. the priſms, 


w1ll be in the ſame proportion. 

Coro/l. 3. Polygon priſms of the ſame hight 
are alſo in the ſame proportion as their ba- 
ſes, becauſe they may be reſolv'd into tri- 
angular ones, each of which will have the 
ſame proportion as their baſes. 

Coroll. 4. The reſt of the Propoſitions con- 
cerning parallelepipedons are alſo applicable 
to priſms : as for example, that equal priſms 
have their hights and baſes reciprocal; and 
that ſimilar priſms are 1n the triplicate pro. 
portion of that of their homologous ſides, 


T& USE. 


© This Propoſition may help us to find ont. 
© the center of Gravity 1n parallelepipedons ; 
© and to demonſtrate ſome other Propoſitions 
© in the thirteenth and fourteenth Books of 
© Euchd. 


PROP. 
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PROPOSITION XE 


A THEOREM, 


'F 4Priſ in, that has a parallelogram far its baſe 


double to the triangular baſe of another 
priſm, and of the ſame hight, 1s equal to it. 


Et ABE and CDG be two triangular 

priſms, of the ſame hight; and the 

baſe of one the parallelogram AE, double to 

the triangle FGC, the baſe of the other 

priſm : I ſay theſe priſms are equal. Sup- 

poſe the parallelepipedons AH and GI were 
completed. 


D L _ _ 
E ” 2 | 
| 
G = A. 
Demonſtration. *-—_—_— 


'Tis ſuppos'd, that the baſe AE is double 
to the triangle FGC, but the parallelogram 
GK 1s double to the ſame triangle, (by zhe 
34. I.) therefore the parallelograms AE _ 

| G 


3438 The Elements of Euclid. 


GK are equal; and conſequently, the paral. 
lelepipedons AH and GI, having the ſame 
baſes and the ſame hights, are equal; and 
therefore the priſms, that are the halves, 
(by the 26.) will be likewiſe equal. 


* vaied CY }8ÞJ$ 
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THE TWELFTH BOOK 
OT IOEt 


ELEMENTS 
EUCLID. 


, Uchd, after having in the preceding 
; Books deliver'd the general princ1- 
6 ples of ſolid bodies, and explain'd 


©the manner of meaſuring the moſt regular 
© of them, that 1s, ſuch as are terminated by 


'<plain ſuperficies's; treats in this of ſuch 


© bodies as are contain'd in ſuperficies's that 
fare crooked, as the Cylinder, Cone, and 
© Sphere : comparing one with the other, 
© and giving rules, relating both to their ſo- 
© 1idity, and the manner of taking their di- 
© menlions. The Book 13s of exceeding great 
© uſe, becauſe in 1t we find the principles - 
*upon which the molt learned Mathema- 
© /icians have buult ſo-many famous demon- 
eſtrations concerning the Cylinder, the 
© Cone, and the Sphere. | | 

Z PROP. 


350 The Elements of Euclid. 


PROPOSITION TI. 


A THEOREM. 


Similar polygons, inſcrib'd im circles, are in the 
ſame proportion as the ſquares of the dia- 
meters of the ſame circles. 


F the polygons 
>) I ABCDE, "and 
\& FGHKL, inſcri- 
bed' in circles, 
be ſimilar, they 
Sts KH gy be 1n the 

- . ame proportion 
as the ſquares of the diameters AM, FN. 
Draw the lines BM, GN, AC, and FH. 

Demonſtration. | 

"Tis ſuppos'd that the polygons are ſimilar, 
that 1s to' ſay, that the angles B and G are 
equal, and that AB has the ſame proportion 
to BC as FG to GH : from whence I infer, 
(by the 6.6.) that the triangles ABC and 
FGH are equiangular, and that the angles 
ACB and FHG are equal: fo that likewiſe 
(by the 21. 3.) the angles AMB and FNG 
are equal. But the angles ABM and FGN, 


being in a ſemicircle, are right angles, (by | 


the 31. 3.) and conſequently, the triangles 


ABM and FGN are equjangular, Therefore | 


( 
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(by the 4. 6.) AB has the ſame proportion to 
FG, as AM to FN : and {by 7be 22.6.) if two 
ſimilar polygons be delerib'd upon AB and 
FG, as thoſe that are propos'd; and two 
other ſimilar polygons upon AM and'FN, 
which ſhall be two ſquares; the polygon 
ABCDE will have the ſame proportion to the 
polygon FGHEKL, as the ſquare of. AM ts 
the {quare of FN. | 

*'This Propoſition is neceſſary to demon: 
* ſkrate'that which follows. 


"LESS A 


1f a certain quantity be keſs than a circle, a 
regular polygon may be inſcrib'd in the ſame 
circle greater than that quantity. 

Quppole the H_O 

fheure A <© D 
to be leſs | 

©than the L B D 


circle B; a 


* regular po- 
©lygon may EXE E (©) IK 
© beinſcrib'd .K '£ 


+ in the ſame circle, which ſhall be greater 


*than the figure A. Let the figure G be the 
© difference between the figure A and the 


*circle, ſo that the figures A and G taken 
1&3 to- 
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© together, may be equal to the circle B. In- 


* ſcribe 1n the circle B the ſquare CDEF, (by | 


* zhe 6. 4.) and if the ſquare be greater 
* than the figure A, . we ſhall have what we 
© wanted. It it be lefs, divide the four quar- 
©ters of the circle CD, DE, EF, and FC, 
each into twoequal parts at the points H, I, 


*K, L, that ſo you may have an oftogon. | 


© But if the ottogon be ſlll lefs than the 
© figure A, ſubdivide its arches, and you will 
© have a polygon of ſixteen ſides, afterwards 
© of thirty-two, and then of fixty-four. I 
ay, at length you will have a polygon 
*oreater than the figure A, 7 e. a polygon 


© xyhole difference from the circle is leſs than | 


© that of the figure A, that 1s, leſs than the 
© figure G. Demonſtration. 

©The inſ{crib'd {quare 1s more than half of 
©the circle, being half of the ſquare de- 
© ſcrib'd about*'the circle ; and 1n deſcribing 
© the oQtogon you take more than hall of the 
© Remainder, 2.c. of the four ſegments CHD, 
© DIE, EKF,and CLF. For the triangle CHD 
© is the half of the re&tangle CO, (by 7he 34. 
© 1.) therefore tt is more than half of the 


* ſegment CHD ; and the ſame may. be ſaid of | 


* all the other arches. In Iike manner,un de- 
*{cribing the polygon of {ixteen {ides, you 
© take more than half of what was left of the 
circle ; and fo in all the others: Therefore 
* you will leaye at laſt a leſs quantity Ran 

Pt TY 
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<G. For 'tis evident, that two unequal quan- 
* tities being propos'd, if you take away more 
©than half of the greater, and afterwards more 
*than half of whatremains, and again more 
© than half of what is ſhll left behind; ar 
© length that which remains will be leſs than 
*the fecond quantity. Suppoſe the ſecond 
* quantity to be contain'd 1n the firſt an hun- 
©dred times : tis evident, that dividing the 
*firſt into an hundred parts, in ſuch ſort, 
"that the firlt part may have a greater pro- 
* portion to the ſecond than two to one; 
*the laſt will be leſs than the hundredth 
*part: fo that at laſt you will obtain-a po- 
*lygon, which will be leſs exceeded by the 
* circle, than the circle exceeds the figure 
©A; that 1s to fay, that what will remain 
©of the circle, when the polygon is taken 
© away, will be leſs than G. "Therefore the 
# polygon will be greater than the figure A. 


PROPOSITION Il. 


A THEOREM. 
Circles are it the ſame proportion as the ſquares 
of their diameters. 


J Prove, that 
the circles SOR. 
A and B are = 


- CT 
m the ſame 
proportion , 
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as the ſquares of CD and EF. Suppoſe the 
figure G to have the ſame proportion to 
the circle B,. as the ſquare of CD to the 
ſquare of EF: if the | a G be leſs than 
the circle A, (by the preceding Lemma,). a 
regular polygon may be in{crib'd in the 
circle A greater than G. Let a ſimilar regu- 
lar polygon be alſo inſcrib'd in the circle B, 
Demonſtration. 

The polygon of the circle A will have 
the ſame proportion to the polygon of B, as 
the ſquare of CD to the ſquare of EF, z. e. 
the ſame as G to the circle B ; but the quan- 
tity G 1s leſs than the polygon inſcribd in 
A : accordingly therefore (by zbe 14. 5.) the 
circle B muſt be lefs than the polygon 1n- 
{crib'd in it, which is manifeſtly falſe. It 
muſt therefore be granted that the figure G, 
being leſs than the circle A, cannot have 
the ſame proportion to the circle B, as the 
{ſquare of CD to the ſquare of EF; and con- 
ſequently, that the circle A cannot have a 
greater proportion to the circle B, than the 
{1quare of CD to the ſquare of EF: Nor can 
1t be ſaid to have a leſs; for then the circle 
B would have a greater proportion to the 
circle A, and the ſame demonſtration would 
be applicable to it. 

Coro/l. 1. Circles. are in the duplicate pro- 
portion of that of their diameters; becauſe 
the ſquares being ſimilar figures, are in rg 

db 
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duplicate proportion of that of their ſides, 
(by the 20. 6.) 

'Corofl. 2. Circles are in the ſame propor- 
tron as the ſimilar polygons,that are 1nſ{crib'd 
in them. | 

Coroll. 4. This ought to be well obſerv'd 
as a general rule : When ſimilar figures, be- 
ing inſcrib'd in others, ſo that they may ap- 
proach ſtill.nearer and nearer to them, and 
at laſt degenerate into the figures themſelves, 
are 1n the ſame proportion ; the figures that 
contain them are alfo in the ſame proportion. 
What I would ſay is this ; That ſimilar re- 
gular polygons, infcrib'd in divers circles, 
are always in the ſame proportion as the 
{ſquares of the diameters ; and. being made 
of more ſides, ſo as to'approach {till nearer 
and nearer to the circles, 4 760 {till retain the 
ſame proportion; and the circles themſelves 
are in the ſame proportion as the ſquares of 
their diameters. This manner of meaſuring 
round-bodies, by inſ{cribing in them others, 
1s of great uſe. ; 

The USE. 

©'This being a very general Propoſition, 

© enables us to argue about circles, in the 
ſame manner as we do of ſquares. For ex- 
ample, we ſay (71 the 47. 1.) That in a re- 
© angle triangle the ſquare of thebaſe alone, 
*1s eqyal to the ſquares of both the ſides 
* taken together, We may ſay the ſame of 
- circles, 
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* circles, z. ce. That the circle, deſcrib'd upon 
* the baſe of a rectangle triangle, is equal to 
©the circles, whoſe diameters are the fides. 
* And 1n the ſame manner we may augment 
© ordiminiſh circles, according to what pro- 
*portion we pleaſe. We prove alſo by it in 
* Opricks, that the light decreaſes in the du- 
* plicate proportion of that of the diſtances 
© of the lucid bodies. 


PROPOSITION HI. 


A THEOREM. 

Every pyramid, whoſe baſe is triangular, ma 
be drvided into two equal priſms , nbdoch 
make up more than half of the pyramid ; 
and into two equal pyramids. 


A N the pyramid ABCD 


may be found two equal 
| NE priſms, EBFI, and EHKC, 
| which will be greater than 
c half the pyramid. Divide the 
- fix ſides of the pyramid e- 
D qually at the points G, F, E, 
I, H, K, and draw the lines 
EG, GF, FE, EI, HI, FH, IK, andEK. 

: Demonſtration. 
In the triangle ABD, AG has the ſame 
proportion to GB as AF to FD, becauſe a 

| an 
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and AD are equally divided in G, andF; 
therefore (by the 2. 6.) GF and BD are pa- 
rallels;:and GF will be the half of BD, 7z. e. 
equal to BH. In like manner, GE and BI, FE 
and HI, will be parallels, and equal: and . 
(by the 15.11.) the planes GFE and BEI will 

be parallel; and conſequently EBFI will be a 
priſm. The ſame may be ſaid of the 
figure HEKF, which will be alſo a priſm e- 
qual to the other, (by zhe 4o. 1.) the paral- 
lelogram baſe HIKD being double the trian- 
gular BHI, (by z7he 41. i.) 

Secondly, I ſay, the pyramids AEFG, and 
ECKI, are ſimilar and equal. 

Demonſtration. 

The triangles AFG and FDH are equal, 
(by the 8. 1.) as alſo FDH' and EIK ; and 
likewiſe AGE, and EIC; and ſo of all the 
other triangles of the pyramids : therefore 
the pyramids are equal, (by defin. 10. 11.) 
They are alſo fimilar to the great pyramid 
ABDC : for the triangles AGE and ECI are 
ſimilar, (by zhe 2.6.) the lines GE and -BC 
being parallels ; and the like may be demon- 
{trated of- all the other triangles of the leſſer 
pyramids. 

Laſtly, I ſay the priſms are more than half 
of the tirſt pyramid. For if each was equal 
to one of the lefler pyramids, both would be 
equal to the half of the greater pyramid. But 


they are each of them greater than one of 
thole * 
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thoſe pyramids; as the priſm GHE contains 
the pyramid GBHI, and ſomewhat more; 
and that pyramid 1s equal and ſimilar to the 
others, haviug all their triangles equal and 
ſimilar to thoſe of the pyramid AGFE, ag 
may be ealily prov'd by the paralleliſm of 
their ſides : from whence I infer, that the 
two priſms taken together, are greater than 
the two pyramids; and conſequently greater 
than half of the great pyramid, 


PROPOSITION. IV.: 


"> A THEOREM. 
Tf tawo' Zr iangular pyramids of the ſame hight 
Tj, Fvided mio — nl yo; 70 a 
mids, and the latter pyramids ſubatuided 
efter the ſame manner ; all the priſms of one 
pyramid will have, the ſame proportion to all 
thoſe of the other, as the baſe of one pyra- 
mid to the baſe of the other. X 
FF the two pyra- 
mids . ABCD, 
DEFG, of the ſame 


EDD higke.: and Huvia 
KS £ £ 


. triangular baſes, be 
IA! divided | into two 


| priſms and two py- 
ramids, according to the method laid down 
in the third Propoſition ; and the two lefler 
Pyramids be ſubdivided after the ſame man- 
ner, 
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ner,and ſoin order,that,having made as many . 
diviſions of one as of the other, you have 
the ſame number of priſms in both; I ſay, 
that all the priſms of one w1ll have the ſame 
proportion to all the priſms of the other, as 
their baſes, , Demonſiration. 

The pyramids being. of the ſame hight, 
the priſms, produc'd by the firſt diviſion, wall 
have alſo the ſame hight, becauſe they have 
each the half of. that of their pyramids. But 

. priſms of the fame hight are in the ſame 
proportion as their baſes, (by the coro/l. of the 
39. 11.) The baſes BTV and EPX are fimi- 
lar to the baſes BDC and EGF; and having 
for ther ſides the half of thoſe great baſes, 
they can make hut the fourth part of them ; 
but they are in the ſame proportion as the 
great baſes are; therefore the firſt priſms will 
have the ſame proportion as the great baſes. 
After the ſame manner I] may prove that the 
priſms produc'd by the ſecond diviſion,z.c. of 
the lefler pyramids, will be 1n the ſame pro- 
portion as the baſes of thoſe lefler pyramids; 
which are in the ſame proportion as. the ' 
great baſes. Therefore all the priſms of one 
have the ſame proportion to all the priſms 
of the other, as the baſe to the baſe. 

The USE. _ 

* Theſe two Propofitions are neceſlary 
* to compare pyramids together, and to take 


& their dimenſions, | 0 
P R P., 
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PROPOSITION V. 


A THEOREM. 


Triangular pyramids of the ſame hight are in 
the ſame proportion as their baſes. 


A E HE pyramids ABCD 
T2 and EFGH are 1n the 
ſame proportion as their ba- 

D ſes. For if they were not, 

BN F H cne of them, e.g. ABCD, 


& &'. would have a greater pro- 
ortion to the pyramid EFGH, than the baſe 


CD to the baſe FGH; ſo that a quantity 


' leſs than *ABCD would have the ſame pro- 
portion to ch pyrami EFGH, as the baſe 
BCD to the baſe . Divide the pyramid 

ABCD after the manner of the third Propo- 

ſition; divide alſo the pyramids, that reſult 


from the firſt diviſion, into two priſms and 


two pyramids,and thoſe again into two other 


priſms, continuing the diviſion as long as 
there ſhall be occaſion. Since the priſms of 
the firſt diviſion are more than half of the 
pyramid ABCD, (by zhe 3.) and the priſms 
of the ſecond diviſion more than half the 
remainder, 2. e. of the two lefler pyramids, 
and thoſe of the third diviſion Ib _ 

: than 


4 
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than the half of what is left; it is evident, 
that ſo many diviſions may be made, that 
that which remains ſhall be leſs than the ex- 
ceſs of 'the pyramid -ABCD above the quan- 
tity L, that 1s, that all the priſms taken to- 
gether ſhall be greater than the quantity L. 
Make as many diviſions of the pyramid 
EFGH, fo that you may have as many priſms 
as there are in ABCD. | 
Demonſtration. 

The priſms of ABCD have the ſame pro- 
portion to the priſms of EFGH, as the baſe , 
BCD to the baſe FGH : but the proportion 
of the baſe BCD to the baſe FGH 1s the ſame 
with that of the quantity L to the pyramid 
EFGH : therefore the priſms of ABCD have 
the ſame proportion to the priſms of EFGH, 
as the quantity L to the pyramid EFGH. 
But alſo the priſms of. ABCD are greater 
than the quantity L : therefore (by the 14.5.) 
the priſms contain'd in the pyramid EFGH 
would be greater than the ſame pyramid 
EFGH, which 1s evidently falſe, becauſe the 
part cannot be greater. than the whole. 
Therefore it muſt be granted, that no quan- 
tity leſs than one of the pyramids can have 
the ſame proportion to the other as the baſe, 
to the bal: and conſequently neither of the 
pyramids can have a greater proportion ts 
the other than the baſe to the baſe. 


PROP. 
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PROPOSITION VI. 
A THEOREM. 

Alt forts of pyramids, of the ſame hight, have 

the ſame proportion as their baſes. 
Aa A, = pyramids ABC 
/1 ſame hight, are in the 
G F. ſame proportion as the 
baſes BC and EFG. Di- 


and DEFG, of the 
vide the baſes into triangles. 


Demonſtration, 

The triangular pyramids AB and DE, be- 
ing of the ſame hight, are in the ſame pro- 
portion as their baſes, (by 7he 5.) So alfo 
the triangular pyramids AC and DF are in 
the ſame proportion as their baſes. There- 
fore the pyramid ABC has the ſame propor- 
tion to the pyramid DEF, as the baſe BC to 
the baſe EF, (by 7he 12.5.) Further, ſince 
the pyramid DEF has the ſame proportion to 
the pyramid ABC, as the baſe EF to the baſe 
BC; and again, the pyramid DG has the 
ſame proportion to the pyramid ABC, as the 
baſe G to the baſe BC; the pyramid DEFG 
will alſo have the ſame proportion to the 


pyramid ABC, as the baſe EFG to the baſe 
BC. 


PROP. | 
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PROPOSITION VII. 


A THEOREM. 
Fuery pyramid is the third part of a priſm, 


being upon the ſame baſe,and of the ſame hight. 


wi firſt the triangu- D A 
lar priſm AB be pro- 
pos'd : I ſay, a pyramid, ha- 
ving one of the triangles © : 
ACE or BDF for its baſe, F E 
and being of the ſame hight 
as the pyramid ACEF, will be the third part 
of the priſm. Draw the three diagonals 
AF, DC, FC, of the three parallelograms. 
; Demonſtration. 

The priſm 1s divided into three equal py- 
ramids, ACFE, ACED, and CFBD; there- 


fore each will be the third part of the m—_ | 


The «two firſt, having for their baſes the 
triangles AEF and AFD, which (by zbe 34-1.) 
are equal, and for their hight the perpend1- 
cular drawn from the top C to the plane of 
their baſes AF, will be equal, (by zhe prece- 
ding.) The pyramids ACFD and CFBD,which 
for their baſes have the equal triangles ADC 
and DCB, and the ſame top F, wall be alſo 
equal, (by the preceding.) Therefore _ - 

thoſe 
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thoſe pyramids, e. g. AFCE, 

baſe BDF with the priſm, anc 
which 1s the perpendicular 

\ point F to the plane of the t 
third part of the ſame priſm 
be a polygon, 1t muſt be diy: 
triangular priſms; and the j 
has the ſame baſe, and the {; 
be alſo divided into as man) 
ramids ; each of which w1 
part of its priſm. Therefor: 
the polygon pyramid will be 
of the polygon priſm. 


PROPOSITION 


Similar pyramids are in the Z 


tion of that of their homo. 


T* the pyramids be triang 
the priſms, which wall be: 
cauſe they will have certain p 
with thoſe of the pyramids. ] 
priſms are in the triplicate 
their homologous ſides, (by ( 
39. 11.) therefore the pyram1 
the gy; ) are the third 
priſms, will be 1n the triplic 
of that of their homologous { 

If the pyramids be polygons 
reduc'd to triangular pyramid: 
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PROPOSITION IK& © 


A THEOREM, 


Equal pyramids have the hights and baſes re- 
criprocal; and thoſe that Tos their hights 
and baſes reciprocal, are equal. 


FF two equal triangular pyramids be pro- 
| pos'd, make = upon the ſame baſe, 
and of the ſame hight. Since every priſm 1s 
triple his pyramid, (by the 7.) they will alſo 
be equal. But equal priſms have their baſes 
and hights reciprocal, (by corol.. 4. of the 39. 
IT.) therefore the baſes and hights of the 
pyramids, which are the ſame with thoſe of 
the priſms, will be alſo reciprocal, 
Secondly, if the baſes and hights of the 
pyramids be reciprocal, the priſms will be 
equal, as alſo the pyramids, which are the 
third parts of the priſms. 
Tf the pyramids . propos'd be polygons, 
they muſt be reduc'd to triangular pyramids. 
Coroll, Other Propofitions may be made 
concerning pyramids : as for example ; That 
pyramids of the ſame hight, are 1n the ſame 
proportion as their baſes; and thoſe that 
have the ſame haſes, are in the ſame propor: 
tion as their hights. 
The USE. 
From theſe Propolitions rs drawn the 
* manner of meaſuring pyramids, which is, 
Aa by 
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thoſe pyramids, e. g. AFCE, having the ſame 
baſe BDF with the priſm, and the ſame hight, 
. which 1s the perpendicular drawn from the 
point F to the plane of the baſe ACE, 1s the | 
third part of the ſame priſm. Tf the priſm 
be a polygon, 1t muſt be divided into divers | 
triangular priſms; and the pyramid, which 
has the ſame baſe, and the ſame hight, walk. 
be alſo divided into as many triangular py. f 
ramids ; each of which w1ll be the third 
part of its priſm. Therefore (4y the 12.5) 
the polygon pyramid will be the third part 
of the polygon priſm. 


PROPOSITION VIIL 


A THEOREM. 
Similar pyramids are in the griplicate propos- 
tion of that of their homologous ſacs. 


T* the pyramids be triangular, compleat 
the priſms, which will be alſo {fimilar, be- 
cauſe they will have certain planes the ſame 
with thoſe of the pyramids. But the ſimilar 
priſms are in |the triplicate proportion of 
their homologous ſides, (by Coro/l. 4. of the 
39. 11.) therefore the pyramids, which (#y 
the m—_— ) are the third parts of the 
priſms, will be 1n the triplicate proportion 
of that of their homologous fides. 

If the pyramids be polygons, they mult be 
reduc'd to triangular pyramids, PROP, 
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'OSITI ON IX. 


THEOREM, 


ls have the hights and baſes re- 
{ thoſe that | their hights 
proca/, are equal. 


triangular pyramids be pro- 
. £7 —_ the ſame baſe, 
e Linke Since every priſm 1s 
nid, (by the 7.) they will alſo 
equal priſms have their baſes 
tprocal, (by coro/.. 4. of the 39. 
the baſes and hights of the 
ich are the ſame with thoſe of 
111 be alfo reciprocal. 
; the baſes and hights of the 
:eciprocal, the priſms will be 
the pyramids, which are the 
the priſms. 

amids . propos'd be polygons, 
_ educ'd to triangular pyramids. 
er Propofitions may be made 
ramids : as for example ; That 
1e ſame hight, are 1n the ſame 
their baſes; and thoſe that 
baſes, are 1n the ſame propor- 
1ghts. 

The USE, 
:fe Propolitions rs drawn the 
neaſuring pyramids, which is, 
Aa by 
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© by multiplying their baſes by the third part 
© of their hights. Other Propolitions may alſo 
© be made, as, That 1f a priſm be equal to a 
* pyramid, the baſes and the hight of the 
_ *priſm, with the third part of the hight of 
© the pyramid, will be reciprocal ; which 15 
©as much as to ſay, that if the baſe of the 
* pyramid has the fame proportion to the baſe 
© of the priſm, as the hight of the priſm to 
© the third part of the hight of the pyramid, 
*the priſm and the pyramid will be equal. 


A LEMMA. 


1f a quantity leſs than a Cylinder be propos a 
a polygon priſm may be inſcrib'd in the Cy- 
lnider greater than that quaniity. 


K _—_— c FF the quantity 
[4 


[ J G A be leſs than 
©the cylinder , 
/ B bs £ whoſe baſe is 


\ A the circle B, a 
2 © polygon priſm 
{N DM L=— <may beinſcrib'd 


* ” <jn the cylinder 
© greater than the quantity A. The ſquare 
©<CDEF inſcrib'd in, and GHIK circum- 
©{crib'd about, the circle. CLDMENFO 1s 
©an oQtogon inſcrib'd. Draw. the tangent 
<PLQ: and ſuppoſe you had ſo many priſms 


© as there are polygon bales, and all of the 
© {ſame 
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* {ame hight with the cylinder. That which 


© has the circumſcrib'd ſquare for its baſe, 
* will encompaſs the cylinder; and that 
* whoſe baſe 1s the infcribd fquaxe, will be 
t alſo inſcrib'd in the cylinder. 

Demonſtr. Priſms of the ſame hight are in 
© the ſame proportion as their baſes, (by coro/.. 
© 3. of the 39. 11.) and the 1nſcrib'd ſquare 
© being the half of that which 1s circum- 
«{crib'd, its priſm will be the halt of the 
© other, and therefore more than the half of 
© the cylinder. And making'the priſm with 
©the oftogon baſe, you take away more than 
© half of what remain'd of the cylinder, after 
© the priſm of the inſerib'd ſquare was taken 
©from it, becauſe the triangle CLD is the 
© half of the re&angle CQ. And becauſe 
© priſms of the ſame hight are in the ſame 
© proportion as their baſes, the priſm, whoſe 
t baſe is the triangle CLED, will be the half of 
© the priſm, which for 1ts baſe has the re&- 
*angle DCPQ: it will therefore be more 
© than the half of that part of the c;linder, 
© whoſe baſe is the ſegment DLC. The ſame 
© may be ſaid of all the other ſegments. 
* Afcer the ſame manner I may demonſtrate, 
* that making a polygon priſm of {ſixteen 
© ſides, I take away more than half of what 
f remains of the cylinder, after the oftogon. 
* priſm 1s taken from 1t: fo that there wall 
* remain at Jaſt a part of the cylinder, leſs 

Aa 2 * chan 


2368 The Elements of Euclid. 


© than the exceſs of the cylinder above the 
*quantity A. We ſhall have therefore a 
© priſm inſcrib'd in the cylinder, which ſhall 
© be leſs exceeded by the cylinder than the 
< quantity A, 2.e, which ſhall be greater than 


©the quantity A. The ſame way of arguing ' 


*will hold of the pyramids inſcrib'd in a cone. 


PROPOSITION &X. 


A THEOREM, 
A cone is the third part of a cylinder, having 
the ſame baſe, and being of the ſame hight. 


Nd FF a cone and a cylinder 
E 0 have the circle A for their, 


/ =x7T baſe,and be of the ſame hight, 

H the cylinder will be triple 

( _ thecone. For if the propor. 
DEZ/ 


G E tion of the cylinder to the 


cone was greater . than the - 


triple proportion, the quantity B leſs than 
the cylinder would have the ſame proportion 
to the cone as three to one : and (by zhe pre- 
ceding Lemma) a polygon priſm may be 1n- 
ſcrib'd in the cylinder greater than the quan- 
tity B. Suppoſe that which has for 1ts baſe 
the polygon CDEFGH to be ſuch an one. 
Make alſo upon the ſame baſe a pyramid 1n- 
{crib'd in the cone. 

Demonſir. The cylinder, the cone, the 
priſm, and the pyramid, are of the ſame 

RR hight; 


9X AAA” 


TI! 


py GG ea HAY Ho SOS foam 


- 


therefore the priſm is the triple of 
the pyramid, (by the 7.) But the quantity B 
1s alſo the triple of the cone ; therefore the 
priſm has the ſame proportion to the ow 
mid, as the quantity B to the cone: and (by 
the 14. 5.) the priſm being greater than the 
quantity B, the pyramid would be greater 
than the cone, in which 1t 1s inſcribd, 
which is 1mpoſlible. . 
But 1f it be ſaid, that the cone has a 
greater proportion to the cylinder than one 
to three, the ſame method may be made uſe 
of to demonſtrate the contrary. 
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PROPOSITION Rl, 


A THEOREM, 


Cylinders and cones of the ſame hight are its 
the ſame proportion as their baſes. 


ET two 


cones, 
I 4 J AN 
inders, © 
the ſame JN WF a 
hight, be 


propos'd, having for their baſes the circles 
Aand B, I fay, they are in the ſame propor- 
tion as their baſes. . For if not, one of them, 
e.g. the cylinder A would have a greater pro- 
portion to the cylinder B, than the baſe A 

| Aa 3 has 


= 
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has to the baſe B; ſuppoſe then that the 
quantity L, leſs than the cylinder A, has the 


ſame proportion to the cylinder B, as the 


baſe A, to the baſe B. Therefore a polygon 
priſm may' be inſcrib'd in the cylinder A, 
which ſhall be greater than the quantity L. 
Suppoſe it that therefore, whoſe baſe 1s the 
polygon CDEF ; and inſcribe a ſimilar poly- 

gon GHIK in the baſe B, which 1s alſo the 
baſe of a cylinder of the ſame hight. 

Demonſir. The priſms of AandB are in 
_ the ſame proportion as their polygon baſes, 
(by coroll. 4. of the 39. 11.) and the polygons 
are 1n the ſame proportion as the circles, 
(by coroll. 2. of the 2.) therefore the priſm A 
has the ſame proportion to the priſm B, as 
the circle A to the circle B. Bur as the circle 
A to the circle B, ſo is the quantity L to the 
cylinder B: therefore as the priſm A to the 
priſm B, ſo 1s the quantity L to the cylinder 
B. But the priſm A is greater than the quan- 
tity L, and conſequently (by zhe 14. 5.) the 
priſm B, inſcrib'd 1n the cylinder B, would 
be greater than 1ts cylinder, which 1s 1m- 
pollible. Therefore neither of the cylinders 
has a greater proportion to the other, than 
its ws. to the other's baſe. 

Coro. Cylinders are triple the cones, of 
the fame hight, therefore cones of the ſame 
hight are 1n the ſame proportion as their 


bales. 
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PROPOSITION XIE 


A THEOREM. 


| Cylinders and cones, that are ſimilar, are in 


the triplicate proportion of that of the dia- 
meters of thetr baſes. | ; 


'  & -Cw0 
cones or 

wo cylinders, 
that are {1milar, 
be propos'd, ha- 
ving the circles 
A and B for their baſes ; I fay, that the pro- 
portion of the cylinder A to the cylinder B 
1s the triplicate proportion of that af the 
diameter DC to the diameter EF. For, if it 
be not the triplicate proportion; let the 
quantity (, leſs than the cylinder A, be, to 
the cylinder, 1n the triplicate proportion of 
that of the diameter DC to the diameter EF ; 
and inſcribe a priſm in the cylinder A greater 
than G, and another ſimilar to it in the cy- 
linder B: they will be of the ſame hight 
with the cylinder, becauſe ſimilar cylinders 
have their hights and the diameters of their 
baſes proportional, as well as prifms, (by de- 


fin. 22. 11.) 


Demonſir. The diameter DC has the ſame 
proportion to the diameter EF as the fide DI 
to the ſide EL, or as DC to EF, as / have - 
ſhown in the firſt.” But ſimilar priſms are 10 , 

Aa 4” -the 
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the triplicate proportion of that of their ho- 
mologous ſides, (by coro/l. 4. of 39.11.) there- 
fore the priſm A to the priſm B 1s in the tri- 
plicate proportion of that of DC to EF. But 
we ſuppos'd that the quantity G in reſpe& 
of the cylinder B was 1n the triplicate pro- 
portion of that of-DC to EF ; therefore the 
priſm A will have the ſame proportion to 
the priſm B, as the quantity G to the cylin- 
derB; and (by zhe 14. 5.) the priſm A being 
greater than the quantity G, the priſm B, 
inſcrib'd in the cylinder B, will be greater 
than the cylinder B, which 1s impoſlible. 
Therefore ſimilar cylinders are in the tripli- 
cate proportion of that of the diameters of 
their baſes. 

Cones are the third parts of Cylinders, 
(by the 10.) therefore ſimilar cones are 1n 
the triplicate proportion of that of the dia- 
meters of their baſes. | 


PROPOSITION XIII. 


A THEOREM. 
tf a cylinder be cut by a plane, that is parallel to 
its baſe, the parts of :ts axis will be in the 
ſame proportion as the parts of the cylinder. 
ET the cylinder AB be cut by 
/7 7 the plane DC parallel to its 
[L; + baſe: Tay, the cylinder AF will 
75/« have the ſame-proportion to the 
S cylinder FB, as the line AF —_ 
FI 4 Og, Ine 


= 
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line FB. Draw the line BG perpendicular 

to the plane of the baſe A. Draw alſo upon 

the planes of the circles DC and A the lines 

FE and AG. | | 
Demonſtration. 

The plane of the triangle BAG cuts the 
parallel planes A and DC; therefore the 
ſetions FE and AG are parallel, (by the 16. 
T 7.) .So that AF has the ſame proportion to 
FB, as the hight GE to EB. Take any aliquot 
part of EB; and having divided GE and EB 
into parts equal to it, draw ſo many planes 
parallel] to the baſe A; then will you have 
ſo many cylinders of the ſame hight j which, 
having their baſes and hights equa], will be 
equal, (by the 11.) 

Further, the lines AF and FB will be di- 
vided after the ſame manner as EG and EB, 
(by the 17.11.) ſo that the line AF will as 
oft contain any aliquot part of the line FB, 
as the cylinder AF contains the like aliquor 
part of the cylinder FB; therefore the parts 
of the cylinder will be in the ſame propor- 
tion as the parts'of their axis. / 

Coroll. The parts of the perpendicular are 
in the ſame proportion as the parts of the 
cylinder. | 


PROP. 
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PROPOSITION XIV. 


A THEOREM. 


Cylinders and cones, having the ſame baſes, are 
n the ſame proportion as their hights. 


H, 3D FT*WO cylinders of equal ba- 
D T ſes being propos'd, as AB 
E uy and CD, cut in the greater a cy- 

A 


l:nder of the ſame hight with 


the leſs, drawing a plane EF pa- .. 


rallel to its baſe. 'Tis evident (by the 11.) that 


the cylinders CF and AB are equal ; and that - 


CF has the ſame proportion to CD, as GI to 
GH, or (by the coroll. of the preceding ) as the 
Hight of CF to the hight of CD; therefore 
AB has the ſame proportion to CD, as the 
hight of CF or AB to the hight of GD. 

Cones, being the third parts of cylinders, 
if their baſes be equal, will be alſo in the 
lame proportion as their hights. 


PROPOSITION XV. 


A THEOREM. 
Cylinders and cones that are equal, have their 
baſes and hights reciprocal : and thoſe,that have 
their baſes and hights reciprocal, are equal. 


C Tf the cylinders AB and CD 
s A be equal, the baſe B will 
have the ſame proportion to 
the. baſe D, as the hight CD 
D B | to 
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to the hight AB. Take the hight DE equal 
to the hight AB. | 

Demonſir. The cylinder AB has the ſame 
proportion to the cylinder DE, of the ſame 
hight, as the baſe Bto the baſe D, (by z7hert.) 
But as the cylinder ABis to the Cylinder DE, - 
ſo 1s the cylinder CD, equal to AB, to the cy- 
linder DE; z.e. fo 1s the hight CD to the hight 
AB or DE. Therefore as the baſe B to the 
baſe D, ſo 1s the hight CD to the hight AB. 

Secondly, if the baſe B has the ſame pro- 
portion to the baſe D, as the hight CD to 
the hight AB, the cylinders AB and CD will 
be equal. For the cylinder AB is in the ſame 
proportion to the cylinder DE, as the baſe B 
to the baſe D: and the cylinder CD will 
have the ſame proportion to DE, as the 
hight CD to the hight DE: therefore AB 
has the ſame proportion to DE, as CD to DE; 
and (by the 9. 5.) the cylinders AB and CD 
w1ll be equal. | | 

«© The 16, and 17. Propoſitions are very 
& difficult, and of no other uſe but to prove 
« the 18. which may more eaſily be done by 
« the, following Lemma's. 


LEMMA TI. 


1f a quantity be propos'd leſs than a ſphere, cy- 
 linders of the ſame hight may be Corif dn 
the ſame ſphere greater than that quantity. 
SUP+y 
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(a great ſemi- 
NEZP <circle of the 
o ſphere,where- 
© of we treat, 
*and the quantity D to be the quantity leſs 
* than that ſphere : I ſay, ſeveral cylinders 
© of the ſame hight may be inſcrib'd in the 
© ſphere, which taken together will be greater 
© than the quantity D. For if the ſemiſphere 
*exceed the quantity D, 1t will exceed it by 
©ſome magnitude ; let it then be the cylin- 
*der MP, fo that the quantities D and MP 
© taken together may be equal to the ſemi- 
© ſphere, Make a great circle of the ſphere 
© to have the ſame proportion to the baſe 
* MO, as the hight MN to the hight R. Then 
© divide the line EB into as _ equal parts 
©as you pleaſe, each being leſs than R: and 
* drawing parallels to the line AG, deſcribe 
©the infcribd and circumſcrib'd parallelo- 
* grams. 'The number of the circumſcrib'd 
* will exceed that of the inſcrib'd by one. 
©But all the refangles circumſcrib'd- will 
* ſurpaſs all the inſcrib'd by the little reAan- 


-L 
1 R 
I 5 a A NM 


* gles through which the circumference of 


* the circle paſſes; all which taken together 
* are equal to the rectangle AL. I imagine 
* then the ſemicircle to be turn'd about upon 
*the diameter EB; the ſemicircle will , by 

| tnat 
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"that motion deſcribe a ſemiſphere, and the 
, rectangles .inſcrib'd ſo many cylinders in- 
ſcrib's in the ſemiſphere; and the circum- 
*ſcrib'd, other cylinders circumſcrib'd. 
Demonſtr. * The circumſcrib'd cylinders 
(ſurpaſs the inſcrib'd more than the ſemi- 
© ſphere ſurpaſſes the ſame inſcrib'd cylin- 
© ders, 1t being contain'd within the circum- 
© ſcribd cylinders. But the circumſcrib'd ſur- 
« paſs the inſcrib'd by the cylinder AL : 
< therefore the ſemiſphere will ſurpaſs thoſe 
< 1inſcrib'd cylinders by leſs than the cylin- 
«der deſcrib'd by the reangle AL. Bur the 
< O_ AL is leſs than the cylinder MP : 
t for there is the ſame proportion of a great 
© circle of the ſphere, which is the baſe of 
© the cylinder AL, to MO, as of MN to R; 
© therefore (by the preceding) a cylinder, which 
© ſhould have a great circle of the ſphere for 
© its baſe, and the hight R, would be equal to 
* the cylinder MP : but the cylinder AL,tho' 


|  ©<jt have the ſame baſe, yet its hight CL is 


© leſs than R; therefore the cylinder AL. is 
© leſs than the cylinder MP. Conſequently 
© the ſemiſphere, that exceeds the quantity 
<D by the. cylinder MP, and the inſcrib'd 
* cylinders by a quantity lefs than AL ; ex- 
© ceeds the oferib'd cylinders by leſs, than 
©it exceeds the quantity D ; therefore the 
«quantity D is leſs than the cylinders in- 
 {crib'd in the ſemiſpliere. | 
| PROP. 
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© That which I have ſaid of the ſemi- 
« ſphere, 1s applicable to an entire ſphere. 


LEMM A II. 


Smilar cyhnaders, inſcrib'd in two ſpheres, are 
tn the triplicate propertion of the diameters 
of the ſpheres. 


<E& milarcy- 
© linders CD 
and EF be 
<inſcrib'd 1n 
the ſpheres 
*A'and B, 
©they will be 1n the triplicate proportion of 
© the diameters LM and NO. Draw the lines 
©GD and IF. Demonſtration. 

© The right cylinders CD and EF are fim1- 
<lar; therefore HD has the ſame proportion 
©to DR as QF to F'S, as alſo KD has the ſame 
© proportion to DG as PF to FI. Conſequent- 
© ly the triangles GDK and IFP are ſimilar, 
e (by the 6.6.) therefore KIF has the ſame 
© proportion to PF as GD to IF, or LM to 
* ON. But the ſimilar ſep CD and EF 


©are in the triplicate ptoportion'of KD and 


©PF, the ſemidiameters%f their baſes, (by 


© 7he 12.) therefore the ſimilar cylinders CD 


*and EF, inſferib'd in the ſpheres A and B, 
*are in the triplicate proportion of the dia- 
* meters of the ſpheres. PROP. 
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PROPOSITION XVII. 


A THEOREM. 
Spheres are in the triplicate proportion of their 
dlameters. 


THE ſpheres A and B are in the triphi- 
cate proportion of that of their dia- 
meters CD and EF. For if not, one of the 
ſpheres, ſuppoſe A, will be 1n a greater pro- 
- portion to B, than the triplicate of that of 
the diameters CD and EF; therefore the 
quantity G, leſs thanthe ſphere A, will be 1n 
the triplicate proportion of that of CD to EF, 
to the ſphereB; and then ſome cylinders 
may (according to the. Lem. 1.) be 1nſcrib'd 
in the ſphexe A; greater than the quantity 
G. Inſcribe an equal number of cylinders in 
the ſphere B,ſimilar to tHGſe in the ſphere A. 


Demonſlr. The cylinders of the ſphere A 
to thoſe of the ſphere B are in the triplicate 
proportion of that gf CD to EF, but the quan- 
tity G to the ſphere B is alſo in the triplicate 
| _ proportion of thatof CD to EF : therefore 
|, the cylinders of the ſphere A have the lame 
proportion to the fimilar cylinders of the 

ſphere 
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ſphere B, as the quantity G to the ſphere B. 
Conſequently the cylinders of A being _ 
than the quantity G, the cylinders of B, z.c. 
inſcrib'd in the ſphere B, will be greater than 
the ſphere B, which 1s 1impoſlible. Therefore 
the Ghores A and B are 1n the triplicate pro- 
portion of that of their diameters. 

Coroll. Spheres are in the ſame proportion 
as the cubes of their diameters ; becauſe cubes 
being ſimilar ſolids, are in the triplicate pro- 
portion of their ſides, (by the 33. 11.) 
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